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Preface 



It would be difficult to overestimate the influence and importance of modular 
forms, modular curves, and modular abelian varieties in the development of num- 
ber theory and arithmetic geometry during the last fifty years. These subjects 
lie at the heart of many past achievements and future challenges. For example, 
the theory of complex multiplication, the classification of rational torsion on el- 
liptic curves, the proof of Fermat’s Last Theorem, and many results towards the 
Birch and Swinnerton-Dyer conjecture all make crucial use of modular forms and 
modular curves. 

A conference was held from July 15 to 18, 2002, at the Centre de Recerca 
Matematica (Bellaterra, Barcelona) under the title “Modular Curves and Abelian 
Varieties” . Our conference presented some of the latest achievements in the theory 
to a diverse audience that included both specialists and young researchers. We 
emphasized especially the conjectural generalization of the Shimura-Taniyama 
conjecture to elliptic curves over number fields other than the held of rational 
numbers (elliptic Q-curves) and abelian varieties of dimension larger than one 
(abelian varieties of GL 2 -type). 

This book evolved as a byproduct of that conference: most of the articles 
here describe the research of their authors as it was presented in their talks. We 
have also included a few articles that were not presented at the conference but 
are closely allied with the conference’s theme. Among these are three that deserve 
special mention because they contributed strongly to the current interest in el- 
liptic Q-curves and abelian varieties of GL 2 -type; they were written soon after 
the publication of Barry Mazur’s delightful article “Number Theory as a Gadfly” 
(American Mathematical Monthly, Vol. 98 issue 7, 593-610), which reformulated 
the Shimura-Taniyama conjecture as a statement over Q. The article by Noam 
Elkies is a revised version of his important unpublished 1993 manuscript on el- 
liptic A:-curves; in that manuscript, Elkies explained the precise relation between 
elliptic A:-curves and /c-rational points on Atkin-Lehner quotients of the modular 
curves Xq{N). The editors are grateful to Professor Elkies for revising his paper for 
this volume. The contribution by Elizabeth Pyle is her doctoral thesis, presented 
in UCLA in 1995 and realized under the supervision of K. Ribet; it contains a 
complete characterization of the abelian varieties that should occur as factors of 
modular abelian varieties over the algebraic closure of the rationals, if the gener- 
alized Shimura-Taniyama conjecture holds. Shortly after flnishing her thesis, Pyle 
left academia and did not have the opportunity to publish her thesis. The paper 
by Kenneth Ribet is a reprint of a paper already published in the proceedings of 
a conference held in Taejon (Korea) in 1993; it contains the first conjectural char- 
acterization of Q-curves as the modular elliptic curves over Q, and gives evidence 
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for this conjecture by relating it to Serre’s conjecture on 2- dimensional modular 
Galois representations. (At the suggestion of a number of conference participants, 
we included Ribet’s article in this volume, since the original publication is out of 
print and not available in many university libraries.) 

We would like to thank all the participants at the conference for their contri- 
bution to the scientific success of the event. Special thanks are due to the contrib- 
utors to this volume. We are also indebted to the Centre de Recerca Matematica: 
to its director Prof. Manuel Castellet for his continued support since the beginning 
of the project, and to its staff, Ms. Maria Julia and Ms. Consol Roca, for their 
superb work on the administrative and organizational tasks, in connection with 
the local Organising Committee. Thanks are also due to all the administrations 
whose financial support made the conference possible: the European Community 
under its program High Level Scientific Conferences (HPCF-CT-2001-00386), the 
Spanish Ministerio de Ciencia y Tecnologia (BFM-2001-4280-E), the Generalitat de 
Catalunya, the Universitat Autbnoma de Barcelona and the Universitat Politecnica 
de Catalunya. 

The editorial committee: John Cremona 

Joan- Carles Lario 
Jordi Quer 
Kenneth A. Ribet 
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Stable Reduction of Modular Curves 

Irene I. Bouw and Stefan Wewers 



1. Introduction 

Modular curves are quotients of the upper half-plane by congruence subgroups of 
SL 2 (Z). The most prominent examples are Xo{N), Xi{N) and X{N), for N > 1. 
Modular curves are also moduli spaces for elliptic curves endowed with a level 
structure. Therefore, they are defined over small number fields and have a rich 
arithmetic structure. Deligne and Rapoport [4] determine the reduction behavior 
of Xo{p) and Xi{p) at the prime p. Using this result, they prove a conjecture 
of Shimura saying that the quotient of the Jacobian of Xi{p) by the Jacobian 
of Xq{p) acquires good reduction over Q(Cp)- Both the reduction result and its 
corollary have been generalized by Katz and Mazur [10] to arbitrary level N and 
various level structures. 

The basic method employed in [4] and [10] is to generalize the moduli problem 
defining the modular curve in question, in such a way that it makes sense in 
arbitrary characteristic. By general results on represent ability of moduli problems 
one then obtains a model of the modular curve over the ring of integers of a subfield 
of Q{Cn)- This model has bad reduction at all primes dividing N, and it is far from 
being semistable, in general. In spite of the very general results of [10], it remains 
an unsolved problem to describe the stable reduction of Xq{N) at p if p^ divides 
N (see [5] for the case p‘^\\N). 

In this note we suggest a different approach to study the reduction of modular 
curves. Our starting point is the observation that the j-invariant 

X{N) — ^ X{1) ^ 

presents the modular curve X{N) as a Galois cover of the projective line (with 
Galois group PSL 2 (Z/A^)) which is branched only at the three rational points 0, 
1728 and oo. Let us call a Galois cover of the projective line branched only at three 
points a three point cover. In [12] Raynaud studies the stable reduction of three 
point covers under the assumption that the residue characteristic p strictly divides 
the order of the Galois group. His results have been sharpened in [18] and [17]. In 
this paper we determine the stable reduction of all three point covers with Galois 
group PSL 2 (p), using the results of [17]. As a corollary we obtain a new proof of 
the results of Deligne and Rapoport on the reduction of Xo{p) and Xi{p), and 
the result of Edixhoven [5] on the reduction of Xo{p‘^). Somewhat surprisingly, our 
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proof does not use the modular interpretation of these curves. On the other hand, 
the determination of the stable reduction of some of the other PSL2(p)-covers 
(which are not modular curves) does use the fact that they are moduli spaces of a 
certain kind. 

What is so special about the group PSL2(p)? From our point of view there are 
two main aspects. The first is rigidity. Let G be a finite group and C = (Ci , C2, C3) 
a triple of conjugacy classes of G. Suppose that there exists a triple g = {91,92,93) 
of generators of G with gi G Gi and 919293 = L The triple g corresponds to a 
G-cover T ^ with three branch points. If G equals PSL2(p), such a triple g is 
(essentially) unique, up to uniform conjugation in PGL2(p). Therefore there exists 
(essentially) at most one three point cover with a given branch cycle description 
C, up to isomorphism. (In some cases, one needs a further invariant called the 
lifting invariant.) 

We use rigidity as follows. By a result of [17] we can construct three point 
G-covers Y ^ with bad reduction at p by lifting a certain type of ‘stable 
G-cover’ Y ^ X from characteristic p to characteristic zero. Here Y ^ X is 
a finite map between semistable curves in characteristic p together with some 
extra structure {g,uj) which we call the special deformation datum. In the case 
of the modular curve X{p) (where G = PSL2(p)) one can construct Y ^ X 
very explicitly; the special deformation datum {g,uj) corresponds to a solution of 
the Gaufi hypergeometric differential equation. (A similar phenomenon occurs in 
Ihara’s work on congruence relations [7].) The PSL2(p)-cover Y ^ resulting 
from the lifting process has branch cycle description (3A,2A,pA). By rigidity, 
y ^ P^ is isomorphic to X{p) A(l). In particular, the stable reduction of X{p) 
is isomorphic to Y. 

The other nice thing about PSL2(p) is that p strictly divides its order. The 
results of [12] and [17] which describe the stable reduction of a given G-cover 
require that p strictly divides the order of G, whereas the Sylow p-subgroup of 
PSL2 (Z/p’^) is rather big for n > 1. This is the main obstruction for extending the 
method of the present paper to modular curves of higher p-power level. There are 
partial results of the authors generalizing some of the results of [12] and [17] to 
groups G with a cyclic or an elementary abelian Sylow p-subgroup (unpublished). 
It seems hopeless to obtain general results beyond these cases. But maybe a com- 
bination of the methods presented in the present paper with the modular approach 
might shed some light on the stable reduction of modular curves of higher p-power 
level. 

The organization of this paper is as follows. In Section 1 we define special 
deformation data and explain how to associate a special deformation datum to a 
three point cover with bad reduction. We recall a result from [17] which essentially 
says that we can reverse this process. In Section 3 we introduce hypergeometric 
deformation data. These are special deformation data satisfying an addition condi- 
tion (Definition 3.1). We classify all hypergeometric deformation data by showing 
that they correspond to the solution in characteristic p of some hypergeometric 
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differential equation. In Sections 4 and 5 we use these results to give a new proof 
of the stable reduction of the modular curves X{p) and Xo{p). In Section 6 we 
generalize these results to all three point covers with Galois group SL 2 (p). 

2. The special deformation datum 

Let k be an algebraically closed field of characteristic p > 2. Let if be a finite 
group of order prime to p. Fix a character x • ^ ^ ^ ^ Pj, be an 

7f-Galois cover and a; be a meromorphic differential on Zk- We assume that uj is 
logarithmic (i.e., can be written as cj = du/u) and 

(3*00 = x{(3) • oo, for all (3 e H. 

Let ^ e Zk he a, closed point and r its image in P^. Denote by the stabilizer of 
^ in iL. Define 

rrir hr := ord^(a;) + 1, = hr/mr- (1) 

Since oo is logarithmic, we have hr > 0. We say that r is a critical point of the 
differential oo if / (1,1)- Let be the critical points of cj, indexed 

by a finite set B. For z G B, we write mi,hi,ai instead of mn^hri^cTr^. For every 
i, choose a point G Zk above and write H{^i) C H for its stabilizer. Define 
Bwild :={^gB|/i^=0}. 

Definition 2.1. A special deformation datum of type {H,x) ^ where 

g : Zk ^ is an H -Galois cover and oo is a logarithmic differential on Zk such 
that the following holds. 

(i) We have 

f3*u = x{(3)-oo, for all (2) 

(ii) For every i G B — Bwiid; we have that 0 < CTi <2. 

(hi) Define Bprim = {iGB|0<cr^ < 1}. Then |Bprim U Bwiidl = 3. 

Write Bo == BwiidU Bprim and Bnew = B-Bq. See [17] for more details and an 
explanation of the terminology. If ^ 1, 2 for all i, the above definition coincides 
with [17, Definition 2.7]. 

Definition 2.2. Let G be a finite group. A G-tail cover is a ( not necessarily con- 
nected) G- Galois cover fk such that fk is wildly branched at oo of order 

pn with n prime to p and tamely branched at no more than one other point. We 
say that f is a primitive tail cover if it is branched at two points. Otherwise, we 
call f a new tail cover. 

If the group G is understood, we talk about tail covers instead of G-tail 
covers. To a G-tail cover fk ■ Xk ^ we associate its ramification invariant 
a{f) = h/n, where h is the conductor of fk at oo and n the order of the prime-to-p 
ramification, as in Definition 2.2. The ramification invariant is the jump in the 
filtration of higher ramification groups in the upper numbering. 
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Figure 1. The stable reduction of f :Y — ^ 



Three point covers with bad reduction give rise to a special deformation 
datum and a set of tail covers. Essentially, the stable reduction of the cover is 
determined by these data. Proposition 2.3 states that given a special deformation 
datum and a set of tail covers satisfying some compatibility conditions, there exists 
a three point cover in characteristic zero which gives rise to the given datum. 

To be more precise, let i? be a complete discrete valuation ring with fraction 
field K of characteristic zero and residue field an algebraically closed field k of 
characteristic p. Let G be a finite group whose order is strictly divisible by p and 
let / : T X = be a G-Galois cover branched at three points x\,X 2 ,xs. 
We assume that the points xi,a: 2,^3 specialize to pairwise distinct points on the 
special fiber Denote the ramification points of / by 2/u • • • We consider 
the Pi as markings on Y. After replacing AT by a finite extension, there exists a 
unique extension (Y^; pi) of (Y;pi) to a stably marked curve over R. The action of 
G extends to write Xr for the quotient of Yr by G. The map /riYr^Xr 
is called the stable model of /; its special fiber f : Y X is called the stable 
reduction of /, [17, Definition 1.1]. 

We say that / has good reduction if / is separable. This is equivalent to X 
being smooth. If / does not have good reduction, we say it has bad reduction. 

Suppose that / has bad reduction. Then the (semistable) curve X is a ‘comb’, 
see [17, Theorem 2.6] and Figure 1. The central component Xq C X is canonically 
isomorphic to P[. Choose a component Yq of Y above Xq. Let Go C G denote 
the decomposition group of the component Yq and /q <1 Go the inertia group. 
Then 7o — Therefore, the restriction of / to Yo factors as Yo ^ Zo Xo, 

with ^ : Yo Xo a separable Galois cover of prime-to-p order and Yo — > Yo 

purely inseparable of degree p. The map Yo ^ Yo is generically endowed with the 
structure of a /Xp-torsor. This structure is encoded in a logarithmic differential lo. 
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Define H := Gal(Zo/Xo); then Go is an extension of H by Iq. The action of H 
on Iq by conjugation gives rise to a character x ' H . It is proved in [17, 

Proposition 2.15] that {g^u) is a special deformation datum of type (77, x)- 

The irreducible components of X different from the central component Xq 
are called the tails of X. The tails are parameterized by z G B — Bwiid^ [17, Propo- 
sition 1.7]. For z G B — Bwiid, write Xi for the corresponding tail of X and write 
fi’.Yi-^ Xi for the restriction of / to X{. The map fi is a primitive tail cover if 
7 € Bprim and a new tail cover if z G Bnew, [17, Lemma 1.4]. We say that Xi is a 
primitive (resp. new) tail of X if z G Bpnm (resp. z G Bnew)- 

The three branch points specialize as follows. If p divides the ramification 
index of Xj, then Xj specializes to G Xq for a unique z G B^iid- Otherwise, xj 
specializes to one of the primitive tails Xi, for z G Bprim- From now on, we will 
identify the set Bq = Bprim U Bwiid with {1,2,3} such that z G Bwiid if and only 
if p divides the order of the ramification index at Xi. For z G Bprim we denote by 
Xi G Xi the specialization of Xi. 

The special deformation datum (g,uj) and the tail covers fi satisfy the fol- 
lowing compatibility condition. For every z G B — Bwiid , there exists a point ^i G Zq 
above and a point rji G Yi which is wildly ramified in fi such that 

/(r/,)cGo, I{gi)nH = H{^^). (3) 

Here I{r]i) C G (resp. H{^i) C H) denotes the stabilizer of rji (resp. of Fur- 
thermore, the ramification invariant cr{fi) of the tail cover fi is equal to di as in 
Definition 2.1. 

Proposition 2.3. Let G be a finite group. Fix a subgroup Go — Zjjp xi^ 77 of G, 
where 77 has order prime- to-p and acts on Tjjp via a character x : 77 ^ . Let 

{g,uj) be a special deformation datum of type (77, x)- Let B, Ti and di = hi /mi be 
as in Definition 2.1. 

For i G Bprim (resp. i G Bnew>^, suppose we are given a primitive (resp. new) 
G-tail cover fi :Yi^Xi=¥\ with ramification invariant di. Suppose furthermore 
that there exists a point ^i G Zk above Ti G and a point rji G Yi which is wildly 
ramified in fi such that (3) holds. 

Let Kq be the fraction field ofW{k) (the Witt vectors over k) and let K/Kq 
be the ( unique ) tame extension of degree 

N ;= (p - 1) • 1cm {hi). (4) 

There exists a G- Galois cover f :Y ^ X — over K, branched at b, 1 and oo, 
which gives rise to the special deformation datum {g^io) and the tail covers fi. 

Proof. The datum {g,cu,fi) together with the choice of the points ^i and rji is 
called a special G-deformation datum in [17, Definition 2.13]. Hence the proposition 
follows from [17, Corollary 4.6]. □ 

In this paper, the group G is either SL 2 (p) or PSL 2 (p). Therefore, the group 
77 is cyclic and 77 (^i) only depends on z and not on the choice of ^i. 
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The G-cover f : Y ^ in Proposition 2.3 which gives rise to the datum 
( 5^5 fi) is not unique. In [17, Theorem 4.5] one finds an explicit parameterization 
of the set of isomorphism classes of all such G-covers. 



3. Hypergeometric deformation data 

In this section we classify a certain type of special deformation data which we call 
hypergeometric. A hypergeometric (special) deformation datum corresponds to a 
polynomial solution of a hypergeometric differential equation. For this reason it 
is possible to find all such deformation data. The definition of hypergeometricity 
looks very restrictive, but we show in Section 6 that the special deformation datum 
corresponding to a three point cover with Galois group PSL 2 (p) or SL 2 (p) is hy- 
pergeometric. In particular, this holds for the PSL 2 (p)-cover X{p) ^ X{1) — P]. 

Definition 3.1. A hypergeometric deformation datum is a special deformation da- 
tum (g,uj) with (Ti = {p-\- l)/{p - 1) for all i G Bnew 



Let {g, Lj) be a hypergeometric deformation datum. Recall that Bq = {1,2,3}, 
by assumption. In this section we assume xi = 0,X2 = l,xs = 00 . In particular, 
Ti ^ 00 for all i G Bnew For z G B, we define integers 0 < < p - 1 such that 

ai = {p — l)ai mod p - 1. 

In particular, = 2 for i G Bnew 

To p : Z/c — ^ P{ we associate the (not necessarily connected) -Galois cover 
g' : Z', := Ind^£(^)(Zfe/Ker x) - 

It follows easily from Definition 3.1 and the expansion of lo into local coordinates 
that is the complete nonsingular curve defined by 



=x-^(x-ir^ n (5) 

ieIBnew 



where /3*z = x{P) • 2 . We call (ai,a 2 ,a 3 ) the signature of the hypergeometric 
deformation datum (g,uj). 

We may identify the differential lu on Zk with a differential on Z'j^ which we 
also denote by to. Definition 2.1(i) and (1) imply that 



zdx 



uj — e 



x{x — 1) ’ 



( 6 ) 



for some e G The condition that to is logarithmic imposes a strong condition 
on u := riiGinew^^ ~ Proposition 3.2 below states that the differential (6) is 
logarithmic if and only if u is the solution to a certain hyper geometric differential 
equation. 

It follows from (1) and the Riemann-Roch Theorem applied to cj that 



I Bnew I — (p 1 ^1 0^2 ^s)/2* 



(7) 
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In particular, ai + U 2 -h is an even integer between 0 and p — 1. Note that if 
ai a 2 as = p — 1 then deg(u) = |Bnew| = 0. Therefore, we exclude this case in 
Proposition 3.2. (i). However, Proposition 3.2. (ii) applies also if Ui +a 2 + as = p—1. 



Proposition 3.2. 

(i) Let {g^Lv) he a hypergeometric deformation datum. Let (ui,a 2 ,U 3 ) be its sig- 
nature, and suppose that ai 02 as < p - 1. Then u[x) \= HiGinew^^ ~ 
is a solution to the hypergeometric differential equation 

x{x — l)u" H- [{A + H -}- l)x — C]u' + ABu = 0, 



where A = {1 a\ A a 2 A as)/2, B = {1 A a\ A a 2 ~ as)/2 and C = 1 A ai. 
The degree of u in x is d := {p — 1 — a\ — 02 — as)/2. 

(ii) Let 0 < ai,a 2 ,U 3 < p — 1 be integers with ai A a 2 A as < p — 1* We as- 
sume that ai A a 2 A as is even. Let H = Tjjm, where m = (p — l)/2 if 
ai,a 2 , as are all even and m = p—1 otherwise. Choose an injective character 
X • ^ Fp . There exists a hypergeometric deformation datum {g, cu) of sig- 
nature {ai,a 2 ,as) and type The deformation datum {g,uj) is uniquely 

determined by {ai,a 2 ^as), up to multiplying the differential uj by an element 
o/F^^ 



Proof. The following proof is inspired by [1, Lemma 3]. A similar argument can 
be found in [7, Theorem 5]. Write 






F = 



z 

x{x — 1) 




It is well known that the fact that to = F dx is logarithmic is equivalent to 
p)p-^F = —FP, where D := d/dx. Since D^~^F = ez^DP~^[l/{Qu‘^)], we find 






1 






1 

xP{x — l)p‘ 



(8) 



Choose i G Bnew and write 



1 



Cn{x - Ti)". 

n >-2 



Then 



DP- 



Qu^ 

We conclude that c_i 
Write 



c_i 



[(X - Ti)P 



T Cp-i -f 



xP{x — 1)P ’ 



0 . 



Qu^ = [Qin) + Q'{Ti){x - Ti) ■ • •][u'(Ti)(x - Ti) + ^u"{Ti){x - Tif + • ■ • 

= (x - Tifu'{Ti) [Q{Ti)u'{Ti) + {Q'{Ti)u'{Ti) + Q {Ti)u" {xi) ) {x ~ n) ]. 

We see that — c_i = u' (Ti)[Q' {Ti)u' (xi) + Q{xi)u"{xi)]. Since u'{xi) ^ 0, we have 
that Q'{xi)u'{xi) + Q{xi)u"{xi) = 0 for all i e Bnew 
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Define G = Q'u' H- Qu". This is a polynomial of degree less than or equal 
to e := deg(Q) + deg(w) - 2 = |®new| + cl i + a 2 - The coefficient of in G is 
Qe = deg (u) (deg (Q) + deg(u) — 1). The condition 0 <ai+a 2 + a 3 <p— 1 implies 
that the coefficient ge is nonzero modulo p. 

The polynomial G is obviously divisible by — 1)“^, and G{ri) = 0, for 

all i G Bnew Therefore G = QeX^^{x - Dividing by x^^{x — we find 

that u is a solution to the hypergeometric differential equation 

Pou" + Piu' + P 2 U = 0, (9) 

where Pq = x{x - 1 ), Pi = PoQ'IQ = (2 + ai + a 2 )x - (1 + aj, and P 2 = -Qe = 
((1 + ai + a 2 )^ — CLs)/^’ Part (i) of the proposition follows. 

To prove (ii), let 0 < ui, U 2 , as < p-1 be integers such that ai+a 2 +a 3 is even 
and less than or equal to p - 1 . Define d = (p — I — a\ — a 2 - as) /2. We claim that 
the differential equation ( 9 ) has a unique polynomial solution u = ^ 

of degree d with Ud = I- 

Suppose that u = XliGZ ^ solution of (9). Put Ai = {i-\- l)(z + ai + 1) 

and Bi = (z T (1 T ui H“ a 2 T as) / 2){i T (1 T ui -h a 2 — as)/2). The differential 
equation gives a recursion 

AiUi-^i — BiUi (^ 9 ) 

for the coefficients of u. One checks that A{ and Bi are nonzero for all 0 < z < d 
and that A-i ^ Bd = 0 and Ad ' B-i 7 ^ 0. Therefore there is a unique polynomial 
solution u of degree d with = 1. This implies the claim. 

Since u is the solution to a hypergeometric differential equation, it has at 
most simple zeros outside 0 and 1. We know that u{0) = uq = ^ 

Therefore u does not have a zero at x = 0. We claim that u does not have a 
zero at 1, also. To see this, let t = 1 — x be a new coordinate on and write 
u{t) — u{l — t). The coefficients of u satisfy a recursion similar to (10), but with 
ai and U 2 interchanged. The same argument as above applied to u shows now that 
zz(0) = zz(l) 7 ^ 0. We conclude that u has exactly d zeros different from 0 and 1 . 

Let m be as in the statement of the proposition. Let be the complete 
nonsingular curve defined by = x“^(x — l)^'^u^ and let Zk be a connected 
component of Write g : Zk ^ for the m-cyclic cover defined by (x, 2 ;) x. 
We may identify H with Gal(Zfc/IP^) such that H acts on 2 : via some chosen 
character x • H . Let 

, zdx _ z^dx 

^ x(x — 1 ) Qu^ 

We consider the partial fractions expansion of IjQv?. Write 

_ 7l+ai 7l <^l+a2 . I I V + 

Qv? X (a:-l)i +“2 rr - 1 \{x-Tiy x - n J 

JH>new 

The reverse direction of the argument in (i) shows that 1 / Qu^ has no residues at 
r^, i.e., Ui = 0 , for all z. 
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Denote by C the Cartier operator. Recall that a differential u is logarithmic 
if and only if Ccj = uo. For the definition and properties of the Cartier operator, 
see for example [13]. The previous computation implies that 







<!'” A 

(x-l)rj 



z dx 




+ sl^’’)xp + 'rl^^ 

xP {x - 1)P 



z dx. 



Note that u' has at most logarithmic poles above x = 0, 1, oo and is holo- 
morphic elsewhere. It is well known that this implies that Cu' has also at most 
logarithmic poles above x = 0,1, cxd and is holomorphic elsewhere. We conclude 
therefore that 71 + =0, and that Coo' = It follows from [18, Lemma 1.4] 

that 7 i ^ 0. (This lemma is stated for holomorphic differentials, but it can eas- 
ily be extended to differentials with logarithmic poles above x = 0, l,oo.) Define 
LJ = The fact that C is (l/p)-semilinear implies that Clj = uj. We con- 

clude that a; is a logarithmic differential and that {g,uj) is a special deformation 
datum. The uniqueness statement is obvious. □ 



4. The reduction of X (p) 

In the rest of the paper we suppose that p > 5. Choose a primitive (p — l)th root 
of unity C and a primitive (p -h l)th root of unity C ^ ^^^ 2 . Define 

C(l) = {A G SL 2 (p) I tT{A) = C' + c~'}, for 0 < / < (p - l)/2 

and 

C{1) = {A G SL 2 (p) 1 tr(^) = C' + r'}, for 0 < / < (p + l)/2. 

These are the conjugacy classes of SL 2 (p) of non-trivial elements of order prime to 
p. We write pA and pB for the two conjugacy classes of elements of order p. Note 
that the elements of order p have trace 2. 

Let C = (Ci,C 2 ,C^) be a triple of conjugacy classes of SL 2 (p). In the rest 
of this section, we suppose that the Ci do not contain ±1. We write Ni 3 ’^(C) 
for the set of isomorphism classes of SL 2 (p)-covers T — > branched at 0,1 , 00 

with class vector C. This means that the canonical generator of some point of Y 
above xi G {0, 1, 00} with respect to the chosen roots of unity is contained in the 
conjugacy class Ci. In this paper, we call two G-covers fi'.Yi-^X isomorphic if 
there exists a G-equivariant automorphism (f) : Y\ Y 2 such that f\—f 2 ^ 0- 

Proposition 4.1 (Linear rigidity). Lei C = (Gi,C 2 ,G 3 ) he a triple of conjugacy 
classes o/SL 2 (p). 

(i) Suppose that the elements of Ci have prime-to-p order. Then G 

{ 0 , 2 }. 

(ii) Otherwise, #Ni 3 ^(C) G {0,1}. 
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Proof. See [15]. The difference between the two cases conies from the fact that the 
outer automorphism group of G has order two and interchanges the two conjugacy 
classes of order p but fixes all other conjugacy classes. □ 

In the following we denote by 2A (resp. 3^) the unique conjugacy classes in 
PSL 2 (p) of elements of order 2 (resp. 3). Note that elements of 2 A (resp. elements 
of 3^) lift to elements of order 4 (resp. of order 3 or 6) in SL 2 (p). Furthermore, 
we denote by pA and pB the images in PSL 2 (p) of the conjugacy classes of SL 2 (p) 
with the same name. 

Let X{N) be the modular curve parameterizing (generalized) elliptic curves 
with full level N'-structure [4]. Consider the cover X(2p) X {2) F\. This is 

a Galois cover with Galois group PSL 2 (p) which is branched at 0, 1, (X) of order p 
and unbranched elsewhere. One easily checks as in [16, Lemma 3.27] that there are 
no PSL 2 (p)-covers with class vector {pA,pA,pB). After renaming the conjugacy 
classes, the class vector of X{2p) — > X{2) is therefore C = {pA^pA^pA). 

Proposition 4.1 implies that the triple C = (pA^pA^pA) is rigid, i.e., there 
is a unique PSL 2 (p)-cover of whose class vector is C, up to automorphism. 
Since PSL 2 (p) has trivial center, it follows that the PSL 2 (p)-cover X{2p) — > X{2) 
has a unique model X{2p)k X{2)k — over any field K of characteristic 
zero containing \/^, [14, Chapter 7]. Let Kq be the fraction field of the ring of 
Witt vectors over k = Fp, and let KjKo be a sufficiently large finite extension. 
We define the stable reduction of X{2p) — ^ A(2) at p as the stable reduction of 

X{2p)k - P),. 

The cover A (2p) ^ X{2) may be considered as a variant with ordered branch 
points of the cover X{p) X{1) — P]- We find it easier to first compute the stable 
reduction of the former and then deduce the stable reduction of the latter. 



Proposition 4.2. Let Y X be the stable reduction of X{2p) X{2) at p. Then 

X has {p — l)/2 new tails with ramification invariant a = (p + l)/(p — 1). The 
points Ti ^ F\, i ^ ®new (where the new tails occur) are precisely the zeros of the 
polynomial 




( 11 ) 



Moreover, the stable reduction occurs over the (unique) tame extension K/Kq of 
degree {p^ — l)/2. 



The polynomial u is known as the Basse invariant. It has the property that 
the elliptic curve given by y‘^ = x{x — l){x — X) is supersingular in characteristic p if 
and only if A is a zero of ix. It is a solution to the Gauss hypergeometric differential 
equation, with parameters A = 1/2, jB = 1/2, C = 1. The relation between this 
differential equation and the reduction of elliptic curve is well understood, see for 
example [9]. 

Proof Let ai = a 2 = as = 0 and m = {p - l)/2. Choose an injective char- 
acter X : Z/m ^ Fp . Let {g,ov) be the special deformation datum of signature 
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(0,0,0) constructed in Proposition 3.2.(ii). Recall that we aissociate to the triple 
(ai,a2,a3) =: (0,0,0) the hypergeometric differential equation with parameters 
A — B — \j2 and C = 1. Using the recursion (10) one checks that the polynomial 
u defined by (11) is a solution in characteristic p to this differential equation. This 
differential equation has a unique monic solution of degree (p — l)/2. Therefore, u 
is the same as in Proposition 3.2 (ii). 

Let ^ be a connected and new PSL2(p)-tail cover with ramification 
invariant a = (pTl)/(p— 1). The existence of such a tail cover is proved in Lemma 
4.3 below. The inertia group of a point above oo has order p(p — l)/2. For every 
i G ®new7 we let fi’.Yi^ Xi be a copy of Yj^' ^ P^. Let rji € Yi be the point 
whose inertia group consists of the upper triangular matrices in PSL2(p). Then the 
condition of Proposition 2.3 is satisfied. Therefore, there exists a PSL2(p)-cover 
fK-.YK^r], branched at three points of order p whose stable reduction gives rise 
to the special deformation datum (p, lu) and the tail covers fi. This cover is defined 
and has stable reduction over the tame extension K/Kq of degree (p^ — l)/2. It 
follows from rigidity that /k is isomorphic to X{2p)k — ^ X{2)k^ This proves the 
proposition. □ 

Lemma 4.3. There exists a connected new SL2 (p)Taz/ cover h \ Yk ^ Xk — 
with inertia group of order p{p— 1) and ramification invariant a = (p+ l)/(p — 1). 

Proof Let Yk be the complete nonsingular curve defined by 

— X. 

The group SL2(p) acts on Yk as follows. For 

M = (^ G SL2 (p), define Mx = My = — 

yc dj cx-\-d cx + d 

It is easy to check that the quotient map h :Yk ^ Xk — Pj. is branched at exactly 
one point which we may assume to be cxd. The inertia group of some point above 
00 has order p(p - 1) and = (p 4- l)/(p - 1). □ 

Let X{p) — > X(l) ~ Pj be the projection of the modular curve X{p) to the 
j-line. This is a PSL2(p)-cover with branch cycle description (3A,2A,pA), which 
we may assume to be branched at xi = 0 ^x 2 = 1728, X3 = 00. By Proposition 
4.1, it has a unique model X{p)k P^ ^ of characteristic 0 

containing y/p*. As before, we take K/Kq a sufficiently large finite extension and 
define the stable reduction of X(p) ^ X(l) at p as the stable reduction of the 
model X{p)k 

Corollary 4.4. Define a = [p/12j. Let Y' X' he the stable reduction of X{p) 
X(l). Then X' has two primitive tails and a new tails. For i = 1, 2, denote by Xi 
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the primitive tail to which Xi specializes. Then 

p+l 

p-1 

r(p-i)/3i 

p-1 

2\{p-l)/4] 



= < 



if 



if 



p-1 



if 



i G ®new5 

i = 1, 
i = 2. 



Moreover, the stable reduction occurs over the tame extension K/Kq of degree 
Proof. Consider the commutative diagram 



X{2p)k 


X{p)k 


1 


i 


X{2)k 


— > X(1)k- 



The horizontal arrows are Galois covers whose Galois group is the symmetric group 
Ss on three letters. Let Yr be the stable model of X(2 p)k- The action of S3 extends 
to Yr and Yr/ S3 := Y^ is a semistable curve, [11, Appendice]. 

Since S3 acts on Yr it follows that the set of new tails of Aq is stable under 
the action of S3. We claim that the action of S3 on the set of new tails of X has 
a orbits of length six, one orbit of length three if p = 3 mod 4 and one orbit of 
length two if p = 2 mod 3. Since Xq has genus zero, an element of order three in 
S3 has two fixed points in Aq — {0, 1, 00}. An element of order two in S3 fixes one 
of the points 0, 1, 00 and has therefore one fixed point in Xq — {0, 1, 00}. The claim 
now follows by distinguishing the four possibilities for p mod 12. 

The curve Y^/G is almost equal to A^. The special fiber A* has a 

tail at zero (resp. 1728) if and only if p = —1 mod 3 (resp. p = — 1 mod 4), i.e., 
exactly when zero (resp. 1728) is supersingular. To obtain A^ one has to perform 
a suitable blow up centered at the point j — 0 (resp. j = 1728) on A* if p = 
1 mod 3 (resp. p = 1 mod 4.) The corollary follows, by analyzing the ramification 
of Yq — > Aq . For future reference, we note that a connected component of Y{ has 
decomposition group PSL 2 (p) if p = —1 mod 3 and the nonabelian group of order 
3p if p = 1 mod 3. A connected component oiYf has decomposition group PSL 2 (p) 
if p = —1 mod 4 and the dihedral group of order 2p if p = 1 mod 4. □ 

The hypergeometric differential equation corresponding to A(p) — > A(l) is 

x{x — 1728)u" + [(2 + ai + a 2 )x — 1728(1 -f ai)]u + (1 + ui + a 2 )‘^u/A, 

where ai = [(p — l)/3] and a 2 = 2[(p - l)/4]. The polynomial 
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is a solution to this differential equation. Recall that j ^ k is supersingular if 
and only if the corresponding elliptic curve over k is supersingular. It follows that 
j / 0, 1728 is supersingular if and only if u{j) = 0. We refer the interested reader 
to [8] for more formulae for this polynomial. 

5. The reduction of Xq{p) 

Let Xq{p) denote the modular curve parameterizing (generalized) elliptic curves 
with a ro(p)-structure [4]. We may and will identify Xo{p) with the quotient curve 
X{p)/Go, where Go C G PSL 2 (p) is the standard Borel group, modulo ±1. The 
G-cover X(p) ^ X(l) = Fj gives rise to a non-Galois cover Xo{p) P] which 
we call the j -invariant. We claim that the curve Xo(p) has a unique Q- model 
Xo(p)q such that the j-invariant descends to a cover Xo{p)q (Of course, 

the existence of such a Q-model is also a consequence of the modular interpretation 
oiXoip).) 

To prove the claim, let G ^ 5^+1 denote the standard permutation repre- 
sentation of G coming from the natural action on PfyFp). Note that Go is the 
stabilizer of oo. It is well known that the normalizer of G in 5p+i is equal to 
PGL 2 (p) = Aut(G). In particular, the centralizer of G in Sp+i is trivial. Let 
C = (3A, 2A,pA) denote the triple of conjugacy classes of G corresponding to the 
G-cover X{p) A'(l), as in the previous section. Let C' denote the image of C 
in PGL2(p). Then C' is rigid and rational. Hence the claim follows from standard 
Galois theory. 

For any field K of characteristic zero we denote by Xo{p)k the R'-model of 
Xo{p) obtained from Xo{p)q by base change. In [4, VI.6.16] Deligne and Rapoport 
prove the following result. 

Theorem 5.1. Let Xo{p)zp denote the normalization o/ P| inside Xo{p)qp- Set 

k :=¥p. 

(i) The Zp-curve Xo{p)zp is semistable (and stable if g{Xo{p)) > '^)- 

(ii) The geometric special fiber Xo{p)k •= Xo{p)zp ^k is the union of two smooth 
curves Wq, Wq of genus 0. The induced map Wq P^ (resp. Wq — > P^j 
is an isomorphism (resp. purely inseparable of degree p). The components 
Wq and W(f intersect precisely in the supersingular points, i.e., the points of 
Xo{p)k with supersingular j -invariant. 

(hi) Let X G Xo{p)k be a supersingular point, with j -invariant jx G k. If jx = 0 
then Xo{p)zp has a singularity of type A^ at x. If jx = 1728 then x presents 
a singularity of type A 2 . Otherwise, x is a regular point of Xo{p)zp- 

We give a proof of this theorem using the results of the previous section. 

Proof. Let Rq := W{k) denote the ring of Witt vectors and Kq the fraction field 
of Rq. Note that 



Xo{p)ro •= Xo{p)zp ^Zp Ro 
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is equal to the normalization of in the function field of Xo(p)kq. Hence it 
suffices to prove the theorem with the ring Zp replaced by Rq- 

Let KjKo be the tame extension of degree {p^ — l)/2. By Corollary 4.4 the 
PSL 2 (p)-cover Yk := X{p)k Xk := P)^ extends to a stable model Yr Xr 
over the ring of integers Roi K. As before, we denote by Y ^ X the special fiber 
of Yh ^ 

Set Wr := Yr/Go. By [11, Appendice], Wr is a semistable curve over R with 
generic fiber Wk = Xq{p)k- By construction, we have a finite map Wr Xr. Let 
W denote the special fiber of Wr. The formation of the quotient Yr/Gq does not 
commute with base change, in general. However, the canonical map Y / Go W is 
a homeomorphism. Let V be an irreducible component of Y and U its image in W . 
Let D{V) C G (resp. I{V) C G) denote the decomposition group (resp. the inertia 
group) of V. Then the natural map V/{D{V) fl Go) —^Uis purely inseparable of 
degree |7(V') nGo|. Using Corollary 4.4 and the description of the stable reduction 
in Section 2, we see that W has four different types of components (see Figure 2 
for the case p = 29). In the description below we call an irreducible component 
of W horizontal if it is mapped to the central component Xq of X and vertical 
otherwise, cf. Figure 1. 

(a) A horizontal component Wq which is the image of the (unique) horizontal 
component Yq C Y with decomposition group Gq. The natural map Wq — > 
Xo = Pfc is an isomorphism. 

(b) Another horizontal component Wq which is the image of the set of horizontal 
components of Y different from Yq. Note that if Y" ^ Yq is such a horizontal 
component, with decomposition group D", then D" Pi Go is a cyclic group 
of order (p — l)/2 (a split torus). Therefore, the natural map Wq Xq is 
purely inseparable of degree p. 

(c) For i e BnewUBprim we let Wi be the image of the tail cover Y^. Suppose that 
i is supersingular, i.e., that the tail Xi intersects Xq = in a supersingular 
point. Then Y and - hence W{ as well - is connected. The curve Wi intersects 
each of the horizontal components Wq and Wq in a unique point. 

(d) With notation as in (c), suppose that i is not supersingular (in particular, 
i ^ Bprim)- Then Y^ is not connected, and the decomposition group of any 
connected component is isomorphic toZ/pxiZ/2orZ/pxjZ/3 (depending on 
whether Xi = 1728 or Xi =0). It follows that Wi has exactly two connected 
components W[ and W/'. The curve W[ (resp. IT/') intersects Wq (resp. Wq) 
in a unique point. (See the end of the proof of Corollary 4.4.) 

In the modular picture, the component Wq (resp. Wq) corresponds generi- 
cally to ordinary elliptic curves together with a subgroup scheme isomorphic to 
pip (resp. to Z/p), see [4, VI. 6]. Note that every component of W has genus 0. 

Let be the curve obtained from Wr by contracting all vertical compo- 
nents of W. Since these vertical components have genus zero and self-intersection 
number —1 or —2, the curve is semistable. In particular, FF^ is a normal 
scheme. Recall that the curve obtained from Xr by contracting the tails Xi 
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W' 

^0 



j=1728 j2^2j-8=0 j=0 



Figure 2. The curve W for p = 29 



is equal to Therefore the finite map Wr Xr gives rise to a finite map 
conclude that is the normalization of ¥]^ inside the function 
field of Wk = Xo{p)k- 

Let r :=: Gal(X/Ko) — and recall that N = — l)/2 is prime to p. 

Since Wk ~ Xo{p)kq ^Kq K, the group T acts naturally on Wk- Since IF^ is the 

normalization of in Wk this action extends to the R-model W'j^ and 

^o(p)ro = W'r/T. (12) 

Since the order of T is prime to p, formation of the quotient commutes with base 
change. In particular, we have 

X^{p)k = W'/V. (13) 

It is clear that the action of T commutes with the map IF' ^ P^ coming from the 
j-invariant. Since this map is an isomorphism on one and purely inseparable of 
degree p on the other component, T acts trivially on IF'. Now Parts (i) and (ii) of 
the theorem follow from (13) and the description of the components of IF given 
above. 

It remains to prove Part (iii) of the theorem. Let x G Xo{p)k = W' be a 
supersingular point, with j-invariant jx G k. Let v denote the valuation on IT, 
normalized such that v{p) = 1. Since x is an ordinary double point of IF', the 
local ring of Xq{p)r^ at x is of the form Ro[[u,v \ uv = tt]], with tt G Rq- We 
define the thickness of Xo{p)rq at x as the rational number e(x) := We 

have to show that e(x) is equal to 3 if jx = 1728, equal to 2 if jx = 0 and equal to 
1 otherwise. 

We assume that jx ^ 0, 1728. The other cases follow in the same manner. 
Let x' G IF' be the unique point lying above x. Also, let x" and x'" be the two 
double points on IF lying above x'. We assume that x" G IFq and x'" G IFq'. It is 
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easy to see that 

e{x) = e{x') = e{x") e{x"'). (14) 

Let y",y"' e Y he points above x",x'". Recall that Wr — Yr/Gq. By [11, Ap- 
pendice], we have e{x") = |StabGo(2/")l * e{x"') = |StabGo(y"')l * 

Using (14) and our knowledge of the G-action on F, we see that 



e{x) 



P{P - 1) 
2 



•e(2/") + 



2 



eiy'")- 



(15) 



It is proved in [17] that the thickness of any double point y e Y is equal to 
{hi{p ~ i^ y lies on the tail F and hi denotes the conductor of the tail cover 

Yi Xi at oo. Since we assumed that ^ 0, 1728 we have y" ^ y'" G F for some 
i G Bnew By Corollary 4.4 we have hi = {p l)/2 for i G Bnew With (15) we 
conclude that 



e{x) 



P 

1 

This finishes the proof of the theorem. 






p+l 



= 1 . 



□ 



One can analyze the natural Ro-model of Xi[p) in an entirely analogous 
manner. This would give a new proof of the result of [4] that J\{p) / Jq{p) has good 
reduction over Q(Cp)- One can also derive this result directly from our knowledge 
of the stable reduction of X{p). The curve Ao(p^) is also a quotient of X{p). 
Therefore one can use a similar method to deduce the stable reduction of Xo(p^), 
giving a new proof of the result of [5] . 



6. Three point covers with Galois group SL2 (p) 

In this section we compute the stable reduction of all SL 2 (p)-covers of branched 
at three points. In particular, we obtain an explicit formula for the number of such 
covers with good reduction (Theorem 6.6). To prove this we use the results of 
the previous sections. In addition, we use the fact that some SL 2 (p)-covers have a 
modular interpretation as a Hurwitz space. 

Let us give an outline of the proof of Theorem 6.6. We first show that the 
SL 2 (p)-covers of P^ branched at three points of order p, p, n are essentially Hurwitz 
spaces. These covers have bad reduction to characteristic p; their stable reduction is 
described in [2]. By considering the (unique) primitive tail of the stable reduction, 
we obtain one primitive tail cover for every noncentral conjugacy class of SL 2 (p) 
whose order is prime to p. Proposition 6.5 states that every primitive SL 2 (p)-tail 
cover with group SL 2 (p) arises in this way. Then we show (Proposition 6.3) that the 
only new tail cover that occurs is the cover constructed in Lemma 4.3. This implies 
that the special deformation datum of an SL 2 (p)-cover branched at three points is 
hypergeometric (Definition 3.1). Therefore, Proposition 2.3 allows to construct all 
SL 2 (p)-covers with bad reduction at p, by lifting. This also gives a formula for the 
number of covers with good reduction. Passing to the quotient modulo —7, one 
obtains a similar result for three point covers with Galois group PSL 2 (p). 
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In this section, R is a complete mixed characteristic discrete valuation ring 
which contains and whose residue field is an algebraically closed field k of 
characteristic p. We let K denote the fraction field of R. 



Lemma 6.1. Let D E {C{l),C{l)}. Let f : Y be an SL 2 {p)-Galois cover 

with class vector Ci = {pA,pA,D) or C 2 = {pA,pB,D). Let Y X be the 
stable reduction of f. The curve X has exactly one primitive tail, with ramification 
invariant 



a 



' v-\-2l 
, P-1 

p “h 1 — 2/ 

p-\ 



ifD = C{l), 
ifD = C{l). 



The inertia group of the primitive tail has order p{p — 1) / gcd(p — 1, /) if D = C{1) 
andp{p— 1)/ gcd(p— 1,/ — 1) otherwise. The new tails have ramification invariant 
cr = {p 1) / {p — 1) and an inertia group of order p{p — 1). 



For SL 2 (p)-covers with ramification of order n, one can prove a strengthening 
of Proposition 4.1, cf. [16, Lemma 3.29]. Either there exists a cover with class vector 
Cl or there exists a cover with class vector C 2 . In both cases, there is a unique 
such cover. The outer automorphism of SL 2 (p) conjugates the cover with class 
vector Cl (resp. C 2 ) to a cover with class vector {pB,pB, D) (resp. {pB,pA, D)). 
Therefore, in both cases, there are exactly two covers with ramification (p,p,D), 
up to isomorphism. 

Proof The case D = C{1) is treated in [2, Section 8]. The idea of the proof is 
as follows. Define m — {p — l)/gcd(p - 1,/). For A G P^ — {0, l,oo}, let W\ be a 
connected component of the nonsingular projective curve corresponding to 

= x\x - \)\x - . 

This defines a family of m-cyclic covers g\ : W\ P\ branched at four points. 
Fix an injective character y : Z/m and let N = Z/p Define the 

Hurwitz space HI parameterizing A^-Galois covers branched at 0, 1, A,oo of order 
prime to p which factor via g\. Define HI ^ Pj^ by mapping an N -cover to the 
branch point A and let / : HI P]^ its Galois closure. The Galois group of / 
is either SL 2 (p) or PSL 2 (p). If it is SL 2 (p), the class vector of / is {Di, D2, D), 
with Di,D 2 E {pA,pB}. Otherwise, there exists a unique lift of / to a cover with 
such a class vector. Therefore, / is isomorphic to the cover of the statement of 
the proposition. In [2], the stable reduction of / is computed, by using the moduli 
interpretation of HI. 

The proof for D = C{1) is analogous. (Take m|(p-f 1) and N {fLjpfi^ y\lLjm}j 

□ 



The following lemma is due to R. Pries (unpublished). 

Lemma 6.2. Let G be a finite group. Let (p : W ^ be a new G-tail cover with 
ramification invariant a and inertia group I of order pn. Suppose 1 < a < 2. Then 
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there exists a G -cover f :y with signature (p, p, n) such that (p occurs as 

the unique new tail of the stable reduction of f. 

If (j — 2 then p can be lifted to a cover in characteristic zero which is branched 
at three points of order p, [3, Section 3.2]. 

Proof Write n = mi m 2 , where m 2 is the order of the prime-to-p part of the 
center of I. Then mi divides p — 1 and a — 1 = a/m\ for some 0 < a < m\. 
Write a — {ip— V)jm\. Choose A G /c — {0, 1} such that (1 — = 1. Note that 

^ since conductors are prime to p. Therefore, aa ^ 1 and it is possible 

to choose A as asserted. 

Let po • ^0 ^0 be the mi -cyclic cover where Zq is defined by 2 :"^^ = 

x~^{x — A)®. Let p : Z ^ be the n-cyclic cover branched only at 0 and A which 
has po as a quotient. Define the differential 

zdx 

^ x{x — 1) 

on Z. A straightforward computation, as in the proof of Proposition 3.2, shows 
that one can choose e E such that a; := co) is a logarithmic differential. It 
follows that (p,cj) is a special deformation datum. There is one primitive critical 
point at zero and one new critical point at A. 

Define a primitive /-tail cover xp' : Y' P^ which is totally ramified at 
00 with ramification invariant a = (mi — a)lmi and branched of order n at 0. 
Let '0 := Ind^ 'ip' . One checks that the datum {g ^ uj , 'ip , (p) satisfies the conditions 
of Proposition 2.3. We conclude that there exists a G-Galois cover f : Y ^ P]^ 
which is branched at three points with ramification of order (p, p, n) such that its 
stable reduction gives rise to {g,uj^ip,(p). This proves the lemma. □ 

It follows from rigidity that the special deformation datum associated to an 
SL 2 (p)-cover with bad reduction is uniquely determined by the invariants hi and 
mi . On the other hand, the special deformation datum (p, cj) in the proof of Lemma 
6.2 depends also on the choice of A G /c - {0, 1} with (1 - A)*^"^ = 1. It follows that 
we have aa = 2 in case G = SL 2 (p). This statement is also a consequence of the 
next proposition. 

Proposition 6 . 3 . Suppose that G is either SL2(p) or PSL2(p). Let (f : W be 

a new G-tail cover with ramification invariant a. Suppose that 1 < a < 2. Then 
cr = (p+l)/(p— 1). The order of the inertia group is p(p — 1) if G = SL 2 (p) and 
p(p— 1)/2 ifG = PSL 2 (p). Furthermore, the cover ip is unique, up to isomorphism. 

Proof. If there exists a new SL 2 (p)-tail cover ip with cr ^ 2, Lemma 6.2 implies 
that ip occurs as the restriction to a new tail of the stable reduction of a SL 2 (p)- 
cover with signature (p,p, n) for some n prime-to-p. Therefore Lemma 6.1 implies 
that cr = (p -h l)/(p - !)• 

Similarly, one shows that every SL 2 (p)-cover of P^ branched at one point, 
with (j = 2, can be lifted to a cover of which is branched at three points of 
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order p. The proposition follows in this case from Proposition 4.2 and Proposition 
4.1, cf. [3, Corollary 3.2.2]. 

Since every PSL 2 (p)-cover of with ramification of order p^p^n' can be 
lifted to an SL 2 (p)-cover with ramification of order p,p,n (where n is n' or 2n'), 
the proposition also follows for G = PSL 2 (p). □ 

Corollary 6.4. Let G be SL 2 (p) or PSL 2 (p). Let f : Y ^ be a G- Galois 
cover branched at three points. Suppose that f has bad reduction. Then the special 
deformation datum corresponding to f is hypergeometric. 

Proof, f :Y ^ F]^ be a G- Galois cover branched at three points. Suppose that / 
has bad reduction. Proposition 6.3 implies that Ci = (p + l)/(p — 1) for i G Bnew 

□ 



Proposition 6.5. 

(i) Let (p : W ^ F\ be a (possibly nonconnected) primitive SL 2 {p)-tail cover 
defined over k, with ramification invariant a. Suppose that 0 < <j < 1. Denote 
by D the conjugacy class in SL 2 (p) of the canonical generator of a point of 
W above 0, with respect to the fixed roots of unity. Then 



a — 



' p-1-21 

< p-i 

p “h 1 — 2/ 
. P-1 



ifD = C{l), 
ifD = C{l). 



(ii) The decomposition group of an irreducible component ofW is SL 2 (p) if D = 
C{1) and is a semidirect product of order p{p — l)/gcd{p —1,1) if G = G{1). 



Proof. Write a = af{p— 1). The normalizer Ng{P) of a Sylow p-subgroup P in 
SL 2 (p) has order p(p— 1). Since the center of Ng{P) has order two, it follows that 
a is even. Therefore (p — 1 — a)/2 is a positive integer. 

Proposition 3.2 (ii) shows that there exists a hypergeometric deformation 
datum {g',uj') of signature (0,0, a), where g' : Z'^ ^ is a (p— l)/2-cyclic cover, 
given by 

2G®new 

We define g \ Zk ^F\ to be the (p — l)-cyclic cover given by 

= n 

zGl®new 

Let u be the pull-back of lu' to Zk- Then {g,Lu) is a special deformation datum. 
Note that |Bprim| = 1 and |Bnew| = (p - 1 — ^)/2, with a=p— 1 — 2/ if = G{1) 
and a = p-\- 1 — 21 if D = C{1). The primitive critical point is at oo, where the cover 
g is branched of order (p— l)/(p— 1, 1) il D = C{1) and of order (p— l)/(p— 1, / — 1) 
otherwise. 
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Let h be the SL 2 (p)-tail cover constructed in Lemma 4.3. For every i € Bnew, 
let fi be a copy of h. Proposition 2.3 shows that there exists an SL 2 (p)-cover 
f : Y whose stable reduction gives rise to the special deformation datum 

{g^uj), the new tail covers fi and the primitive tail cover ip. By construction, the 
class vector of / is (L>i, D 2 , D) with Di, D 2 ^ Therefore / is isomorphic 

to a cover described in Lemma 6.1. Part (i) of the proposition follows from this. 

Let N denote the decomposition group of an irreducible component of W. 
Suppose D = C(/), for some I < (p — l)/2. Then N contains an element of order 
p and an element of order {p + l)/gcd(p +1,/) > 2. Therefore, N = SL 2 (p), [6, 
Section II. 8]. Alternatively, it is also easy to write down equations for these covers, 
analogous to Lemma 4.3. 

Next suppose that D = C{1). Put m = {p - l)/gcd(p - 1,/). It is easy to 
construct a primitive tail cover with Galois group ILjp xi Z/n/ which is branched 
at zero of order ni and has ramification invariant a = {p — 1 — 21)/ {p — 1). Let p' 
be the primitive SL 2 (p)-tail cover obtained by induction. Using again Proposition 
2.3, we see that there exists an SL 2 (p)-cover whose stable reduction 

gives rise to the special deformation datum {g,uj), the new tail covers fi and the 
primitive tail cover (p'. Note that /' has the same branch cycle description as /. 
It follows from Proposition 4.1 that / and /' are outer isomorphic, i.e., become 
isomorphic as SL 2 (p) -covers after twisting by an outer automorphism of SL 2 (p). 
We conclude that N is an extension of Z/n/ by Z/p. □ 



Theorem 6.6. Let C = {Ci,C 2 ^Cs) be a triple of conjugacy classes of SL 2 {p), 
where we suppose that the elements of the Ci are not contained in the center. 

(a) If Ci contains an element of order p for some i, all covers with class vector 
C have bad reduction. 

(b) Suppose Ci e {C{l),C{l)} and put ai = p — 1 - 21 if Ci = C{1) and ai = 
p + 1 — 2/ otherwise. Write 



Ni3^"^(C) = { / G Ni2^(C) I / has bad reduction. }. 

Then 



iNir(c)i 



2 z/ai + U2 -f as < p - 1, 

< 2 z/ ai -t- U 2 -h as = p — 1 and Ci = C{1) for some z, 

0 otherwise. 



Proof. Let f :Y ^ F]^ be an SL 2 (p)-cover with class vector C = (Ci, C 2 , Cs). If 
p divides one of the ramification indices of /, then / has bad reduction, so (a) is 
obvious. 

Suppose that p does not divide the ramification indices of /. If / has bad 
reduction, then (7) implies that ai -h a 2 + as < p - 1. If ai + a 2 + as = p - 1, 
there are no new tails. Since Y is connected, at least one of the primitive tails has 
decomposition group SL 2 (p). Therefore Proposition 6.5 implies that Ci = C{1), 
for some z. This shows that if there exists a cover with bad reduction, then either 
ai + a 2 + as < p — 1 or ai + a 2 + as = p — 1 and Ci = C{1) for some z. 
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Now suppose that Ci, C2, C3 are conjugacy classes of noncentral elements of 
order prime to p such that the condition of the theorem is satisfied. Let ui, a2, <23 
be as in the statement of the theorem. Recall that ai is even and different from 
p— 1. Let {g\uj') be the hypergeometric deformation datum of signature (ai, a2, <23) 
constructed in Proposition 3.2 (ii). The cover g' : ^ is the (p — l)/2-cyclic 

cover defined by 

^/(p-l)/2 _ (x — Ti), (2 ,x)k->X. 

ieBnew 

We define a (p — l)-cyclic cover p : Z*; — > Pj., factoring through g' by 

{x-Ti), {z,x)i->x, 

zGiBnew 

where 6 ^ = a^/2 + (p — 1)/2, i.e., 6 ^ = p - 1 - / if = C{1) and bi — p — l otherwise. 
Then (p, u) is a special deformation datum. 

We define a set of tail covers, as follows. For i G Bnew, we define fi ^ h, where 
h is the new SL2(p)-tail cover of F^ with a = {p-\- l)/(p - 1) from Lemma 4.3. For 
i ^ Bprim = {1, 2, 3}, we let fi be the primitive SL2(p)-tail cover with a = ai/{p—l) 
whose existence is guaranteed by Lemma 6.1. As in the proof of Lemma 6.2, one 
checks the datum (p,u;; fi) satisfies the conditions of Proposition 2.3. Hence there 
exists an SL2(p)-cover / : Y with class vector C = (Ci , C2, C3) whose stable 

reduction gives rise to the datum (p,o;; fi). 

Since the outer automorphism group of SL2(p) has order two, the number 
of liftings, up to isomorphism, is at least two. Proposition 4.1 implies that the 
number of elements of Ni3’^(C) is at most two. We conclude that the number of 
liftings is exactly two. This proves that all SL2 (p) -covers over K with class vector 
C have bad reduction to characteristic p. □ 
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On p-adic Families of Automorphic Forms 

Kevin Buzzard 



Abstract. Coleman and Mazur have constructed “eigencurves” , geometric ob- 
jects parametrising certain overconvergent p-adic modular forms. We formu- 
late definitions of overconvergent p-adic automorphic forms for two more 
classes of reductive groups - firstly for GLi over a number field, and sec- 
ondly for , D a definite quaternion algebra over the rationals. We give 
several reasons why we believe the objects we construct to be the correct 
analogue of an overconvergent p-adic modular form in this setting. 



1. Introduction 

The definition of an overconvergent modular form was formulated in [14] and 
used in a very powerful way in work of Coleman (see [5], [6], [7] etc.) as a key 
tool for constructing families of modular forms. Using these arguments Coleman 
was able to resolve some questions of Gouvea and Mazur about the existence 
of analytic families of modular forms. In fact, Coleman’s ideas gave more: using 
them, Coleman and Mazur constructed “eigencurves”, geometric objects which 
parametrise finite slope normalised overconvergent modular eigenforms. 

There is now evidence that these parameter spaces are just the tip of an ice- 
berg, and that there should exist parameter spaces, or “eigenvarieties” , parametris- 
ing systems of eigenvalues occurring in p-adic Frechet spaces of “overconvergent 
automorphic forms” for a wide class of reductive groups. One way of looking at 
the formalism is as follows: firstly there should be some appropriate set of classical 
infinity types (for example, the regular algebraic ones), which naturally form a 
subset of a rigid analytic space of “p-adic infinity types”, or “weights” for short. 
We call such a space a weight space^ we call points of this space weights^ and we 
call the subset mentioned above the set of classical weights. If ac is a weight, then 
the space of overconvergent automorphic forms of some fixed level U and weight 
K should be a (typically infinite-dimensional) p-adic vector space that, if k is clas- 
sical, will naturally contain the finite-dimensional space of classical automorphic 
forms of this weight (after one has chosen isomorphisms C = Cp and so on). Fur- 
thermore, the spaces should naturally p-adically interpolate the classical spaces of 
forms as the infinity type varies in weight space. Note that in this context, as was 
observed in the 1970s by Serre and Katz, the notion of a weight should include 
both an infinity type and also a level structure at the prime p. 
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Now fix a level structure U prime to p. Then there should be a second rigid 
space, the eigenvariety associated to this data - this will be a rigid- analytic space 
equipped with a map to weight space, such that the fibre above a weight will be 
equal to the spectrum of a Hecke algebra acting on the space of “finite slope” 
overconvergent forms of that weight, and “tame level” U. In this perspective, a 
Hecke operator becomes a map from the eigenvariety to the affine line, sending a 
point to the eigenvalue of the corresponding eigenform. 

There should be a family of p-adic Galois representations living on the eigen- 
variety, and the eigenvariety should in general be strongly connected to the defor- 
mation theory of such Galois representations. Moreover, the eigenvariety should 
perhaps be the natural domain for the special values of p-adic L-functions, in 
analogy with the role of the collection of Riemann surfaces that Tate uses to great 
effect in the study of classical L-functions in his thesis (see p. 314 of [3]). These 
sides of the story will not be treated in this paper, however. 

One interesting application of the existence of these eigenvarieties is that 
one can re-formulate cases of Langlands functoriality in this setting as simply 
predicting the existence of a morphism between two such parameter spaces that 
intertwines Hecke operators appropriately. 

It is not currently clear to the author in what generality one would expect 
these parameter spaces to exist, but this may be due to a large extent to the fact 
that the author is certainly no expert in the theory of automorphic forms. On 
the other hand, there do seem to be some cases where this philosophy does not 
apply. For example, we know of no evidence to suggest that Maass forms can be 
p-adically interpolated in such a way, although perhaps Mazur’s observation that 
it seems harder to deform even Galois representations than odd ones might be 
evidence to suggest that the associated rigid spaces may all be 0-dimensional. On 
the other hand, there is a growing body of evidence to suggest that in many other 
common cases, non- trivial parameter spaces do exist. The author is optimistic 
that, for example, if the reductive group in question is compact mod centre at 
infinity then almost all the techniques now exist for constructing such parameter 
spaces. See the thesis of G. Chenevier [4], forthcoming work [2] of the author and 
also future joint work of the author and Chenevier, where the constructions will be 
given in many cases. Unfortunately, the works cited above are perhaps daunting to 
read, relying on many technical computations in representation theory, as well as 
a generalisation of much of Coleman’s theory of families of p-adic Banach spaces 
to families of dimension greater than one. 

The purpose of this paper however is to give an explicit construction of the 
parameter spaces in two of the simplest cases: firstly in the case of GLi over a 
number field, and secondly in the case of L)^ , D a definite quaternion algebra over 
the rationals. The motivation for explaining these cases explicitly is several-fold. 
Firstly, the theory for GLi drops out from class field theory and known results 
about p-adic Galois representations, and is excellent motivation for believing that 
these parameter spaces exist in some generality. One avoids having to generalise 
Coleman’s theorems because the Banach spaces in question are finite-dimensional 
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and everything is easy. Note that already the dimension of the parameter spaces 
in this case depends on the truth of Leopoldt’s conjecture, but not knowing the 
dimension of the spaces constructed here does not seem to lead to any problems in 
the theory. Secondly, the representation theory involved in the GLi case is trivial, 
so one sees a concrete example of the theory without having to get too bogged 
down in technicalities. 

One motivation for the construction in the definite quaternion algebra case 
is that it is easy to make all the representation theory very explicit, thus avoiding 
the technical computations in [4] where analogous results are proved for compact 
forms of GLn. Another reason is that by the Jacquet-Langlands theorem, classical 
automorphic forms in this setting will correspond to classical modular forms, and 
overconvergent automorphic forms in this setting should correspond to overcon- 
vergent p-adic modular forms (in fact this has recently been proved by Chenevier: 
see [4]). The families one constructs are one-dimensional, so one does not need to 
generalise Coleman’s work either. We refer to Theorem 1 below for some of the 
results proved by Coleman and others about classical and overconvergent modu- 
lar forms. On the other hand, we show in this paper that the analogues of these 
theorems in this setting are, for the most part, elementary consequences of the 
definitions. This gives weight to our hope that our definitions are the right ones 
in this setting. 

Some of this work in this paper was done during the semestre automorphe 
at the IHP in Paris in 2000, and some was done during a visit to Paris 13 funded 
by the Arithmetic Algebraic Geometry RTN network. The author thanks all these 
institutions. The results for GLi in this paper were presented at the conference on 
modular curves at the CRM in Barcelona, and the author thanks the organisers 
of this conference for giving him the opportunity to speak there. The author also 
thanks the referee for several useful comments and observations. 

Note added in proof: recent preprints of Emerton seem to give the construc- 
tion of eigenvarieties in a very wide class of situations, using more representation- 
theoretic techniques. 



2. The case of GLi over a number field 

Throughout this paper, p > 0 will be a prime, and K will denote a field which 
is complete with respect to a non-trivial non- Archimedean valuation, and whose 
residue field has characteristic p. The rigid spaces we construct will be rigid spaces 
over K. We will consider K as being fixed - the interested reader can verify that all 
rigid spaces in this paper are quasi-separated and their definitions commute with 
base change if K' is a complete extension of K. Up to and including Lemma 2, K 
may have characteristic 0 or p, but after Lemma 2 and for the rest of the paper we 
assume that the characteristic of K is zero. From Section 3 onwards, we assume 
furthermore that AT is a complete subfield of Cp, but this is only for notational 
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convenience; one has to do little more than to replace p by \p\ ^ on many occasions 
to deal with the general case. 

Let L/Q be a number field of degree d, and let Ol denote the integers of 
L. Let Loo denote L R and the identity component of the topological 

group Similarly, let Lp denote L (g)Q Qp, let Ol^p denote and let 

p denote the topological group of units in 

We would like to formulate a definition of an overconvergent p-adic automor- 
phic form for the group Res/^/qGLi, defined over K. Associated to an overcon- 
vergent eigenform we should expect a one-dimensional p-adic Galois representa- 
tion._On the other hand, any Hodge-Tate one-dimensional p-adic representation of 
Gal(L/L) comes from an algebraic Grossencharacter, and hence one should sus- 
pect that for classical weights, the overconvergent eigenforms should be in bijection 
with the classical eigenforms. In fact the main problem for GLi is simply that of 
constructing weight space and we present the natural definition below. 

Lemma 1. Let R he an affinoid algebra over K. For there to exist a continuous 
group homomorphism Zp ^ sending 1 to 1 r e R, it is necessary and 
sufficient that r should he topologically nilpotent, and when this is the case, the 
group homomorphism sending 1 to 1 r is unique. 

Proof. Fix a complete A"-algebra norm on R inducing the topology on R. If there is 
a continuous group homomorphism Zp R^ sending 1 to 1 + r then + ^ 1 

as n 00 in and the same is true in R/m for m any maximal ideal of R. This 
means that modulo m, the residue norm of r must be less than 1 (look at the residue 
field). Hence r is topologically nilpotent by Proposition 6. 2. 3. 2 of [1]. Conversely, if 
r is topologically nilpotent, then 0 as n oo and hence an easy argument 

using the binomial theorem shows that (1 + tends to 1 as AT — > oo, which 
suffices to construct the group homomorphism Zp R^ , and uniqueness follows 
because of continuity. □ 

Now let X be an arbitrary rigid space, and let 0{X) denote the global sections 
of the structure sheaf on X. If i/ is a topological group, then we say that a group 
homomorphism H 0{X)^ is continuous if for all admissible affinoid subdomains 
U o^ X, the resulting map H 0(U)^ is continuous. The lemma above shows that 
there is a canonical functorial bijection between the continuous homomorphisms 
Zp 0{X)^ and the maps of rigid spaces X ^ A, where A denotes the open 
disc of radius 1 and centre 1, considered as a subspace of rigid affine 1-space. 

Let Gm denote the rigid space over K associated to the affine scheme A^\{0}. 
We now explain an elementary but key construction. Let H be an abelian profinite 
group which contains an open subgroup isomorphic to {Zp)^ for some n > 0. Let 
Hom(jFf, Gm) denote the functor on rigid spaces over K sending a rigid space X 
to the set of continuous group homomorphisms H 0{X)^ . 

Lemma 2. 

(i) The functor Hom(if, Gm) is represented hy a quasi- separated rigid space over 

K, also denoted Hom(if, Gm). 
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(ii) The space Hom(7f, Gm) ^<5 cl union of finitely many open n-halls and naturally 
has the structure of a group object in the category of rigid spaces over K. 

(iii) If H ^ J is a surjective morphism of profinite groups with finite kernel, then 
the canonical map Hom( J, Gm) Hom(7/’, Gm) is a closed immersion. If 
furthermore the size of the kernel of H ^ J is non-zero in K (for exam- 
ple, if the characteristic of K is 0), then the canonical map Hom( J, Gm) ^ 
Hom(FT, Gm) is a closed and open immersion, identifying Hom(J, Gm) 'with 
a union of components o/Hom(i/, Gm)- 

(iv) If H J is an injective morphism of profinite groups with finite cokernel, 
then the canonical map Hom(J, Gm) ^ Hom(i7, Gm) is finite and flat, of 
degree equal to [J : H]. If furthermore [J : H] ^ 0 in K then the map is 
etale. 

Proof. Note firstly that if Hi and H 2 satisfy the hypotheses put on H above, 
and Hom(iifi,Gm) and Hom(if 2 ,Gm) are representable, then one can represent 
Hom(i7i X H 2 , Gm) by the product Hom(ifi, Gm) x Hom(i72, Gm)- Furthermore, 
if if is as in the lemma, then by the structure theorem for topologically finitely- 
generated abelian profinite groups, H is isomorphic to the product of a finite group 
and a group isomorphic to {Zp)^. 

(i) By the remarks above, we are reduced to representing the functor in 
the following two cases: the case of finite cyclic if, and the case if = Zp. If if 
is finite cyclic of order n then the rigid space associated to the affinoid algebra 
K{T)/{T^ — 1) is easily shown to do the trick. If on the other hand if = Zp, then 
by Lemma 1 and the remarks following it, the open disc with centre 1 and radius 
1 over K represents the functor in question. 

(ii) By the construction of the representing space above, we see it is a product 
of rigid spaces each of which is either finite or an open unit ball, and the results 
follow easily. 

(iii) Here one only need observe that if is isomorphic to the product of a free 
Zp-module and a finite group, and the kernel of the map if ^ J is contained in 
this finite group. One now easily reduces to the case where if is finite, where the 
result is easy. 

(iv) One reduces easily to the case where J/ if is finite cyclic of degree n 
for some n > 1. In this case the cover Hom(J, Gm) of Hom(if, Gm) is defined 
by taking the nth root of some function / on Hom(if, Gm), and the fact that 
1/-11 < 1 for any residue norm means that / is a unit. Hence the covering is 
finite and flat, and moreover it is etale if n is prime to the characteristic of K. □ 

We now use this lemma to construct a “weight space” . Assume for the rest 
of this paper that the characteristic of K is zero. If F is a subgroup of of 
finite index, and F denotes the closure of F in then the quotient Hr := 

Of^ p/T satisfies the hypotheses of the lemma. Hence one has a rigid space Wr := 
Hom(ifr,Grn) defined over AT. If A C F is a subgroup of finite index, then the 
corresponding surjection H^ Hr has kernel of finite order [F : A] and hence by 
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part (iii) of Lemma 2 there is a closed and open immersion Wr Wa , identifying 

the former with a union of components of the latter. 

Definition. We define weight-space W to be the direct limit lim^ Wr, as T varies 
over the set of subgroups of finite index in partially ordered by inclusion. 

The space W is a rigid space defined over K. It has a group structure, which 
we in fact shall never use. By definition, a K-point in W corresponds to a continu- 
ous group homomorphism ^ which vanishes on some subgroup of finite 

index in . 

Let ai,. . . ^cTd denote the d embeddings L Cp. Each such embedding gives 
a continuous group homomorphism ^ , which we also denote by ai. 

Definition. We say that a weight in W{K) is classical if there are a collection 
(ni,n2, . . . ^Ud) of integers, and a subgroup H of finite index of such that 

the corresponding group homomorphism k, when restricted to H , equals 

Choose a jFT-point of Wk and let k denote the corresponding map ^ 

. If S is a, finite set of places of Q, let Af denote the adeles of L away from 
the places in L above the places in S. 

Set S = {p, 00} once and for all, and let U be a compact open subgroup of 
(Af)^. We refer to such a subgroup U as a tame level. 

Let G denote the group Res^/q GLi. 

Definition. An overconvergent automorphic eigenform for G, of weight k and tame 
level U, defined over K, is a continuous group homomorphism L^\A^ — > 
which contains U.{L^Y in its kernel, and whose restriction to ^ equals k. An 
overconvergent automorphic form for G, of weight k and tame level U , defined 
over K, is a continuous function f : L^\A^ — > K such that f{gu) = f{g) for all 
u e U.{L^Y , the K -vector space generated by all the A -translates of f is finite- 
dimensional, and such that, after a finite base extension of K if necessary, there is 
a basis of this finite- dimensional space consisting of overconvergent automorphic 
eigenforms for G of weight k and tame level U . 

Note that any continuous group homomorphism L^\A^ ^ K will automat- 
ically contain and some compact open subgroup of (Af in its kernel, and 

hence its restriction to ^ will automatically be a weight, in the sense that it 
must vanish on a subgroup of of finite index. 

Note that there are only finitely many overconvergent automorphic eigen- 
forms of a given weight and tame level, because L^\A^/ 0 ^ is finite. 

By the main theorem of global class field theory, to an overconvergent eigenform 
defined over K there is associated a continuous one-dimensional representation 
Gal(L/L) GLi{K). If K is a finite extension of Qp and k G W{K), then this 
associated Galois representation will be Hodge- Tate if and only if k is classical. In 
fact, for classical k, the space we have constructed perhaps deserves to be thought 
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of as either the space of p-adic, overconvergent p-adic, or classical forms defined 
over K. 

Note that Weil associated a Hodge- Tate p-adic Galois representation to any 
algebraic Grossencharacter L^\A^ — > and this p-adic Galois representation 

gives rise to an overconvergent automorphic eigenform (although of course one 
does not need class field theory here - Weil’s argument directly constructs an 
overconvergent automorphic eigenform from a classical one). The weight of such 
an eigenform is classical, and the corresponding integers (rzi,n 2 , . . . ^rid) are the 
Hodge-Tate weights of the associated Galois representation, if one normalises the 
isomorphism of global class field theory appropriately. 

It is easy to see, given what we have done, that these definitions interpolate 
naturally. More precisely, if V is an affinoid subdomain of W with 0{V) = i?, 
then the inclusion V Wk gives us, from the functorial property of Wx, a 
continuous group homomorphism ^ . Now for a tame level U one can 

define an overconvergent automorphic eigenform of weight V as simply being a 
continuous group homomorphism / : L^\A^ containing U.{L^)° in its 

kernel, such that the restriction of / to ^ is the group homomorphism ^ 

R^ corresponding to the map V Wk, and one can give a similar definition of 
an overconvergent automorphic form of weight V. These spaces should of course 
be thought of as interpolating the spaces of overconvergent forms of weight k 
introduced above, as k varies through V. 

Let U he a, fixed tame level, and let F denote the intersection 

L><nu.ol^{L^r. 

Then F is a subgroup of of finite index. We will now define an “eigenvariety” of 
tame level 17, which will be a finite cover of the weight space Wr introduced earlier. 
Its definition is simple, given what we have already. Let H denote the quotient 
of the group L^\A^ by the closure of the image of U.{L^y. Then the map 
p H is continuous with finite cokernel, and hence H satisfies the hypotheses 
of Lemma 2. 

Definition. We define the eigenvariety of tame level U to be the rigid space 

Hom(//,G^). 

Let F denote the closure of F in Of Then the natural map Of ^/F — > H 
is injective and the cokernel is finite. The corresponding map of rigid spaces 
Hom(iF, G^) — > Wr is finite fiat of degree equal to the order of this cokernel, 
by part (iv) of Lemma 2. Note that it also follows from this lemma that the eigen- 
variety is a finite union of open balls, and that the fibre of a point in weight 
space is canonically the set of overconvergent automorphic forms of weight k, and 
tame level U. The eigenvariety itself can be thought of as a parameter space inter- 
polating overconvergent eigenforms of varying weights. Finally, the Hecke operator 
corresponding to a uniformiser at a place q of L manifests itself as the evaluation 
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homomorphism from the eigenvariety to corresponding to evaluation at this 
unifor miser. 

In this setting, the eigenvariety is smooth and has finitely many components. 
It still appears to be an open question as to whether the Coleman- Mazur eigencurve 
has finitely or infinitely many components (indeed, almost every natural question 
about the Coleman-Mazur eigencurve is still open). 



3. Classical and overconvergent modular forms: 

Results of Coleman and others 

In this section we briefiy summarise (see Theorem 1 below) some of the main results 
from the theory of classical and overconvergent modular forms. Our goal in the 
rest of this paper is to propose analogous definitions in the setting of automorphic 
forms for , T) a definite quaternion algebra over Q, and then to prove analogues 
of the results in Theorem 1 , although we shall only sketch the construction of the 
eigencurve in this setting, and the construction will be made under a minor but 
unnecessary technical restriction, which we shall remove in forthcoming work. 

Let p be prime, and let N he a, positive integer prime to p. Let be a 
complete subfield of Cp (this is just for notational convenience; all of this works 
for a general K of characteristic zero, complete with respect to a non-trivial non- 
archimedian valuation and with residue field of characteristic p), and for T C 
SL 2 (Z) let 5/e(r) denote the space of classical cusp forms of level T and weight k 
defined over iC. If F = Fi(A/') then we refer to this space as the space of classical 
cusp forms of level N and weight k defined over K. For r = p~^ with t G Q 
and 0 < ^ < p/(p + 1), let Sfc(Fi(A^);r) denote the p-adic Banach space of r- 
overconvergent cusp forms of tame level N and weight k, that is, at least for 
N > 5, the cuspidal sections of on the rigid subspace of Xi(A^) obtained by 
removing open discs of radius r above every supersingular point in characteristic p 
(a more precise definition may be found in, for example, [7] and [5]. We omit the 
more precise definitions as we shall never be using them). Let Sk{Ti{N)) denote 
the space of forms which overconverge as far as one can reasonably ask, that is, 
sections of on the wide-open subspace of Xi{N) obtained by removing closed 
discs of radius p~p/(P+^) in each supersingular disc. By definition, Sk{h'i{N)) C 
Sk{Ti{N)) C Sk{Ti{N);r) and if r < s then S^(Fi(7V);r) C Sfc(ri(7V); s). We 
remind the reader of some theorems about these objects (again we shall be slightly 
sketchy, and refer the reader to the original papers for more precise statements) 

Theorem 1. 

1. If f G Sk{Ti{N) nFo(p'^)) then f G S/e(Fi(A^); r) for some appropriate r. 

2. If f G Sk{Ti{N);r) and Upf = Xf for some non-zero A, then f G Sk{Ti{N)). 

3. For k > 1, there is a map Sfc(Fi(A^)) which on q- 

( , \k-l 

expansions is I qj^\ , and whose cokernel is finite- dimensional 
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4. Say 0 / / E Sfc(Fi(A/'); r) and Upf = A/ for some non-zero A. If Vp{\) < 
k — 1, then f G Sk(^i{N)). On the other hand, if Vp{\) > k — 1 then f ^ 
SkiTiiN)). 

5. Any finite slope overconvergent eigenform is part of a family of constant slope, 
in some precise sense. 

6. Finite slope normalised overconvergent eigenforms of tame level N are para- 
metrised by a rigid- analytic geometric object, the eigencurve of tame level N 
(at least if p > 2 and N = 1). 

Proof Parts 1 and 2 are classical. Part 1 is proved in [14] for n = 1 and in [10] 
for general n. Part 2 is also proved in [14]. Parts 3 and 4 are related and deeper, 
and are both proved in [5]. Part 5 is proved in [6] and part 6 in [7]. Note also 
that the constructions in [7] should also go through for general p and N, although 
nothing is published in this generality as yet (see [2] and also forthcoming work of 
Emerton, however). □ 

As already explained, we will prove analogues of all these results in the set- 
ting of automorphic forms on definite quaternion algebras over the rationals. The 
main question to be solved here is that of finding the correct definition of an 
overconvergent automorphic form in this setting. The problem with the classical 
definition is that it is inherently geometric, and relies (amongst other things) on 
the fact that modular curves are one-dimensional. This causes problems when try- 
ing to construct analogues of the Coleman-Mazur construction for other reductive 
groups, although some progress has been made by Goren and others in the case of 
Hilbert modular forms. See also forthcoming work of Nevens, and recent preprints 
of Abbes- Mokrane and Kisin-Lai, which should hopefully culminate in a geometric 
construction of p-adic parameter spaces for Hilbert modular forms. 

In the setting of groups which are compact mod centre at infinity, the prob- 
lem is rather different: now one cannot remove canonical small regions from the 
moduli space because it is 0-dimensional, and it appears that a completely differ- 
ent approach is necessary. Our approach is very much inspired by a preprint [9] of 
Stevens and involves using an “Eichler-Shimura” philosophy which re- interprets 
the theory of modular forms in a much more combinatorial way, which seems to 
be more amenable to generalisation. One consequence of this is that the proofs 
of the analogues of the results above in this setting are much easier, requiring no 
hard algebraic geometry. 

One natural question that can be raised is what relation there is between the 
eigencurves constructed here and those of Coleman-Mazur. Is there a map between 
them “explaining” the Jacquet-Langlands correspondence? In fact Chenevier in [4] 
has recently constructed such a map, although his construction assumes the clas- 
sical Jacquet-Langlands result and hence does not give another proof of it. 
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4. Definitions and classical forms 

Let p be a fixed prime. For a > 1 an integer, let be the monoid consisting of 2 
by 2 matrices ( ^ S ) with a, 6, c, d G Zp and such that | c, p | d and ad — hc^ 0. 
Let be a definite quaternion algebra over Q with discriminant 5 prime to p. Fix 
once and for all a maximal order Od of D and an isomorphism Od ^ B = 
where B = lim^(Z/MZ), the limit being taken over all integers M prime to S. This 
isomorphism induces isomorphisms Od^^i — M 2 (Z/) and Od^Qi — M 2 (Qz) for 
all primes I \ S, and we will henceforth identify these rings with one another. Let 
Af denote the finite adeles over Q and define Dj = D (S)q A/. Then Df can be 
thought of as the restricted product over all primes / of Z) 0 Qz and in particular if 
g ^ Df then the component Pp of p at p can be regarded as an element of M 2 (Qp). 

Definition. If U is an open compact subgroup of and a > 1 then we say that 
U has wild level > p^ if the projection ofU onto GL 2 (Qp) is contained in M^. 

We offer the following as examples. If M is any integer prime to d, then 
define Uq{M) (resp. Ui{M)) to be the compact open in Dj formed as a product 
Yli Ui where Ui = for / | d, and Ui is the matrices which are of the form 

(o * ) (resp. (Si)) rdM) / jf divides M then the projection 

of Ui{M) to the factor at p is contained in Mc^ and hence U has wild level > p^. 
At the other extreme, we say that a compact open U is “prime to p” if U can be 
written asU' x GL 2 (Zp) where U' is a compact open of {D (g) A/,p)^ , where A/,p 
denotes the adeles with trivial components at infinity and p. As examples, if N is 
a positive integer prime to pd then Uq{N) and Ui{N) have level prime to p. We 
refer to the subgroups U' above as “tame levels” . 

Let a > 1 be an integer, and let U he a compact open of wild level > p^. If 
R is any commutative ring and A is an Z?-module with an i?-linear right action of 
Mq;, then define the i?- module C{U,A) by 

C{U,A) = {f:Df^A: f{dgu) = f{g)upj , 

where d E (embedded diagonally in ), g € and u £ U. This object looks 
rather terrifying if one is not familiar with this kind of thing, but in fact it is well 
known that if one writes as a disjoint union of double cosets diU 

then this union is finite, of size n say, and hence any / € C{U^ A) is determined 
uniquely by the finite amount of data /(di), /(d 2 ), . . • ^ f{dn)- More precisely it 
can be shown that if T^ = d~^ dir\U then F^ is a finite group, and then an easy 
formal argument shows that the map 

n 

C{U-,A)^^A^^ ( 1 ) 

i=l 

sending / to {f {di )) is an isomorphism of J^-modules. In particular, if U 
is chosen such that all the groups F^ are trivial, then the map C{U;A) — > A^ 
sending / to (/(di), /(d 2 ), . • .) is an isomorphism of i?-modules. Triviality of all 
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the Fi is a common occurrence - if 7 G F^ is non-trivial then the characteristic 
polynomial of 7 must be of the form - aX -|- 1 where a G {— 2 , —1,0, 1}, with 
a = —2 occurring iff 7 = — 1 . Hence if C Ui{M) for some M > 4, for example, 
then all the F^ are trivial. The non-triviality of the groups F^ can be dealt with 
if one extends some of Coleman’s theory on families of compact operators - see 
forthcoming work [2] of the author. For simplicity we shall here assume that all F^ 
are trivial whenever this eases the exposition. The more sophisticated reader might 
be happier thinking of C{U, A) in the general case as being the global sections of 
the sheaf corresponding to A on the stack D^\Df/U. 

We recall the classical definition of the space of automorphic forms of level U 
and weight k. Strictly speaking these are not classical forms because we have 
shifted the “weight” action from 00 to p, so one should perhaps think of the 
spaces below as being analogues of modular forms with coefficients in iF. It is an 
elementary exercise (see for example the argument around equation (2) on p. 443 
of [ 8 ]) to verify, however, that if there is an embedding of fields K ^ C then the 
iF-spaces we are about to define, when tensored up to C, become isomorphic as 
Hecke modules to spaces of claissical forms. 

Recall that iF is a complete subfield of Cp. Let Lk denote the space of poly- 
nomials in one variable 2 :, of degree at most k — 2, and with coefficients in K. 
Define an action of Mi (and hence of for all a > 1 ) by, for 7 = (“ *) e Ml 
and h G Lk, 

ih\j){z)={cz+d)'^-^h(^^y 

If is a compact open subgroup of of wild level p, we shall refer to the K- 
vector space S^{U) := C{U,Lk) as the space of classical automorphic forms of 
weight k and level U for Z>, defined over K. If U = Ui{M) for some integer M 
which is a multiple of p and prime to 5 as usual, then we refer to S^{Ui{M)) as 
the space of classical automorphic forms for D of level M and weight A:, defined 
over K. If K contains all the 0(M)th roots of unity then this space decomposes 
as a direct sum 

5f([/i(M)) = 05fc^((7i(M))(£) 

£ 

where the sum is over all characters e : {TijMZ)^ — > and S^{Ui{M)){e) is 

defined to be 

{/:£»; ^ Lfc ; f(dgu) = e{u)f{g)up for all d G e Uo{M)} . 

Here e is considered as a character of Uo{M) via the map Uo{M) (Z/MZ)^ 
sending ( " ^ ) to d mod M. 

It is more convenient to split up a character into its p-power part and its p- 
primary part. If M = TVp^ with n>l and N prime to p, and we continue to assume 
that K contains all 0(M)th roots of unity, then one can write e : {7i/MZ)^ — > 
as a product where has level N and Sp has level p^. Let a > 1 be minimal 
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such that £p factors through (Z/p^Z)^. One can then define a “weight-character 
(/c,^p)”-action of Me, on Lk by, for h e Lk and 7 = ( “ d) ^ 

ih\l) {z) = {cz + df-‘^ep{d)h ■ 

Let Lk^sp denote Lk equipped with this action. If U is any compact open of 
level prime to p, then it makes sense to define S^{U fl Ui{p'^)){£p) := C{U f1 
Uo{p^), Lk^£p) and we see that 

0 (C/i(M))(£%) = S^{U^{M)){sp), 

£P:(Z/ArZ)x^Kx 

0 5f(t/i(M))(£p)-5f(t/i(M)), 

Ep-.{Zlpr^Z)^^Kx 

and more generally 

0 s^{u n t/i(p”))(£p) = S^{u n c/i(p”)) 

£p:(Z/p^Z)x^Kx 

if U has level prime to p. This philosophy, of treating characters at p differently 
to characters of level prime to p, by amalgamating the character at p with the 
weight, is already present in the “classical” theory of p-adic modular forms, and 
we also saw it in the GLi case. 

Now let us return to the setting of a compact open U of wild level p“, and 
a general right M^-module A. The space C{U ; A) comes equipped with certain 
standard operators, which we now define. Firstly say p G such that Pp G Mq,. 
If / : A then define f\p : Aby 

if\v){9) = f{gv~^)vp- 

Note that using this definition we have 

C(U,A) = {/ : D^\DJ -^A: f\r] = f for all ry e U}. 

Now say p is as above. We define A^'^p^ to be the abelian group A equipped with 
the action, denoted •, of p~^'M.aPp H M^, defined by a • {Pp^jPp) a^y. The map 
/ 1 -^ f\p is easily shown to be an isomorphism C{U, A) C{p~^Up, which 

we shall denote \p. If the map a i-> app induces an isomorphism of abelian groups 
A ^ A, then one can think of this map as an isomorphism A^'^p^ A and in this 
case the map \p sends C{U,A) to C{p~^Up, A) isomorphically. 

Next we define Hecke operators. Let p be as above, write UpU = W^Upi 
(a finite union) and define the Hecke operator [UpU] : C{U,A) C{U,A) by 
[U pU]f = J2i / I ^2- Of particular interest are the standard Hecke operators, defined 
as follows. If Hs a prime not dividing J, then define tu/ G A/ to be the finite adele 
which is / at / and 1 at all other finite places. We sometimes think of wi as 
an element of via the diagonal embedding. By a mild abuse of notation, we 
define pi = ( i ) f ^ mean the element of which is ( q ? ) ^ is the 
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identity at all other places. We define Ti = [UrjiU] and 5/ = [UwiU]. An easy 
computation verifies for example that if / € S^{Ui{M)){e), then for all / f M we 
have Si{f) = We conclude this section by reminding the reader of the 

explicit form that the Jacquet-Langlands theorem takes in this setting: 

Theorem 2 (Jacquet-Langlands, Shimizu, Arthur). If k > S then the space 
S'^(^i(A/’)) is isomorphic to the space n Fo((5)) of classical S-new 

forms, and this isomorphism commutes with the action of the standard Hecke op- 
erators defined above. If k = 2 then nro(5)) is isomorphic to the 

quotient of S^{Ui{M)) by the subspace of forms which factor through the norm 
map, and again the isomorphism commutes with the action of the standard Hecke 
operators defined above. 

Proof. This is a “concrete” realisation of the Jacquet-Langlands theorem; a good 
reference for how to deduce it from Theorem 16.1 of [13] is the first few pages of 
Section 5 of [8] (with t = 1 in their notation). □ 

As a consequence we see that if / G S^{Ui{M)){s) is an eigenform then there 
is a continuous Galois representation pf : Gal(Q/Q) ^ GL 2 (A") associated to / 
satisfying the usual properties. 



5. Overconvergent automorphic forms of a fixed weight 

Let K be a. complete subfield of Cp as usual. 

Definition. A real number r is said to be a radius of convergence ifr = p~'^ for 
some integer n > 0. 

Definition. If r is a radius of convergence then we let be the rigid subspace of 
affine 1 -space over K whose Cp-points are 

Br(Cp) = {z G Cp : there exists y in Zp such that \z — y\ < r}. 

If furthermore r < 1 then we define B^ as the rigid subspace of affine 1-space 
whose Cp-points are 

B^(Cp) = {z G Cp : there exists y in such that \z — y\ < r}. 

In fact Br- and B^ are just disjoint unions of finitely many closed affinoid 
discs. One can think of B^ and B^ as being a sequence of rigid neighbourhoods 
of Zp and Z^ respectively in the analytification of affine 1-space over K. If s < r 
are both radii of convergence then B^ C B^^ and B^ C B^ . 

We say that a map between iG-Banach spaces is compact (some authors use 
the term “completely continuous” ) if it is a limit of maps having finite rank. If r is 
a radius of convergence then let Ar denote the ring of functions on B^, equipped 
with the supremum semi- norm (which is a norm in this case, as Ar is reduced). 
A basic result is 
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Lemma 3. If s < r are radii of convergence, then the inclusion Bg C induces 
a compact map Ar ^ As- 

Proof. This is an immediate consequence of the fact that the inclusion Bg C B^^ 
is inner. Alternatively, one can give a direct proof, as follows: the space B^^ is a 
finite disjoint union of closed discs, and hence Ar is a finite direct sum of rings 
topologically isomorphic to the affinoid K{x). The inclusion Bg ^ B^^ induces, on 
each affinoid corresponding to a component of B^^, a map K{x) K{y) which, if 
one chooses appropriate parameters on the discs, is equal to the ring homomor- 
phism defined by x i-^ {r/s)y. But this map is compact because for any £ > 0, the 
image of the basis {l,x, . .} of K{x) only contains finitely many terms with 
norm greater than e. □ 

Note that we think of B^^ and B^ not as being abstract rigid spaces but as 
being explicit rigid subspaces of rigid affine 1-space. Hence these spaces come with 
with a fixed parameter z, upon which several constructions below will depend. 

Let W denote “weight space” in this setting, that is, the rigid space 

Hom(Z;,G^) 

over K (see Lemma 2). Then the L-points {L any finite extension of K) of W are 
the continuous group homomorphisms ac : . We refer to points of W as 

weights, or as weight-characters. Points of >V corresponding to weight-characters 
of the form k{x) = x^Sp{x), where k is an integer and Sp is a finite order character, 
will be called classical weight-characters. 

We have seen that W is a union of finitely many open discs. Say k G W{K). 
Then it is an easy check (use log and exp) that k extends to a morphism of 
rigid spaces B^ — > for some radius of convergence r < 1, (and hence to a 

morphism B^ Gm,ic for any radius of convergence s < r). For example, one 
can take r = p~^ if k{x) = x^ for some A: G Z, and r = p~^ if hi is of finite order 
and factors through {fLjp^TI)^ . 

If {cd) ^ z ^ cz d defines a morphism B^ — > 

and the map 2 ; 1 -^ defines a morphism B^ where A = ad — be. We 

frequently use the weaker statement that z 1 -^ czXd ^ofines a map B^^ ^ B^^. Now 
say hi G W{K) and r is a radius of convergence. 

Definition. We say an integer a>\ is good for (/c,r) if hi : extends to 

a morphism of rigid spaces ^ 

For any hi and r, a good integer a will exist, by the remarks above. Of course, 
given a which is good for (k, r), the extension of hi to is unique. Finally, if 

a is good for (/^,r) and (3 > a then /3 is also good for {hi,r) and the extension of 
hi to is just the restriction of the extension of hi to B^p-a. 

Now choose k, and r as above, and let a be any integer which is good for 
(/^,r). Let hi also denote the extension of ac to B^ 
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Definition. Let be the ring Ar of rigid- analytic functions on Br, equipped 
with the following right action of Mq;.* for h € An,r ond 7 = ( c d) ^ 






k{cz H- d) / az ~^b\ 
(cz + d)2 \cz-\-d) 



Note that a has to be good for {k, r) for this definition to make sense. Note 
also that the simplest example of these rings is just Ak,i which is the ring K{z) 
of power series OnZ'^ such that Un — ^ 0 as n — > 00 . 

We say that a map f between Banach spaces is norm- decreasing if |/(:r)| < \x\ 
for all X. We have equipped Ar with the structure of a Banach space and we think 
of A^,r also as having this Banach space structure. The map Ak,v A^^r defined 
by h ^ /i |7 is norm-decreasing: this is an immediate consequence of the fact 
that n{cz + d) and cz d both have norm 1. If | det( 7 )| < 1 then one can say 
much more. In this case, the endomorphism / 1 —^ /I 7 of A^^r is compact, a^ it 
rGS I ^ 

factors as A^.r — ^ -4^,r|Ai — ^ An,r, where A = det( 7 ), and the restriction map 
An,r A^^r\A\ IS compact by Lemma 3. 

On the other hand if | det( 7 )| = 1 then 7 has an inverse in M^, and so the 
induced endomorphism of Ak,v is norm-decreasing with a norm-decreasing inverse 
and is hence an isometry. 

For K a weight and r = p~^, choose o > 1 which is good for (/^, r), and let U 
be a compact open subgroup of Dj of wild level > p^. The key definition is the 
following: 



Definition. The space of r-overconvergent automorphic forms of weight- character k 
and level U is the space S^(f/;r) := £(!/, 

We now make some elementary observations about this space. Firstly, note 
that this space is independent of the choice of a, in the sense that if (3 is also 
good for (a^, r) and U also has wild level > then the two induced actions of 
U on An,r are the same and hence the definition is independent of the choice of 
a. Next note that using the “explicit” description of equation (1) in Section 4, 
one sees that S^{U;r) is naturally a Banach space over K (note that the groups 
Fi are finite and K has characteristic 0 and hence the subspace of A^.r where F^ 
acts trivially is a closed direct summand). In fact one can write down an explicit 
norm on S^(t/;r), useful for computational purposes - if / G S^(/7;r) then 
define |/| = max^^^x |/(p)|. This max exists, is finite, and is attained, because 

\i u e U and h G A^.r then det{up) e , so h and h\u have the same norm, 
and hence \f{g)\ is constant on double cosets gU. One can also view the norm 
on r) in the following manner: fix once and for all {di, . . . ,dn} such that 

Df = IJD^diU; then there is an induced isomorphism S^{U;r) = ^iA]^^r ^ 
above, and the right-hand side is a closed subspace of the affinoid (which 

can be thought of as being equipped with its usual supremum semi- norm). 
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If 5 < r is another weight, then the restriction map A^^s is com- 

pact and norm-decreasing, and hence induces a compact norm-decreasing map 

For rj € such that r]p G M^, the endomorphism [UrjU] of S^(/7;r) is 
continuous and norm-decreasing. Moreover if also rjp has determinant A a non- 
unit, then [Ut]U] factors as 

[UrjU] : S^{U-,r) ^ S^(C/;r|A|) ^ Sf ([/;r) 

and hence is norm-decreasing and compact, as the restriction morphism is com- 
pact. Recall that a compact map has a characteristic power series, or a Fredholm 
determinant, which is the natural generalisation of the characteristic polynomial 
of a finite rank map: see Section 5 of [16] for a beautifully- written introduction to 
these notions. The fact that [UrjU] is compact and norm-decreasing means that 
its characteristic power series is in Ok{{T}}, that is, in the space of power series 
that converge on the whole of affine 1-space. The case we are most interested in is 
the Hecke operator Up := [UrjpU] where we recall rjp = i)- 

If is a classical weight-character, that is, tz{x) = x^Sp{x) where k is an inte- 
ger and £p is a finite order character, then choose a > 1 minimal such that £p fac- 
tors through {Zfp'^Z)^ . We have a natural inclusion Lk,sp of M^-modules. 

This induces a map from classical automorphic forms (with p-adic coefficients) to 
1-overconvergent automorphic forms. More precisely, if we fix a level Uq prime to p 
and any n> a then we get a continuous embedding from S^{Uo H Ui{p'^)){£p) = 
C{Uo n Uo{p'^),Lk^sp) to S^{Uo n Ui{p'^), l). This is the analogue in this setting of 
the statement that classical forms are over convergent. In the next section we will 
discuss the slightly more subtle question of letting the level drop at p, and prove 
an analogue of the result that classical forms of level Np'^ with trivial character 
at p are overconvergent of level Np. 



6. The operator Up 

We record a few useful facts about the Hecke operator Up. Let /c be a weight 
and let r = p“* be a radius of convergence. Choose any o; > 1 which is good 
for (k, r) and choose any n > a. We will be concerned with forms of level U = 
Uo n Ui{p^) n Uo{p'^)^ where Uq is a compact open of level prime to p. 

Lemma 4. 

1. There exist maps ag : [U ; s/p) ; s), for all radii of convergence s, 

such that Up : S^(f/;r) S^{U;r) factors as 

S^(C/;r) ^ S^{U;r/p) ^ S^((7;r) 
and if r < 1 it also factors as 

S^(U-,r)^S^{U;pr)^S^{U-,r). 

2. Up is a compact operator on S^{U;r). 
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3. If s < r is another radius of convergence then the characteristic power series 
of Up on S^{U;s) and on S^(/7;r) coincide. 

4. There is a canonical isomorphism of Hecke modules 

.:S^(t/;r/p)SS^(C/nf/o(p"+');r) 

5. The characteristic power series of Up on S^{U\r) equals the characteristic 
power series of Up on S^((7q n(7i(p^);r). That is, “the characteristic power 
series does not see the higher Uq{p^) structure” . 

Proof. 1. By definition, Up is the sum of various maps f f\j where 7 G 
has determinant p. Hence the results follow from the fact that I 7 : A^,r 

factors as ^n,rip and also as A^^r A^^pr An,r if r < 1 . 

Hence ar{f) := J2if\Vi will do the job, if 17(7 i)^ ^ 

2. The restriction maps are compact and compactness of Up follows. 

3. Let aps : S^{U;s) ^ S^{U;ps) be as in part 1. The characteristic power 
series of ag o res and res o ag are equal, by [16], Corollaire 2 to Proposition 7, and 
the result follows easily by induction on — logp(s). 

4. One constructs t by composing the following sequence of canonical iso- 

morphisms. Firstly define U^{p) to be the matrices 7 G Uq{1) such that 7 ^ is 
lower triangular mod p. Then one observes that S^{U;r/p) = C{U,A^^r/p) is the 
subspace of C{U fl ^«,r/p) where the matrices ( 01 ) all act as the identity. 

This space is naturally isomorphic to the space C{U H U^{p), 0{p'Br)), where 

is the rigid subspace of Af^ whose Cp-points are {z : zjp G B^(Cp)}. Note that 
pBr- C B^/p. Next we observe that the map h- » /i| ( ^ ) induces an isomorphism 

C{U n U^{p),0{p'Br)) C{U n Uo{p'^~^^),0{p3r)^^^ Finally, one checks 

that the map / 1 -^ /l(o 1 ) ii^duces an isomorphism (9(pBr)^^o ^ A^^r and 

hence an isomorphism C{U n/ 7 o(p'^'^^), O(pB ^)^^0 1 )^) = C{U nUo{p'^'^^),AK,r) = 
{U r\Uo{p'^'^^); r). If we define l to be the composite of these isomorphisms then 
it is elementary to check that l commutes with the Hecke operators away from p, 
and an explicit calculation shows that l also commutes with the Hecke operator 
Up. We remark that the way we have normalised things, the operator Up at level 
p^ is Yl^=o \{ip^ 1 ) ’ particular it depends on n. This annoyance could have 

been avoided at the expense of introducing other annoyances. 

5. It suffices to prove that the characteristic power series of Up on S^{Uq D 
Ui{p^) n Uo{p^)\r /p) and S^(/7o H U\{p^) fl UQ{p^^^)\r) are equal, if n > a. Let 
T denote the composition 

S^{Uo n C/i(p“) n t/o(p”+');r) ^ S^{Uo n C/i(p“) n C/o(p"+');r/p) 

where this latter morphism is given by the trace map / /I ( 1 ) • Then it 

is an elementary exercise to check that T is compact, and that both loT and T ol 
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are equal to Up on their respective spaces. The result follows by [16], Corollaire 2 
to Proposition 7. □ 

We can now easily prove analogues of the first two parts of Theorem 1. As 
before, let Uq he some compact open of level prime to p, let /c be a weight-character 
and let r be a radius of convergence. Let a be any positive integer which is good 
for (/^,r), and let n > a be any integer. Set U = UqH Ui{p^) fl Uo{p'^). 

Proposition 3. 

1. If f G S^{U;r) then f\{^p ^ (appropriately interpreted) is an element of 

2. If f G S^{U;r) and Upf = Xf for some non-zero X then f G S^(f/;s) for 

any radius of convergence s > r such that a is good for ( k , s). 

Proof 1. One continually applies the inverse of the map t defined in part 4 of 
Lemma 4. 

2. By part 1 of Lemma 4, Upf G S^(/7;pr) and hence / G S^{U;pr). So we 
are finished by induction on — logp(r). □ 

Note that the map / the inverse of the map in part 1 of this 

proposition, is in fact the natural inclusion S^{Uo H Ui{p^);r/p^~^) S^((7;r), 

in the sense that it is the one which commutes with the Hecke operator Up. The 
fact that it is this morphism which is natural, rather than the identity map, is a 
mildly annoying consequence of the way we have set things up - more specifically, 
it is because the matrices defining Up depend on the level that we are working 
with. 



7. Classical and overconvergent forms 



We have just seen how classical forms embed into overconvergent ones. Now we 
show how to pull them out. Let h. = {k,Sp) he 3. classical weight-character, where 
A: > 1, and as usual choose a > 1 minimal such that Sp factors through {Z/p^Z)^ . 
Then Mc^ acts on Lk^sp^ Let Uq be a compact open in of level prime to p, and 
let U = UqH Uo{p^) for any n > a. Let ac' be the character (2 — k,Sp). We define 
a map 



by 

{0^-Hf)) (9) = (|Kff)|det(5p))'-'' 

Here u is the norm map A^, and |.| is the usual absolute value map 

A/ — > Q. Note that the superscript 1 — /c is notational and merely there to indicate 
that looks like the (1 - k)th power of some kind of Tate twisting operator. 
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One has to verify that the map 0^ ^ is well defined, which boils down to 
checking that for G Mc^ and F a power series in 2 , we have the identity 



dz^~^ 



(^{cz + d)^-'^F{ 



az -\-b 
czF d 



(ad — bc)^ ^{cz-\-d) ^ 



/ d^-^F \ . azFb 
\ dz^~^ ) ^cz d 



)• 



This identity is trivial for A: = 1 and the general case is easily established by 
induction on k. Next one can analyse the relationship between and Hecke 
operators. Again it is elementary to check that if / G S^{U,1) and rj e 
with rjp e Ma, then {0^~^f)\r} = and hence that [UrjU]0^~^ = 

W{rj)\^~^0^~^[Ur]U]. Applying this with r] = r]i one sees that Ti6^~^ = 
and hence that if / G S^(C7, 1) is an eigenform for Ti with eigenvalue ai then 0^~^f 
is an eigenform for Ti with eigenvalue . We now prove the analogue of the 
third and fourth results of Theorem 1 in this setting. 



Proposition 4. The kernel of 0^ ^ is precisely the classical forms 

Sf(C/ont/i(p"))(£p). 

Let 0 ^ / G S^(/7;r) be an eigenvector for Up with non-zero eigenvalue A. Then 
f G S^{U ; 1). Moreover, if Vp{\) <k — \ then f is classical, and if Vp{\) > A; — 1 
then f is not classical. 



Proof The kernel of 0^~^ is the function / G S^([/; 1) whose image is contained 
within the space of polynomials of degree at most k — 2, which is precisely the space 
of classical forms C{U,Lk^e^) = S^{Uq fl Ui{p^)){sp). Next, let 0 / G S^(t/;r) 

be an eigenvector for Up with non-zero eigenvalue A. By the proposition in the 
previous section, / G S^([/, 1). 

If / is classical then one can easily deduce from the classical theory (see for 
example Theorem 4.6.17 of [15], the fact that A is an algebraic integer, and the 
Jacquet-Langlands theorem) that Vp{X) < A: - 1. On the other hand, if A < A; - 1 
then 0^~^f is in S^/(I7; 1) and if it is non-zero then it is an eigenvector for Up 
with eigenvalue A/p^“^, which has negative valuation. On the other hand. Up is 
an operator with norm at most 1, and hence 0^~^ f = 0. Hence / is classical. □ 



In the classical theory, one can find both classical and non-classical forms 
with A = A: — 1, and it would be an interesting computational exercise to search 
for examples of this phenomenon in this situation. 

We finish by remarking that if we had defined our spaces of overconvergent 
automorphic forms as C[U,[At^^rY)^ using the dual of then one would see 
the theta operator going in the other direction, which would be more analogous 
to the classical theory. On the other hand, using this convention gives a surjection 
from overconvergent forms to classical ones, rather than an injection from classical 
forms to overconvergent ones. Using the duals would give a theory more analogous 
to the one set up by Stevens in the classical case. 




42 



K. Buzzard 



8. Families 



Let i? be a reduced afiinoid over K. Then i? is a Banach algebra in the sense of 
Section A1 of [6]. Let A be a Banach module over R. Briefly, the key points are 
that is a ring complete with respect to a non-trivial ultrametric norm and A is a 
complete normed i^-module satisfying various natural axioms such as \ra\ < \r\\a\ 
for r G R and a G A. In fact the only cases of interest to us in this paper are when 
R is an afflnoid disc over K. Assume furthermore that we have an J?-linear action 
of Ma on A, and that all elements of act continuously. Then for U C 
open and compact and of wild level > p", we see that C(U]A) also inherits the 
structure of a Banach module over R. Let us for simplicity assume in this section 
that all the finite groups are trivial. 

We now specialise to the case that we are interested in. Let R be the ring of 
functions on an afflnoid disk V defined over K in W. Define Av,r to be the ring 
of functions on the rigid space V Xk Br. We say that an integer o > 1 is good 
for the pair (V,r) if for all k G F(Cp), the map k \ extends to a map 

G^. Because V is afflnoid, one can check that good integers a do exist. 
Define a right action of on A^,r by, for h G Ay^r and 7 = (« ^) G M^, 



(/i|7)(/^,z) = 



k{cz + d ) 
{cz + d)2 



az-\-b\ 
cz + d) ' 



It is easily verified that acts by continuous i?-linear maps. If [/ is a compact 
open of wild level > then we define Sy{U;r) := C{U,Ay^r)- This is a Banach 
module over R and it enjoys various base change properties. For example, if V\ C V2 
are afflnoids in W, with associated algebras Ri and R 2 , then S^^{U;r)^R^Ri = 
and k, G V{K) inducing a map R ^ K then Sy{U;r) K = 
S^{U ; r). The same formalism as we have seen already in the case of fixed weight 
shows that we have continuous Banach i?-module endomorphisms T/ of Sy{U;r) 
for I any prime not dividing d, and furthermore that Up is a compact morphism. 
In particular Up on Sy{U^r) has a characteristic power series in whose 

restriction to a weight k, is the characteristic power series of Up on forms of weight k,. 

The reader who has read the construction of the classical eigencurve in [7] 
will now see that we have all the ingredients to construct the analogous object in 
this case. The reason we have restricted to the case where the F^ are all trivial is 
to ensure that all the Banach modules Sy{U^r) are orthonormizable, although in 
future work we shall show that this assumption is unnecessary. We point out here 
that we only define the “D” eigencurve in this setting, although no doubt one can 
also construct a “C” eigencurve by mimicking the construction in [7]. 

By the argument at the beginning of Chapter 7 of [7], for every Hecke op- 
erator a we can construct a spectral curve representing the spectrum of the 
compact operator aUp. All of Coleman’s Riesz theory applies in this setting, and 
the construction of the curve Da in Section 7.2 of [7] goes through word for word 
in our setting. Similarly the arguments of Section 7.3 go over unchanged, to give 
us an eigencurve D. Once the existence of D is established, the usual corollaries. 
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such as local constancy of dimension of spaces of overconvergent forms of a given 
slope follow, although of course one can prove these corollaries directly just by 
an analysis of the spaces Sy{U^r). Finally, the fact that forms of small slope are 
classical enables one to deduce that the dimensions of spaces of classical forms of 
a given slope are also locally constant. 

We remark that Dan Jacobs in his thesis ([12]) hats make some explicit com- 
putations which indicate that, just as in the classical case, these new eigencurves 
exhibit some surprising and unexplained regularity in their structure. 

We end with a remark about what is lacking in this theory. One can prove 
slightly less about these eigencurves than the classical eigencurves, because the ar- 
guments in [7] that rely on the existence of ^-expansions seem to have no analogue 
in this setting. The fact that points on the eigencurve correspond to overconvergent 
eigenforms follows from some elementary commutative algebra, but on the other 
hand, the lack of a natural pairing between spaces of forms and Hecke algebras 
in this setting means that the author cannot currently prove that the rank of the 
Hecke algebra acting on a space of overconvergent forms of some fixed slope is as 
big as the rank of the space of the forms. We hope to resolve this problem in the 
future. 
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Q-curves and Abelian Varieties of GL2-type 
from Dihedral Genus 2 Curves 

Gabriel Cardona 



Abstract. In this paper we review some of the results in [3] about curves of 
genus 2 with dihedral group of automorphisms and apply Ellenberg-Skinner’s 
criterion (cf. [4]) to determine that one can find infinitely many of them with 
modular Jacobian. 



Introduction 

Let E/Q be an elliptic curve defined over Q. We say that E is modular if, equiv- 
alently, E is parametrized over Q by a modular curve, 

/Q 

Xi{N)^E, 

or jE is a factor (up to Q-isogeny) of a modular Jacobian, 

Ji{N)S,ExA'. 

The equivalence of the two conditions above could be expressed as: An elliptic 
curve is modular (as a curve) if, and only if, its Jacobian (which is equal to the 
curve itself) is modular (as an abelian variety). 

If one tries to generalize the conditions above to curves of genus ^ > 2, one 
could ask if such a curve C is parametrized over Q by a modular curve, 

/Q 

X,{N)-^C, 

or ask if its Jacobian, J(C), is a factor (up to Q-isogeny) of a modular Jacobian, 

Ji(AT) S, J(C) X A'. 

In this case, this two conditions happen to be non-equivalent. In fact, the first 
condition implies the second one, but the converse is not true in general. In other 
words: If a curve of genus ^ > 2 is modular, then its Jacobian is modular, but the 
converse is not true. 

If we look for modular curves of genus ^ > 2, there are results of finiteness 
by Baker-Gonzalez-Gonzalez-Poonen (cf. [1]). In this paper we prove that there 
are infinitely many curves of genus 2 defined over Q with modular Jacobian. 
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1. Dihedral curves of genus 2 

We will only consider what we will call dihedral curves of genus 2, that is, curves 
of genus 2 with group of automorphisms isomorphic to Dg or D 12 . We will also 
restrict ourselves to curves defined over Q. 



1.1. Classification over Q 

Let M -2 he the moduli variety that classifies curves of genus 2 up to isomor- 
phism. The moduli points corresponding to dihedral genus 2 curves form two 
1 -dimensional subvarieties of Ad 2 5 one for the case Dg and another one for the 
case Di 2 . In fact, both subvarieties can be parametrized by an absolute invariant 
and, moreover, given a rational point on these subvarieties one can find a curve of 
genus 2 defined over Q that represents the moduli point. 



Proposition 1.1. (cf. [3, Section 2]) The set of points in M 2 corresponding to 
curves with group of automorphisms isomorphic to Dg or D 12 and defined over Q 
is parametrized by 



t e 



^ \ {0, 1/4, 9/100}, in the Dg case, 

^ \ {0, 1/4, —1/50}, in the D 12 case. 

Given a curve C , the corresponding parameter t can he obtained as the absolute 
invariant 

( 8 c 6 ( 6 c 4 - 4) + 9cio . ^ 

onn ’ 



t = t(C) 



900cio 

3C4C6 — Cio 



50c 



where Ci are the Clebsch invariants. Given such a t € Q, the curve of genus 2 given 
by 

y‘^ = tx, 



in the D 12 case, 



in the Ds case, or 

= x^ x^ 1, 

in the D 12 case, is a representative, defined over Q, of the moduli point corre- 
sponding to t. 



1.2. Classification over Q 

Let C be a dihedral curve of genus 2 defined over Q. The group of automor- 
phisms of ^is endowed with a natural action of the absolute Galois group of Q, 
Gq = Gal(Q/Q). What we do is classify all possible actions of Gq on a group A 
isomorphic to Dg or D 12 and determine which of them appear as the Galois action 
on the group of automorphisms of a genus 2 curve defined over Q; for each of these 
we find the set of Q-isomorphism classes of dihedral curves of genus 2 with Galois 
action on its group of automorphisms isomorphic to the given one. 

Any action of Gq on A is determined, up to equivalence, by a morphism 
p : Gq — > Aut(A), defined up to inner automorphisms. This action factors through 

a number field K = Q ^ and also determines actions on certain subgroups and 
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quotients of A. Namely, A has a single quotient isomorphic to V4 and a single 
subgroup isomorphic to C4 (in the case Dg) or C3 (in the case D 12 ). The induced 
actions on these quotients and subgroups factor through certain fields Ku = Q(v^) 
and Ky = Q(^/u). 

Computing explicitly all the possibilities for p, up to inner automorphisms, 
we can find all possible Galois actions on A. In the following table we give all these 
possibilities and label each of them according to the structure of Gal(X/Q) and 
distinguishing those with isomorphic Galois group with a superindex. 







Ds 








D\2 




Type 


K 


Ku 


Ku 


Type 


K 


Ku 


Ku 


I 


Q 


Q 


q 


I 


Q 


q 


q 




K 


q 


q 


cf) 


K 


Ku 


q 


cP 


K 


q 


Ku 


cf) 


K 


q 


Ku 


cf) 


K 


Ku 


Ku 


cf) 


K 


Ku 


Ku 


C 4 


K 


Ku 


q 


C 3 


K 


q 


q 




K 


q 


Ku 


Ce 


K 


Ku 


q 


vP 


K 


Ku 


Ku 


V 4 


K 


Ku 


Ku 


Ds 


K 


Ku 


Ku 


F)(l) 


K 


q 


Ku 










jjh) 


K 


Ku 


Ku 










D\2 


K 


Ku 


Ku 



From these tables it follows the action of Gq on the group A is determined by the 
fields K, Ku, Ky. 

In the case A ~ Dg, due to our choices for Ky and Ky, the quaternion algebra 
{u, —v) is trivial in Br 2 (Q) and we can always write the fields in the following way: 

K = K^ = Q{V^), K, = QiV^). 

Then, A is isomorphic (as a GQ-group) to the group of automorphisms of a curve 
of genus 2 defined over Q if, and only if, the class of the quaternion algebra (w,—v) 
in Br 2 (Q) is trivial. Analogously, for the case A D12 the condition is that the 
quaternion algebra {u,—Sv) is trivial in Br 2 (Q) (cf. [3, Section 3]). 

If the previous conditions hold, we can take s, z £ Q such that 

1 — z^u = uvs^ 

in the case A Dg, and 

- z‘^ = 

in the case A D 12 . 

Theorem 1 . 2 . (cf. [3, Section A[) Let t G Q \ {0,1/4,9/100} (resp. t G Q \ 
{0, 1/4, —1/50}/. The set of Q-isomorphism classes of curves of genus 2 with 
Aut(G) c::: Dg (resp. D12) with absolute invariant t is in hijection with the set 
of tuples {A, e,d), where 
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• A is a Gq-group isomorphic to Ds (resp. D 12 ) such that (w,—v) = 1 € 
Br 2 (Q) (resp. (u, -3r’) = 1 € Bt 2 {Q)) and Ku = Q(v^); 

• e € {±1} if A crL and is of type C^\ or Ds; otherwise, e = 1; 

• d e Q*/H, where 

. (Q* n K^^), ifAc^Ds and = Q, 
^fA^DsandK^^q, 

Q*2 • if A^ Di 2 and S\[K : Q], 

ifA-Di2 and3| [7^:Q]. 

Given such a tuple, a curve of genus 2 representing the Q-isomorphism class is 
given by: 

Cds : dY^ = (1 + 2etz)X^ - SestvX^ + n(3 - 10etz)X'^ 

+ v^{3 — 10etz)X^ + Sestv^X -f v^{l + 2etz), 

Cd ,2 • dY^ = 27{t + 2z)X^ - 324svX^ + 27v{t - 10z)X^ 

+ SeOsv^X^ H- 9v^{t + 10z)X^ - 36sv^X A v^{t - 2z), 
where the parameters appearing are chosen as in the previous paragraph. 



2. Q-curves from dihedral curves of genus 2 

Let (7 be a genus 2 curve and W a subgroup of automorphisms of C. Then C/W 
is an elliptic curve if, and only if, W is generated by an involution of C different 
from the hyperelliptic involution. Moreover, two involutions provide isomorphic 
quotients if, and only if, they are Aut(C)-conjugate. From these remarks we get 
that dihedral genus 2 curves have two non-isomorphic quotients. Since these iso- 
morphism classes of elliptic quotients depend only on the isomorphism class of C, 
using the models given by Proposition 1.1, we can use the procedure in [2] to find 
their j-invariants as a function of t: 



{31^32) 



' 2^(3±10v^)3 

(l±2v^)(lq=2\/t)2’ 

2^3^ {2 A 3yftf{AVi) 

^ (1 zb 2v^)(l A 2v^)^ ’ 



if Aut(C)-D8, 
if Aut(C)-Di2. 



By evaluating the second and third modular polynomial at these j-invariants we 
find that the two non-isomorphic elliptic quotients of a dihedral genus 2 curves are 
linked by an isogeny of degree 2 (in the Ds case) or 3 (in the D 12 case). Note also 
that the finite set of values of t giving quotients with complex multiplication can 
be found from the list of orders of quadratic fields with class number equal one or 
two. 
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Let E = C /W he elliptic quotient of a genus 2 curve C defined over Q. 
Since = ^{C/W) = Cf^W, for every a € Gq, the Galois-conjugates of E are 
also elliptic quotients of C and, therefore, isogenous to E. In other words, the 
elliptic quotients of dihedral genus 2 curves defined over Q are elliptic Q-curves of 
degree 2 (in the Dg case) or 3 (in the D 12 case). 

Not only we get in this way “some” Q-curves of degree 2 and 3, but also, 
in some sense, we get all of them. Recall that Q-curves of prime degree p are 
parametrized by rational points on the modular curve X*{p). Using a procedure 
due to Gonzalez-Lario (cf. [5]), we can find generators for Q{X*{p)) when this 
modular curve has genus zero or one. For the case p = 2, 3, we can take as gener- 
ators: 



ho{T) 



7?(2t)24 

r?(r)^2 3S(3r)i2 

.r/(3r)i2'^ r?(r)i2 ’ 



h{T) 



( /io(r) + 104 
4(/io(r) - 152) ’ 

/ip(r) + 42 
. 4(/io(r) - 66) ’ 



if p = 2, 



if p = 3. 



Note that ho{r) is the generator one obtains from Gonzalez-Lario procedure, rj 
being Dedekind’s p-function and r a variable taking values in the upper half com- 
plex plane, and h{r) is chosen to make the following description easier. Expressing 
the Galois-conjugated j-invariants j(r) and j{pr) of two elliptic curves linked by 
an isogeny of degree p in terms of rational values for the function h, one gets the 
following expression: 



U{r),j{pT)) 



26(3±10v/ft)3 

(1±2^)(1t2A)2’ ^ ’ 

2^33(2 ± 5 A)^(Tv^) .. 

, (l±2\/ft)(l=F2\/ft)3 ’ ^ ^ 



From the identity between the expressions obtained for (^ 1 ,^ 2 ), the j-invari- 
ants of the elliptic quotients of a dihedral genus 2 curve, and (j(t), j(pr)), we get 
the following result. 



Theorem 2.1. Let E/Q be an elliptic curve with no complex multiplication. Then 
E is a Q_-curve of degree 2 (resp. 3) if and only if it is covered by some curve 
of genus 2 defined over Q with group of automorphisms isomorphic to Dg (resp. 
Du). 



3. Abelian varieties of GL 2 -type from dihedral curves of genus 2 

Let C be a dihedral curve of genus 2 defined over Q. We have seen that C has 
elliptic quotients; therefore, its Jacobian J = Jac(C) splits up to isogeny as the 
product of two elliptic curves. Moreover, since Aut(C) is non-abelian, from the 
embedding Aut(C) ^ End(J) we get that End(J) is non-abelian and, therefore. 
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the elliptic curves appearing as factors of J are isogenous and, assuming that the 
elliptic quotients of C have no complex multiplication, we get 

End(J) - M2(Q). 

The image of Aut(C) in End(J) generates (ais a Q- vector space) the full 
algebra of endomorphisms; therefore, from the knowledge of the Galois action on 
Aut(C) we can compute the Galois action on End( J) and find the subalgebra of 
endomorphisms defined over Q. 

Theorem 3 . 1 . Let C be a dihedral curve of genus 2 defined over Q whose elliptic 
quotients have no complex multiplication, then the subalgebra EndQ(J) of endo- 
morphisms of the Jacobian of C defined over Q depends only on the Galois action 
on Aut(C) and is reduced to Q except in the following cases: 



Aut(C) - Ds Aut(C) - Du 



Type 


EndQ(J(C)) 


J(C)S 


Type 


EndQ(J(C)) 


J(C)S 


I 


M2(Q) 


E'^ 


I 


M2(Q) 


E'^ 


cP 


(Q X Q 


El X E2 




QxQ 


El X E2 






GL2 -type 


C3 


Q(V= 3 ) 


G\j 2 -type 


C 4 


Q(v^) 


GL2- type 




Q(v/^) 


GL2 -type 




Q(\/2) 


GL2- type 


Ce 


Q(v^) 


GL2 -type 










Q(V3) 


GL2 -type 



We recall that, given a Q- isomorphism class of dihedral curves of genus 2, the 
condition to exist a Q-isomorphism class with a given Galois action on its group 
of automorphism is given in Section 1.2. For the cases appearing in the theorem 
above, the conditions are as follows. 



Aut(C) - Ds Aut(C) - Pi2 



Type 


Condition 


Type 


Condition 


I 


t e Q*'-^ 


/ 


t e 




t e 




t e 




t e 


C3 


t e 


C4 


(^,-i) = i 




(«,- 3 ) = i 




{t,2) = l 


Ce 


{t,-3) = l 








(t,3) = l 



Since there are infinitely many values of t such that any of the conditions 
above hold, we get that there are infinitely many non- isomorphic curves of genus 
2 with Jacobian of GL2-type. 

4. Results about modularity 

Ellenberg and Skinner give in [ 4 ] sufficient conditions for a Q-curve to be modu- 
lar. Using their result it is possible to prove the modularity for an infinite set of 
quadratic Q-curves of degree 2 or 3. 
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Proposition 4.1. Let t G Q* and Et a Q- curve of degree p = 2 or p = 3 with 
j -invariant as in section 2. If 



oid3{t) < 0, 
ord 3 (t) = 0 (mod 2), 
<-3-°rd3(0 = i (mod 3), 



in the case p = 2, or 



OTds{t - 7) > 4, 



in the case p = 3, then Et is modular. 



Proof Using Ellenberg- Skinner’s criterion (cf. [4, Theorem 5.1]), it is enough to 
prove that the given Q-curves have potentially good reduction at primes over 3 
and that {bEt )3 is trivial. 

According to the conditions in the proposition, let 
t^3~^^{l + 3ho/hi), 



if p = 2, or 



^ = 7 + 3 "+^ ho /hi, 

if p = 3, both with n, ho, hi G Z, n > 0, 3 | /ii. Then, computing the norm of the 
j-invariants ji, one gets 



NQ(V()/Q0'i) - 



' 212(300 /lo + 100 /ii - 3^"+2 /ii)3 
^ (12/10 + 4/h -32" /m)3 

2i6(3n+4 ^ 7 /j^)(25 . 3«+2 

(4 • 3"+i /lo + /ii)'i 



ifp = 2, 



if p = 3. 



Since in both cases the denominator is not divisible by 3, the corresponding elliptic 
curves have potentially good reduction. 

Prom the formulas in [6, Theorem 3.1] one gets that 



bst = {t,p) 

in the two cases p = 2 and p = 3. Then, using the expressions for t as above, we 
get 

(/,2)3 = (3,2)j2"(i,2)3 = 1, 
in the case of degree 2, and 



in the case of degree 3. 



(t,3)3 = (7,3)3 = 1, 



□ 



As a consequence, we can prove an infiniteness result on the set of modular 
abelian surfaces. 



Corollary 4.2. There are infinitely many non- isomorphic curves of genus 2 defined 
over Q with modular Jacobian. 
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Proof. Consider, for example, the infinite set of t G Q \ ({0, 1/4, —1/50} U Q*^) 
such that {t, —3) = 1 and ords(t — 7) > 4. For each choice of t, there exists C^, a 
dihedral curve of genus 2 defined over Q, and Et^ a quadratic Q-curve completely 
defined over Q(\/t), together with a covering Ct Et also defined over Q(v^). 
Prom this setting it follows that the Jacobian Jt = J{Ct) is Q-isogenous to the 
abelian surface obtained from Et by Weil’s restriction of scalars, 

Jt ~ ResQ^y^^Q Et. 

Since Et is modular, also is ReSq^^yQ Et and, therefore, Jt is modular. □ 
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The old SubvEiriety of Jq{NM) 

Janos A. Csirik 



Abstract. Let N and M be distinct prime numbers and let Jo{NM) be the 
Jacobian of the modular curve Xq{NM). The old part of Jo{NM) is defined 
as the span of the images of certain natural maps from Jo{N) and Jo{M) 
to Jo{NM). Ribet [16] and Ling [9] determined the old part of Jo{NM) for 
most pairs (AT, M). In this paper, we use the structure of the kernel of the 
Eisenstein ideal in Jo{N) (and Jo{M)) to complete the task of determining the 
old subvariety of Jo{NM). Our results were previously known in the special 
case where neither N nor M are congruent to 1 modulo 16. 



1. Introduction 

For any positive integer n, let Xo{n) denote the modular curve classifying elliptic 
curves with a cyclic subgroup of order n, and let Jo{n) denote its Jacobian (see [4]). 

Let N and M be distinct prime numbers. The curve Xq{NM) has two natu- 
rally defined degeneracy morphisms tti and ttm to Xq{N) (to be described specif- 
ically in Section 3). We thus obtain the abelian subvariety 

A = im((7T*,7r]if): Jo{Nf ^ Jo{NM)) 

of Jo (ATM), and the analogously defined (with M playing the role of A^) .B C 
Jo{NM). The old part of Jo{NM) is the abelian subvariety of Jq{NM) generated 
by A and B. This subvariety is of wide use in the theory of modular curves. For 
example, its complete description achieved in this paper answers questions posed 
in [11], [14] and [16]. 

Each of A and B was determined by Ribet in [14]. Therefore, to complete the 
description of the old part of Jq(A^M), we need to determine An B by exhibiting 
the points in An B via a simple description unrelated to the method of construc- 
tion for A and B. This project was carried out partially by Ribet in [16], where 
he determined the odd part of ^ fi B. In [9], Ling went on to obtain results about 
the even part of A fi B when neither N nor M is congruent to 1 modulo 16. 

In Section 3, we prove that the module An B is contained in the image (of 
the cartesian square) of a certain submodule, namely the kernel of the Eisenstein 



I thank Ken Ribet for many helpful conversations and for suggesting this problem to me. Some 
preliminary calculations were carried out using the computer program PARI-GP [1]. 
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ideal, of Jo{N) (to be described specifically in Section 2). The kernel of the Eisen- 
stein ideal was first identified and studied by Mazur in [10]. The Galois structure 
and specific construction of that module was not completely known before it was 
determined in [2]. In Section 3 we build on the results of that paper to obtain 

Theorem 1.1. Let N and M be distinct primes. Let n = {N-1)/ gcd(A^- 1, 12), let 
m — [M — 1)1 gcd(M - 1, 12), and let D~ ~ = P\ — Pn — Pm + Pnm ^ Jo{NM). 
Then An B is the unique subgroup of order gcd(n, m) of the cyclic group generated 
by D~ -. 

The symbols Pi , P/v , Pm and Pn m are the conventional names for the cusps 
of Xq{NM). Their meaning will be explained in Section 3. 

Section 4 contains some modular unit calculations that are used in Section 3. 

This paper is based on the author’s 1999 UC Berkeley thesis. The author 
thanks Ken Ribet for suggesting this problem and many helpful conversations, 
and an anonymous referee for numerous helpful suggestions. The software package 
PARI/GP [1] was used for some exploratory calculations. 



2. The kernel of the Eisenstein ideal 



In this section, we will summarize briefiy some properties of the modular curves we 
will be using (for more details, see [4]), and we will explain the setup and relevant 
results of [2], which will be used frequently in later sections. 

Let A be a positive integer. We shall consider the usual modular curves 
Xo{N), Xi{N) and X{N), and their Jacobians Jo{N), Ji{N) and J{N). These 
correspond to the moduli problems of classifying an elliptic curve with a cyclic 
subgroup of order A, an elliptic curve with a point of order A, and an elliptic curve 
with an embedding of /in x Z/AZ (with its natural pairing) that is compatible with 
the Weil pairing, respectively. These curves are all defined over Q, as are the usual 
degeneracy maps (which are Galois coverings) a: X{N) Ai(A), /3: Xi{N) 
Xq{N) and ^ — (3 o a. 

The curves Aq(A)c, Ai(A)c and A(A)c can also be regarded as compacti- 
fied quotients of the complex upper half-plane 5 o*/ro(A), 9)* /Ti[N) and 53*/T(A), 
respectively, where 



ro(A) = 
ri(7V) = 
T(N) = 




e SL 2 Z: c = 0 (mod A) I , 

E SL 2 Z: c = 0, d = 1 (mod A) | , 

E SL 2 Z: a = l,6 = 0,c = 0,d=l (mod A)1 , 



and these subgroups of SL 2 Z act on the complex upper half-plane 9) via frac- 
tional linear transformations. The points introduced during the compact ificat ion 
are called cusps. 
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Now let N be an odd prime number, and let 

r = {N-l)/2. 

The curve Xo(A^) has two cusps, denoted 0 and oo. They are both defined 
over Q and are distinguished by the fact that under the natural map Xo(A^)c = 
9)* /To{N) X{l)c = i 3 */SL 2 Z, the cusp 0 is ramified with index N and the cusp 

00 is unramified. 

The curve Xi{N) has N — 1 cusps that come in two groups. We shall use 
Klimek’s notation in [7] for them. The cusps Pi , P 2 , • • • , TV are defined over Q and 
are mapped to 0 under (3: Xi{N) Xq{N). The cusps Qi, Q 25 • • • , Qr are defined 
over Q(//a^)“*“ (the maximal totally real subfield of the Nth cyclotomic field) and 
are mapped to 00 under f3. All the cusps of Xi{N) are unramified with respect 
to p. The curve X{N) has (AT^ — l)/2 cusps and we use Shimura’s notation in 
[13] to regard them as pairs with x,y G F;v, not both equal to 0. In this 
representation, Gsl{X{N)c/Xo{N)c) = PSL 2 Fat acts naturally from the left. For 

1 < z < r, the cusps (*) are all defined over Q(/iAr) and map unramifiedly to 
Pi under a: X{N) Xi{N). For 1 < z < r, the cusps (q) are all defined over 

and map to Qi under a with ramification index N. 

Shimura’s notation can be used to label the cusps of any modular curve. 
We shall now provide the translations to Shimura’s system of all the names we 
use. On the curve Xo{N), the cusps 0 and 00 (respectively) are called (^) and (J) 
(respectively). On the curve Xi{N)^ for any 1 < ^ < r, our notation Pt corresponds 
to (^) , while Qt corresponds to (^) . 

The variety Jq{N) possesses certain naturally defined endomorphisms Te (for 
all primes ^ ^ N) and w. These endomorphisms together with Z (the multiplica- 
tions by integers) generate the Hecke ring Ta^ of endomorphisms of Jo (A'). In his 
celebrated article Modular Curves and the Eisenstein Ideal [10], Mazur defined 
the Eisenstein ideal / in Ta^ as the ideal generated by 1 -f u; and the — and 
used it to identify the possible rational torsion subgroups of elliptic curves defined 
over the rational numbers. The Galois module Jo (AT) (Q) [7] plays an important 
role in [10] and later studies of the arithmetic geometry of the curve Xo{N). 

Recall that 

rz = (AT-l)/gcd(A-l,12). 

Mazur proved that 

Jo{N)[I] X Z/rzZ 

as groups. The group Jo (77) [7] has two noteworthy Galois- invariant subgroups. The 
cuspidal subgroup C is generated by the divisor c = 0 — 00 (the formal difference 
of the two cusps of X^{N)). The group C is cyclic of order n and is pointwise fixed 
by Gal(Q/Q). The Shimura subgroup E is a finite flat subgroup scheme of Jo{N) 
such that 



E(Q) = ker(/?*: Jo(TV)-- Ji(iV)), 
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where /3* is induced by the degeneracy map /?: Xi{N) Xq{N) defined above. 
The group E is also cyclic of order n, but is isomorphic to as a group scheme. 

In [2], we find an explicit construction of Jo(A')[/] which identifies the action 
of Gal(Q/Q) on Jq(A')[/] as follows. For any positive integer k, let \k denote the 
A;th cyclotomic character Gal(Q/Q) (ZjkZ)^ obtained via the identification 
Gal(Q(//fc)/Q))^(ZAZ)x. 

Theorem 2.1 (Thm. 1.1 of [2]). Jo(AT)[/] has a basis ei,e 2 over Z/nZ such that 

a) c := ei + 2 c 2 ; 

b) ei generates E; 

c) <j G Gal(Q/Q) acts via left multiplication by 

^ Xn(<r) (l-X2n(<r))/2 ^ 

with respect to the given basis e\ = (q) , 62 = (j) . 

If n is odd (equivalently N ^ 1 (mod 8)) then CflE = 0, so Jo(A^)[/] ^ C0E 
and this theorem is easy. 

We shall now outline the construction of Jo{N)[I] for A' = 1 (mod 8). 
Definition 2.2. Let Cn denote the group (ZjNZ)^ I ± 1. 

Since (5\ Xi{N)c Xq{N)c is a cyclic Galois covering of degree r, it has a 
unique intermediate covering of Xo{N)c of any degree dividing r. Because of its 
uniqueness, any such curve is defined over Q (for a thorough treatment of these 
intermediate curves, see [3, IV, §3]). We know from [10, II, §2] that the intermediate 
curve X 2 {N)c Xo{N)c of degree n (the Shimura covering) is the largest etale 
covering of Xq{N)c through which (3 factors. (As remarked before, the cusps of 
Xq{N) are not branch points for /3; it is the points with j = 0 and j = 1728 that 
ramify in /?.) 

Definition 2.3. Write n as 

n = 2^v 

where 2 ^ is the largest power of 2 that divides n (and v = n/2^ is an odd integer). 
Set z = Z if N = 1 (mod 3) and z 1 otherwise. For future use, we also set 
q — Zjz here. 

Let 

0: X*{N) ^ Xo{N) 

be the unique covering of degree 2^ through which (3 factors. 

Let 

J*{N) = 3bc{X*{N)). 

Observe that the definitions of k,v,z imply that 

r = 2^^^zv. 

Since 2^ divides n, the Shimura covering factors through (j). This implies that (j) is 
etale and that Eq = ker(0*: Jo(A') — ^ J^{N)) is contained in E = ker(Jo(A') ^ 

MN)). 
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The Galois group Xi{N)c over Xq{N)c is isomorphic to Cn, with 
mapping to the image of t in Civ- Let be a generator of Ca^. We will abuse 
notation to lighten it, and let the same u denote the generator of 

Gal(Xi(iV)c/Xo(iV)c) = Cn 

and the corresponding generator of the Galois group of the function field extension; 
so that (z^/)(t) = for all functions / on Xi{N). Let denote the set of 2^th 

powers in Ctv- Then f] is the Galois group of Xi{N) over X^{N) and 

= 2zv. 

By its uniqueness property, X^{N) is Galois over Xo{N). 

The curve X^ (N) is the coarse moduli space for the problem of classifying 
elliptic curves with a point of order N, where (E,P) and {E',P') are to be con- 
sidered equivalent if there is an isomorphism 5: E E' such that S{P) = ±b • P' 
for some b 

In [2], we find a careful analysis of units (rational functions whose divisors 
are concentrated at the cusps) of Xi{N) and X^{N) which results, in [2, Thm. 
4.11], in the construction of a unit f of X^{N) whose divisor div(/) is divisible 
by 2^ in DW^{X^{N)). It is then shown that if V is the group generated by 
d = div(/)/2^ in J^{N) then A — {(jA)~^V is exactly the odd part of Jo(A/')[/]. 
The explicitness of the construction then allows the Galois action to be determined 
as in Theorem 2.1. 

3. The old subvariety of Jq{NM) 

Let N and M be distinct primes. The modular curve Xq{NM) classifies elliptic 
curves equipped with a subgroup of order NM. (Recall from elementary group 
theory that all abelian groups of order NM are cyclic.) Forgetting all but the 
A^-primary part of such a subgroup yields a subgroup of order TV, thereby giving 
rise to a degeneracy map 

Xo{NM) ^ Xo{N), 

which is defined over Q. 

The Atkin-Lehner involution 

wm:Xo{NM)-^Xo{NM) 

is another morphism defined over Q that can be associated to a moduli-theoretic 
operation. The operation is as follows. Let {E,C) denote a pair of an elliptic 
curve E and a subgroup C of order NM. Let (respectively. Cm) be the N- 
primary (respectively, M-primary) subgroup of C, so that C — Cn x Cm- Let 
'j: E ^ E' be the degree M isogeny with kernel Cm- Then it is easy to see that 
the group ^{E[M]) is cyclic of order M, and that the group ^{Cn) is cyclic of 
order N. Then the operation we are looking for sends the pair {E, C) to the pair 

{E'ME[M])x^{Cn)). 
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On Xq{NM)c = 9)* /To{NM), the map wm is induced by the action of the 
matrix m) ^i^ corresponding Mobius transformation, 

where a and b are integers chosen so that bN — aM = 1. 

The curve Xo{NM) has four cusps, called Pi, P/v, Pm and Pnm in the 
notation of [16]. The morphism tti: Xq{NM) Xq{N) sends P\ and Pm to the 
cusp 0 on Xq{N), with ramification indices M and 1, respectively. The map tti 
also sends P/v and Pnm to the cusp oo of Xo{N), with ramification indices M and 
1, respectively. The morphism wm swaps the points Pi and Pm, and it also swaps 
the points P/v and Pnm- 

Now we can define the degeneracy map 

7Tm:Xo{NM)^Xo{N) 

by setting ttm = tti o wm • This allows us to define the morphisms 
a = {7rl7Tl,) : Jo{N) x Jo{N) Jo{NM) 

and 

p = {7rl7T%) : Jo{M)xJo{M)-^Jo{NM). 

Since w%[ is the identity morphism on Xq{NM), we can see that w*j^a{Ri, R 2 ) = 
a{R 2 ,Ri). (Note that we shall use wm to denote where it is not likely to cause 
confusion.) 

Definition 3.1. Let A = im(o;) and B = im(/8). The old part of Jo{NM) is the 
abelian subvariety of Jq{NM) that is generated by A and B. 

Since Jo{M) has good reduction everywhere away from M and (3 is defined 
over Q, we can conclude that B has good reduction away from M. Similarly, A 
has good reduction away from N . Therefore, Af^B has good reduction everywhere 
and is finite (see [16, Theorem 3] and [6]). 

It was proved in [14] that 

ker(a) = {(P, -P) € MNf-. P e S}. 

We shall paraphrase this fact by saying that “the kernel of a is E, embedded 
anti-diagonally” . The analogous result of course also holds for (3. 

This completes the description of A and B. To complete the description of the 
old part of Jo(N'M), we need to find A fl P. The odd part of A D P was found in 
[16]. We shall complete that description by proving Theorem 1.1. We shall proceed 
through a sequence of lemmas. 

Lemma 3.2. The preimage of the group An B under the map a is contained in 

Jo(iV)[/]2. 

Proof. Let x € Jo{X)^ be such that a{x) € A fl P. Then there is some y e Jo(M)^ 
such that (3{y) = a{x). The point (3{y) = a{x) has finite order, since it is contained 
in the finite group AD B. Since P has good reduction at N, the point f3{y) must be 
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unramified at N unless its order is divisible by N. But that cannot happen, since, 
by [16, Corollary 1], the odd part of the order of /3{y) must divide the quantity^ 

gcd(num((AT - l)/24), num((M - l)/24)), 

which is not divisible by N. Therefore, /3{y) = a{x) is unramified at N. Now, 
since ker(a) = E (embedded anti-diagonally) , this implies, as in [10, II, Lemma 
(16.5)], that X is unramified at N. This in turn implies by [17, Prop. 3.3] that 
X e Jo{N)[I]‘^ as required. □ 

Lemma 3.3. The image of the divisor c = 0 — oo on Xq{N) under the map tt* — 
is the divisor (M — = (M — l)(Pi — Pn — Pm + Pnm)- 

Proof This is immediate using the action of wm on Xq{NM) and the ramification 
indices of the cusps of Xq{NM) over the cusps of Xq{N). Indeed, 

7T*(c) = '7 t*( 0 — oo) = MPi + Pm — MPn — Pnm 

and 

— Wm{7tI{c)) ^ MPm P i - MPnm - Pn- 
The difference of the two displayed lines yields the result. □ 

If M < 5 then jB = 0 and Theorem 1.1 is true. Therefore, we may assume 
from now on that M > 5. 

Definition 3.4. Let P denote the point C 2 in Theorem 2.1. If N = 1 (mod 8), let 
z he the non-trivial 2-torsion element in E. 

U N = 1 (mod 8) then E[2] = C[2]. Thus, we car. express z as 



Now that we have established that the image of Jq{N)[I]‘^ is the only thing 
we need to consider when determining AC\ we prove a lemma that allows us to 
focus on an even smaller set. 

Lemma 3.5. Let R be any element of Jq{N)[I]‘^ that maps to A D B under a. 

• If N ^ 1 (mod 8) then R is an integral multiple o/7t*(P) - 'k]^{P). 

• If N = 1 (mod 8) then R lies in the Z-linear span o/7t*(P) — 7t^(P) 
and 7T*(z). 

Proof. Note that wm acts on ^ fl P as multiplication by —1. Indeed, it is well 
known that (3 o wm — wm o (3 (see for example [16, “Formulaire”]), and by (the 
M-analog of) Lemma 3.2, we know that wm acts as —1 on /3~^ {An B). Therefore, 

— a{Ri,R2) = Wm<^{Ri:R2) ~ 0[{R2^Ri) 

and hence 

0 = <y{Ri + P2? Pi T R2)’ 



^For any non-zero rational number x, let num(x) denote the numerator of x, that is, the smallest 
positive integer n such that n/x is an integer. 
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Once again using the fact that ker(o;) = E (embedded anti-diagonally ) , we 
conclude that Ri + R 2 is an element of E[2]. We now complete the proof by 
examining each of the possibilities that this allows for R\ + i ?2 • 

In case Ri~\- R 2 = 0, we can write Ri = aP a for some integer a and some 
(j € E. Then 

= a{aP + a, -aP - cr) = aa{P, -P) = a(7r*(P) - 7 t^(P)). 

U N = 1 (mod 8) then E[2] ^ 0, and therefore it can also happen that 
Ri R2 = z. Then we can write Ri = z + aP a for some integer a and some 
cr G E. Then R2 = —aP — a and 

a{RuR2) = a{z,0) + aa(P, -P) = 7t*(z) + a(7r*(P) - 7rl,{P)). 

In either case, the lemma is proved. □ 

Let us assume from now on that 

N = 1 (mod 8). 

In the rest of this section, we shall frequently use the following argument to 
prove that various points on Jq{NM) are not equal. Let J be an abelian variety 
defined over Q (for example, Jq{NM)). Given a prime number p, we can consider 
J to be defined over Qp so that we can look at its Neron model J jlL^p, 

For any point Q in J(Q), we can consider it an element of J(Qp). By the Neron 
mapping property, Q even extends to an element of J (Zp). Reducing modulo p, we 
can then regard Q as an element of J^(Fp), where Jp denotes the special fiber of J'. 
The scheme Jp is a group scheme over Fp, but it is not necessarily irreducible. Let 
^p(J) denote its group of irreducible components. Given our point Q G Jp(Fp), 
we can check which element of ^p(J) it maps to. The argument we shall often use 
proceeds as follows. Consider the function 

tu: J(Q) ^ $p(J) 

described above. Let P, Q G J(Q). If zj(P) ^ w(Q) then we must also have P ^ Q. 
Usually we shall show that tu(P) ^ w{Q) by first showing that tu(P) = 0 (that is 
to say, P maps to the component of the identity under reduction modulo p) , and 
then showing that w{Q) ^ 0. 

This method can work only if ^p(J) has more than one element, which in turn 
can happen only if J has bad reduction at p. Since Jq{NM) has good reduction 
away from N and M, we will always choose p = N or p == M. 

Now we prepare the ground for this method by proving that various points 
are defined over Q and by studying the components they map to when reduced 
modulo N or modulo M. 

Lemma 3.6. The points 7T*(P) — 7t^(P) and tt'Kz) are defined over Q, and hence 
so is every point of A D B. 

Proof. By Lemma 3.5, (and the fact that Jq{NM) is defined over Q), 7 t*(P) — 
tt*m{P) and 7rl{z) being defined over Q does imply that every point of A fl P is 
defined over Q. 
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The point c is defined over Q, and hence so is 2 : = (n/2)c. Since the degeneracy 
map 7Ti is also defined over Q, we conclude that is defined over Q. 

By [14, Theorem 4.3], the map tt* — tt^ : Jo{N) — > Jq{NM) (which is 
defined over Q) factors through Jo(AT)/E ^ Jo{NM) (also defined over Q). Since 
the image of P in Jq(N)/Y1 is also defined over Q by Theorem 2.1, it follows that 
7T*(P) — 7T^(P) is defined over Q. □ 

Lemma 3.7. Every point of An B reduces to the identity component of Jo(ATM) 
modulo N (and modulo M). 

Proof By symmetry, it suffices to prove the claim for the reduction modulo N. 

The variety B has good reduction modulo AT, therefore any point in A fl P C 
P(Q) reduces to the identity component modulo N. □ 

Lemma 3.8. The point 7rl{z) does not reduce to the identity component of Jq{N M) 
modulo N. 

Proof. Recall from (1) that 2 : = (n/2)c. This will enable us to use the results of 
[10, Appendix I] to determine exactly where in the component group of Jq{N) 
modulo N the point 7 t*( 2:) will map. We have 

= ti\C^{0-oo)) = '^{MP,+Pm-MPn-Pnm) = 

ft 

= + l){0-oo). 

Here 0 (respectively 00 ) means a cusp of Xq{NM) that reduces to the same irre- 
ducible component as the cusp 0 (respectively 00 ) modulo N. 

Using the notation of [10, Appendix I], we have u G {0, 1} and v G {0, 1}, 

with 

u = 1 TV = 7 or 11 (mod 12) and M = 1 (mod 4) 

V = 1 TV = 5 or 11 (mod 12) and M = 1 (mod 3). 

We have assumed that TV = 1 (mod 8), which excludes the possibilities TV = 
7, 11 (mod 12). Therefore we must have u = 0, and 

V = 1 TV = 2 (mod 3) and M = 1 (mod 3). 

Now that we have a good grip on the pair (u, v)^ we can look up in the table 
of [10, Appendix I] the order of the divisor 0 — 00 in the component group of 
Jo{NM) modulo TV. The table below summarizes the possibilities (for brevity, we 
use the notation x = (TV — 1)(TV4’ + 1)). 



TV (mod 3) 


M (mod 3) 


n 


ord(0 — (X)) 


-kI{z) 


1 


1,2 


(AT - 1)/12 


xfl2 


x(0 — oo)/24 


2 


1 


{N - l)/4 


xj\. 


x{0 — oo)/8 


2 


2 


{N - l)/4 


xjVl 


x(0 — oc)/8 



In each case, we can see that 7 t*( 2:) does not reduce to the identity. This 
completes the proof. □ 




62 



J.A. Csirik 



Lemma 3.9. The point D ’ reduces to the identity component of Jq{NM) mod- 
ulo N and modulo M. 

Proof. Considering D~ ~ in the group of components modulo N, we have 

D ' = P\ — Pj\j — Pm + Pnm = 0 — 00 — 0 + oo = 0. 

The same proof works modulo M. □ 

Lemma 3.10. The point (tt^ -7t^)P reduces to the identity component of Jq{NM) 
modulo N. 

Proof. This is a direct consequence of the fact that tt^ — annihilates the com- 
ponent group of Jq{N). (See [15, Theorem 2] and [5, proof of Theoreme 1].) □ 

In view of Lemma 3.5, the following theorem shall bring us closer to our goal 
of proving Theorem 1.1. 

Theorem 3.11. The divisor class of (tt* — 7tI^){vP) on Xo{NM) is equal to the 
divisor class of — P~’~. 

Remark. Note that since tt^ — tt^ annihilates E c Jo{^) and P is “half of c 
modulo E”, the Theorem 3.11 is consistent with the statement of the Lemma 3.3. 
However, the Theorem does not follow yet, since there are numerous ways in 
which we could take half of v{M — 1)D~’“, only one of which is consistent with 
the theorem. 

Since the definition of P involved the cover Xf {N) of Xq{N), we must pause 
here to define a cover of Xq{NM) that will allow us to determine (tt* — '7r^)P. 

Let Xi^o{N^ M) denote the modular curve corresponding to the congruence 
group ri(N')nro(M). The curve Xi^o{N., M) is defined over Q and corresponds to 
the moduli problem of classifying elliptic curves equipped with a point of order N 
and a subgroup of order M. The natural degeneracy map 

Xi,o(iV,M)^Xo(iVM) 

will be denoted by /?, by an abuse of notation that is intended to remind the 
reader to the similarity of this map to the previously defined (3: Xi{N) Xo[N). 
Specifically, both maps f3 have the moduli-theoretic interpretation of taking a point 
of order N and replacing it by the subgroup of order N that it generates. 

There is also a degeneracy map 



7Ti:Xi,o(iV,M)-.Xi(Ar), 

corresponding to the natural transformation “forget the level M structure” be- 
tween the corresponding moduli functors. Then we have a commutative diagram 
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of curves and maps defined over Q as follows: 

Xifi{N,M) — ^ Xo{NM) 



7Ti 



7Ti 



Xi(AT) Xo{N). 



The curve Xi^o{N,M) has 2N — 2 cusps, which shall be denoted Pf, Pf®, 
Qi, where the index i is allowed to range over 1, 2,...,r. The map 

TTi: Xi^o{N,M) Xi{N) sends the points P° and to the point Pi, with 
ramification indices M and 1, respectively. Similarly, the same map tti sends the 
points and Qf to the point Qi, with ramification indices M and 1, respectively. 

The map /3: Xi^q{N, M) — » Xo{NM) takes the cusps P{^, P 2 , . . P^ to the 
cusp Pi of Xo(iVM); Pf^, P^ , . . ., P^ are sent to Pm; Q?, Q 25 • • •? Or fhe 
cusp Pjv; Q^, . . ., all map to Patm- None of the four cusps of Xq{NM) 

is a branch point of (3. 

Since /?: Xi^q{N,M) — > Xq{NM) is a cyclic Galois covering of degree r, it 
has a unique intermediate covering of Xq{NM) of any degree dividing r (and this 
intermediate covering is also defined over Q). As in the definition of X^{N), we 
can use this fact to define the curve X^ {N, M). 



Definition 3.12. Let 

<l>:X*{N,M)^Xo{NM) 

be the unique covering of degree 2^ that factors through 



P: Xi^o{N,M)^Xo{NM). 

Let Jt{N,M) = Jac(Ao^(A',M)). 

The curve Xf {N, M) has a moduli interpretation similar to that of Xf (N), 
with an extra subgroup of order M thrown in. 

We have again a degeneracy map tti: Xf{N,M) X^{N) (corresponding 
to forgetting the level M structure) that makes the following diagram commute 



X*{N,M) XoiNM) 

X*{N) Xo{N). 



(2) 



The curve X^{N,M) has 2^+^ cusps. Every cusp of Xq{NM) has 2^ cusps 
of Xf{N,M) lying over it. To simplify the notation, we shall refer to a cusp of 
Xf {N,M) by the name of any cusp of Xi,o(A', Af) that lies over it. 

We can now use X^ {N, M) to deal with 7 t*P, but in order to study 7 t)^P = 
w^jTtIP, we shall need an analog of wm on the curve Xf{N, M). Let 



X:X*{N,M)^X*{N,M) 
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be the morphism induced by the action of the matrix ^ ^ j on the complex 

upper half-plane (here again, a and b are integers chosen so that bM—aN =1). The 
morphism A has the following moduli interpretation: if {E, Pn, Cm) is a triplet of 
an elliptic curve E, a point P e E of order N, and a cyclic subgroup Cm C E[M] 
of order M corresponding to a point Q of (AT, M), then XQ corresponds to the 
triplet (E/Cm,Pn/Cm,E[M]/Cm)- 

We now let wm = X~^. The morphism wm covers wm in the sense that the 
following diagram is commutative: 

Xf{N,M) Xf{N,M) 

7Ti 

Xo{NM) Xo{NM). 

(One might notice that A also covers wm and wonder why we set wm = A“^ 
instead of wm = A. The reason is that although wm = A would also work, the 
function we would have to consider to prove Theorem 3.14 would be much more 
complicated.) 

The morphism wm sends the cusps Pf , P°°, (respectively) to the 

cusps Pf°, P^^^, Qmz’ (respectively), where i/M is understood to mean divi- 
sion modulo N and where all indices are to be taken in Ca/^. 

We now have the tools to deal with (tt* — 7t)^)P. Before we move on to the 
proof of Theorem 3.11, we shall need the following lemma. 

Lemma 3.13. The unique non-trivial 2-torsion element in the kernel of 

4>*: MNM) ^ 4{N,M) 

is the point 7 t*(z). 

Proof. We can use the fact that 2 : is a 2-torsion element of the kernel </)*: Jq{N) 
jf{N) and the commutativity of the diagram (2) to conclude that tt^z) is a 
2-torsion element of the kernel of 0*: Jq{NM) jf {N, M). 

The fact that 7T*(z) is not trivial follows from Lemma 3.8. 

Since the map </>: X^(A, M) Xq{NM) is Galois with cyclic Galois group, 
there are no other non-trivial 2-torsion points in its kernel. □ 

Let us now take for granted the following theorem, the proof of which shall 
be the subject of Section 4. 

Theorem 3.14. The divisors 

{l-wlt)TTl{d) and r 
on Xf {N, M) are linearly equivalent. 
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This theorem allows us to conclude our proof as follows. 



Proof of Theorem 3.11. Consider the following commutative diagram. 



Jo{NM) jf{N,M) 

I 1 1-“M 

Jo(iVM) J^N,M) 









MN) J*{N). 

By definition, the point vP maps to d € J^{N). The left-hand vertical map 
{1—w\^)o7tI = 7T*— 7T^ sends the point vP to (Tr^— By the commutativity 
of the diagram and Theorem 3.14, we may therefore deduce that (tt* — 'k\^)(vP) — 

lies in the kernel of the top map (j)* . Furthermore, by Lemma 3.3 
and the remark after it, we can see that 



2 







V 2 




= 0 . 



By Lemma 3.13, (tt* — 'k\^){vP) — ^ equal to either 0 or 

7Ti(z). However, reduction modulo N lands in the identity component of Jq{NM) 
for (tt^ — 7T^)(vP) (by Lemma 3.10), and for D~ ~ (by Lemma 3.9), and away 
from the identity component for 7tI{z) (by Lemma 3.8). Therefore 

and we have now completed the proof of Theorem 3.11. □ 



Proof of Theorem 1.1. In this proof, allow N and M to be any pair of distinct 
primes. Observe that if N < 11 then A = 0 and Theorem 1.1 is true. Similarly, we 
may assume that M > 11. 

If N ^ 1 (mod 8) (equivalently, n is odd), then by Lemmas 3.2 and 3.5, the 
group An B is spanned by a multiple of (tt* — 7t^)(P). 

On the other hand, if N = 1 (mod 8) (equivalently, n is even), then by 
Lemmas 3.2 and 3.5, the group A fl P is spanned by a multiple of (tt* — 7t^)(P) 
and 7T*(z). However, by Lemmas 3.7 and 3.8, in fact the group A fl P is spanned 
by multiples of (tt^ — '7t^)(P) alone. 

The multiples of (tt^ — 7t^)(P) are exactly the image of the group Jo(iV)[/]/E 
under the map tt* — tt^. Since tt* — tt^ is injective on Jq{N)[I]/T>, we can see that 
the image Xn has order n. We will now show that this image lies entirely in the 
cyclic group spanned by 

We shall consider separately the image of the 2-primary part and the odd part 
of Jq{N)[I]/T,. The odd part is generated by 2^P = 2^“^c, and its image does lie 
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among the multiples of D~ ~ by Lemma 3.3. The 2-primary part of Jo{N)[I]/T, 
(which is non-trivial only if n is even) is generated by vP. An application of 
Theorem 3.14 completes our argument. 

Running the same argument again, but exchanging the roles of N and M, we 
find that An B can also be found in the subgroup Xm of order m of the multiples 
of D~ ~. Therefore, AC\ B must be the intersection of our groups Xn and Xm- 
This completes the proof. □ 



4. A unit calculation on Xq ( M) 



This section is devoted to proving Theorem 3.14 and thereby completing the proof 
of Theorem 1.1. The proof involves the construction of a unit (e in Definition 4.2) 
in the style of [2] , which is to say, using results from [8] . The divisor of this unit e 
is exactly the divisor asserted to be principal in Theorem 3.14. 

Recall that a unit of a modular curve is a rational function on the curve 
that has its divisor concentrated at the cusps. (It is a unit of the ring of rational 
maps from the noncuspidal points of the curve to the affine line.) In [8], Kubert 
and Lang studied the units of X{NM). We briefly recall their results here, using 
ZjNMZ X Z/NMZ as the indexing group instead of their x j^ZjZ. 

Let e = (ei, 62) be a pair of integers such that not both of e\ and 62 are divisible 
by NM. One can use the classical Weierstrass a and Dedekind r] functions to 
define the Klein form ke{r) on S). This form enjoys the properties 

Va = (“^) G SL2Z, keiar) = {cT + d)~^kea{T) (Kl) 

(where ea denotes usual matrix multiplication) and 

V/ = (/i,/2) G NMZ X XMZ, ke^fir) = e{ej)ke{r), (K2) 

where 

£{e,f) = exp ( jy^2f2 (61/2-62/1)) . 

These Klein forms are then used to define for all e = (ci, 62) G {ZxZ)\ {NMZ x 
NMZ) the Siegel function 

ge{T) = fce(r)7/2(r). 

Recall that 

Va ~ ^ SL2Z, ?7^(ar) = 'i/j{a){cr + d)rj‘^{r), (N) 



where xp is defined by its values on the two standard generators of SL2Z as 







exp( — ), 




exp(y) = L 



Now [8, Chapter 4, Theorem 1.3] says 
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Theorem 4.1. The functions of the following form are all units of X{NM)c dre 
exactly the functions of the form 



9 = cY[9e{rr^^K 

eG ■£' 

for some constant c and some finite set E C Z x Z, where the m{e) satisfy the 
conditions 



^m(e) =0 

eeE 


(mod 12 ), 


(Ul) 


e\m{e) = 0 

e=(ei ,62)G£^ 


(mod NM), 


(U2) 


eie2m(e) = 0 

e—{e\ ,e2)€-E' 


(mod NM), 


(U3) 


El ^2’T^(e) = 0 

e={e\ ,€2)£E 


(mod NM). 


(U4) 



The order of such a ^ at a cusp P = of X{NM) is as follows. Pick some 
a € PSL 2 {Z/NMZ) such that o;(J) = P, and let a be some lift of a to SL 2 Z. 
Let (ci(e), C 2 (e)) = ea be the components of the usual matrix product of e and d; 
thus, we may take ci(e) = xei -h yc 2 . Then 



/ \ V — ^ . s N M 

oidp{g) = 2^m(e)— -B 2 



eG 



ci(e) mod NM\ 
ATM ) 



( 3 ) 



where B 2 {X) = — X + 1/6 is the second Bernoulli polynomial, and we used 

X mod NM to denote the smallest non- negative residue of x modulo NM. For 
details and a derivation using the ^-expansion of see [ 8 , Chapter 2, §3]. 

Let e G P and a G SL 2 Z. Prom (Kl) and (N), we conclude that 



geiar) = ip{a)gea{r), (4) 

so using (Ul) and the fact that = 1 for any a, for ^(r) = cHeeB 

we have 

g{ar) = c f/ea . (5) 

e€E 

By (K2), if e = e' (mod XM), then gej Qe' is a root of unity. By (Kl) with 
OL = if e -|- e' = ( 0 , 0 ), then gel ge' — (here we also used the fact that 

with this a, the 7 /^ and the cr -h d factors in (N) are both —1, and so they multiply 
to 1). Hence all units of X{NM)c mentioned in Theorem 4.1 can be put into the 
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form g = c' HeeiJ' with 






E'= { (0,1), (0,2), .. 


(0,r0, 




(1,0), (1,1), (1,2), 


. . . , 


(1,1VM-1), 


(2,0), (2,1), (2,2), 


. . . , 




(r',0), (r',1), (r',2), 

where we used r' = {NM — l)/2. 


. . . , 


{r',NM-l) } 



We now proceed to give a proof of Theorem 3.14. 



Definition 4.2. Recall from Section 2 that 0 denotes the set of 2^th powers in Cn- 
For any integer y that is not divisible by N, 

• let Qy denote the representatives in the interval [l,r] of the elements of the 
coset yQ of Q.; 

• let Jy denote the set of integers x in the interval [1, {NM — l)/2] such that 

- M does not divide x, and 

- X maps to Cly under the natural surjection Z — > Cat; 

• let 

e{^) = n Sio,jY 

J€Jm 

We shall need a definition and some lemmais before we can show that div(e) 
is the divisor mentioned in Theorem 3.14. 

Definition 4.3. For any integer x G [l,r], let (j){x) be the element of [l,r] that 
satisfies the congruence 

M(j){x) = =bx (mod N). 

(In other words, (j){x) is the representative for x/M in Cn-) 

Definition 4.4. As in [13, §2], for an odd positive integer u, let 

{•},:Z^{0,l,...,(i/-l)/2} 



be the function defined by 

{a}^i = ±a (mod u). 

For brevity, let {•} denote {‘Itv- 

Convention 4.5. For P a statement, let [P] be 1 if P is true, 0 if P is false. 

The following two lemmas will be useful later. Their proofs are very easy and 
will not be given here. 
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Lemma 4.6. For any integer y that is not divisible by N, 

(a) = 2zv{M - 1), 

j^Jy 

(b) - 1)(M + 1) + ^ (6 - M4>(h)), 

j ^ Jy 

(c) f = ^zvN'^iM - 1)(M + 1)M + Y, 

j^Jy 

Lemma 4.7. Let y be a real number. Then 




We shall need one last lemma. 



Lemma 4.8. Let c and d be relatively prime integers. Assume that c is divisible by 
NM and that d maps into ft under the map Z ^ Cn • If y is any integer that is 
not divisible by N, we have 




(1 + d) j (mod 2). 

j^Jy 



Proof. All the displayed congruences below are modulo 2 (the notation a mod b 
for integers a, b carries its usual meaning). 




= —d ^ j -h ^ {dj mod NM) 

j e Jy j G jy 



Now, dj mod NM is either {dj}NM or NM — {dj}jsfM, depending on whether 
dj < NM/2 or not. Hence, using Convention 4.5, we get 

^ i ^ {rfi}iVM 

j G Jy j G Jy 

+ ^ [dj mod NM > N M /2]{-{dj]NM + NM - {dj]NM) 

j^Jy 

= m, 

where m = ^j^j_^[dj mod ATM > NM/2], and we used that = 

Yhj^jy since d maps to ft. Then 

(-1)- n J = n = n 

j EJy J G Jy j G Jy 
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which we can divide through by Yijej h since no element of Jy is divisible by 
either A' or M, to obtain 

(-1)^ - d*^y (mod NM). 

Since M — 1 divides we get that 

= 1 (mod M) 

by Fermat’s Little Theorem. On the other hand, since 2(#Q) divides we 
obtain 

d*^y = 1 (mod N). 

(Already raising to the (#Q)th power will send d € 0 to 1 G Ctv, which corresponds 
to d = ±1 (mod N).) Therefore, m must be even and the proof of the lemma is 
complete. □ 

Claim 4.9. The function e(r) is a unit on (AT, M). 

Proof We just need to check conditions (Ul-4) of Theorem 4.1, and that e(r) 
remains invariant under the action of any matrix ^ SL 2 Z with c = 0 

(mod NM) and d mapping to Q under the map Z Cn- 

By the definition of the function e and Lemma 4.6(a), (Ul) is equivalent to 

2zvq{M - 1) = 0 (mod 12). 

This is always satisfied since 2zq == 6 and M - 1 is even. 

It is clear from the definition of e that conditions (U2) and (U3) are satisfied, 
because 0 is divisible by NM. 

Lemma 4.6(c) shows us that condition (U4) is equivalent to 

-zvqN^{M — 1)(M + 1)M + q ^ {Mb^ — M^(j){b)^) = 0 (mod NM). 

The condition modulo M is obviously satisfied. For the condition modulo A, ob- 
serve that the first term is clearly divisible by N, wheresis the second term is 
divisible by N since for any b e Qy, 

b^ = M^(j){b)^ (mod A), 

and hence 

{mP - M^4,{bf) = Y - 62) = (M - 1) ^ = 0 (mod AT), 

be^y be^y beQy 

where the last congruence used [2, Lemma 4.7]. 

To check invariance under (c d)’ proceed as follows. First observe that 
indeed permutes the indices of functions in e(r) (after reducing the indices 
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to E'). The only thing we need to show is that the transformation factor arising 
from reducing the indices to E' is 1. Using (K2), this reduces to showing that 



C ^ j 
Jm 







dj 

NM 



= 0 



(mod 2NM). 



Since NM divides each of c, (see above in our proof that (U4) is satisfied) and 
NM (respectively), it must divide the first, second and third term (respectively) 
of the above expression. Therefore, we need only check that 



J^Jm J^Jm JEJm 



dj 

NM 



= 0 



(mod 2). 



We have, using Lemma 4.8 and Lemma 4.6 parts (b) and (c), 

dj 



NM 



JEJm JEJm jEJm 

= c ^ (6 - (j)(b)) -dc'^ (b-(j)(b)) + (1 + rf) (b-4>(b)) 

b^flM b^flM bE^M 

= (d+l)(c+l) ^ (6 - 0(6)) (mod 2). 

bE^M 



Since c and d are relatively prime integers, at least one of them is odd, and therefore 
the number (d+ l)(c+ 1) must be even. This concludes our proof of the claim. □ 



Claim 4.10. The divisor of e{r) is 

(1 - wlj)n;{d) - 4>* . 

Proof. As was mentioned before, we shall prove here that the divisor above is equal 
to the divisor of the function e(r). 

First, we identify the divisors 7r*(d) G {N, M) and (^) ^ -^)- 

We do this by first recalling what the divisor d e jf (N) is. For any 1 < t < r, let 




Then, by the definition of d, for any 1 <t <r we have 



ordp, (d) = At, ordg, (d) = 0, 

and therefore 

ordpo(7T*(d)) = MAt, 
ordp-(7Ti(d)) = At, 



ordQo(7Ti*(d)) = 0 
ordQ-«(d)) = 0. 
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By considering the action of on the cusps, we also obtain that 
OTdpo{wlj7rl{d)) = Ami, ordgo(u;]^7r*(d)) = 0 

ovdpoo{wlj7rl{d)) = MAt, ordq^ {wljirKd)) = 0 . 

Before we turn our attention to div(e), we note that 

ordpo(Z:)~ ~) = 1, ordgo(i:)" “) = -1 

ordpoo(D“’~) = —1, ordg^(J9“’~) = 1. 



We shall now show for each cusp of {N, M) that the divisor mentioned in 
the statement of the claim and div(e) have the same order. 

For a cusp labeled for some 1 < t < r (having ramification index 1 over 
the cusp of A(l)), we observe that it can be represented by in Shimura’s 

notation and therefore 

ordQ^(div(e)) = 9 (#Jm)^B 2 ( 0 ) = 

Since nl{d) and w\j7Ti{d) have order 0 at this cusp, this proves our claim for the 
cusps Q^. 

For a cusp labeled for some I < t < r (having ramification index M 
over the cusp of A(l)), we observe that it can be represented by (^) in Shimura’s 
notation and therefore 



ordgo(div(e)) = —B 2 



( NjmodNM\ 



jG Jm 

^ B 2 



NM 



M 



1 ^-1 

I ^ I 



M 



i=l 



E m ^ f j mod M 

3^Jm 



where we used the fact that is equal to (1 — M)/(6M). Since 7r*(d) 

and w\j7rl{d) have order 0 at this cusp, this proves our claim for the cusps Qp 
For a cusp labeled for some 1 < t < r (having ramification index N over 
the cusp of X(l)), we observe that it can be represented by in Shimura’s 

notation. Therefore, as above, 

j /I- / w ^ mod N\ 

ordp~(div(e)) = g ^ y S 2 ( j • 



Therefore, 



ordp~(div(e) - nl{d) + w*MTTl{d)) 





+ 



qr 

12-2^ 
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qN 



(1-M) 



E 




qN 



(l-M)-0 + 



—2qzv{M — 1) 
12 




2 



qr{l - M) 
12-2'= 



where the above argument used the fact that modulo N, the set Jm can be con- 
sidered as M — 1 copies of the set Qm- Then we used the fact that M(f){t) and t 
map to the same element in Cn to cancel out the last two nasty-looking sums. 
Thereby we completed the proof for the cusps . 

It remains for us to consider the cusps labeled for some I <t <r (having 
ramification index NM over the cusp of X(l)). We observe that such a cusp can 
be represented by (^) in Shimura’s notation (where we add AT to t if it is otherwise 
divisible by M). Then 



1 .XX V- r. ftjM mod NM\ 

ord,.(d,v{e)) = , Y. ) • 

jeJM ^ ' 



Therefore 



ordpo(div(e) - 7rt(d) + w^7r;[(d)) = ^ 

j^JM 



tjM mod NM 

Wm 



+ 



qNM 



E^2 



beo. 



{bt} qNM 

2k+ 



N 



rE^^ 

feeCjv 



N 






We shall separate the above sum of five terms into groups. First of all, note 
that the sum of the third and the fifth terms is equal to 






6€Cn 



N 



2 ' '2‘6W 2 



Therefore, to complete the proof of our claim, it suffices to show that the sum of 
the first, second and fourth terms is zero. This boils down (after division by qNf2) 
to showing that 



M ^ 52 

j^JMt 




+ mY^B2 

be nt 




E 




= 0 . 



However, the above equation is just the sum of the conclusions of Lemma 4.7 when 
we allow the y of the Lemma to run over all elements of CIm- ^ 

Proof of Theorem 3.14. This theorem follows from Claims 4.9 and 4.10. □ 
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Irreducibility of Galois Actions 
on Level 1 Siegel Cusp Forms 

Luis V. Dieulefait 



Abstract. In this article we consider the Galois representations associated by 
Taylor and Weissauer to a genus two Siegel cusp form /, in the case of level 
1 and multiplicity one. After extending (by elementary arguments) to a set 
of density 1 set of primes a result ensuring maximal image obtained in a 
previous article, we derive two irreducibility results for these modular Galois 
representations. In particular we show that under some technical, effective 
conditions, the representations are defined over the field of coefficients of / at 
least for ^ > 4/c — 5 (A: = weight of /). 



1. Review of previous results 

Let / be a cuspidal weight k Siegel modular form for Sp(4, Z) which is a Hecke 
eigenform and denote an its eigenvalues. 

Let 

oo 

:= C(2s - 2fc + 4) ^ 

n=l 

be the spinor zeta function. Then Zj has an Euler product of the form 

Zf{s) = HQ^ip-T\ 

where Qp is the polynomial: 

Qp{x) = 1- apX -h (ttp - - app^^~^x^ + 

Then we have the following result of Taylor [6] , completed by Weissauer [9] : 

Theorem 1.1. Let f be a Siegel modular form of weight k > 2 on the full Siegel 
modular group Sp(4, Z) which is a cusp form and a simultaneous eigenform for all 
Hecke operators T(n). Furthermore, assume that the automorphic representation 
corresponding to f has multiplicity one. Let E he the number field generated by 
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the eigenvalues an . For any prime number i and any extension X of i to E there 
exists a continuous Galois representation 

pf,x ■ Gq GSp(4, Ea) 

such that the following holds: the representation pf^\ is unramified outside £ and 
det{Id — xpf^xfFroh p)) = Qp{x) 

for every p ^ £. If pf^\ is absolutely irreducible, then it is defined over E\. 

For such an / and under the hypothesis of absolute irreducibility, the maximal 
possible image for pf^\ is the group 

GSp(4,0£j : det(^) 6 (Q,*)""-®}, 
where Oex is the ring of integers of E\, 

If we consider the residual mod A Galois representation pf^\, then its image is 
contained in 

{g e GSp(4,Fa) : det(5) € 

The representations pf^\ are realized in the tale cohomology of the Siegel variety 
Xi of level 1. From results of Faltings and Chai-Faltings, it holds (cf. [9]): 

Proposition 1.2. Let f be a Siegel cusp form as in Theorem 1.1. Then pj^x is 
crystalline and has Hodge- Tate weights {2k — — 1,/c — 2,0}. 

Weissauer proved (see [8]) that any genus 2 Siegel cusp form that is not in 
the image of the Saito-Kurokawa lift (and more generally any irreducible cuspidal 
automorphic representations tt of GSp(4, A) such that tt is not Cuspidal Associated 
to Parabolic and tToo is a discrete series representation), verifies the generalized 
Ramanujan conjecture. Thus, Polp{x) := x^Qp{l/x), the characteristic polynomial 
of p/,A(Frob p), has all its roots of the same absolute value 

Using these results and the classification of maximal proper subgroups of PSp(4, F) 
with F a finite field, in [2] we found that under certain conditions on a Siegel cusp 
form / the images of the family of Galois representations attached to / as in 
Theorem 1.1 are generically large. In order to state this result, let us introduce 
two technical conditions: 

Definition 1.3. We say that a genus two Siegel cusp form / is untwisted if there 
exists a prime p such that / 0 and Q{bp) = E, where bp = — Op 2 — p2/c-4 jg 

the quadratic coefficient of Polp{x). 

The representations pj^x being symplectic, we know that for every prime p, 
the roots of Polp{x) come in reciprocal pairs / a, (3,p‘^^~^ / f3. Let dp be the 

invariant of Polp{x) appearing in the standard factorisation: 

Polp{x) = {x‘^ - [cLp/2 + ^/dp)x ^ - (up/2 - xf^p)x d- p ^^~‘^) . 

The second condition is given in term of this invariant: we require that there exists 
a prime p such that: 



Q{dp) = E and ^/d^ ^ E. 



( 1 . 1 ) 
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Assuming (1.1), consider the (infinite) set of primes A in such that 

^ \ disc(dp) and dp i (Fa)^ . (1.2) 

The following is the main result of [2] : 

Theorem 1.4. Let f be a Siegel cusp form (and Hecke eigenform) of weight k > 3 
for the full Siegel modular group Sp(4, Z) verifying the conditions: 

• Multiplicity one. 

• Not of Saito-Kurokawa type. 

• Untwisted (see Definition 1.3). 

Assume Serre’s conjecture (3.2.4?) (cf. [4]). Then the images of the Galois repre- 
sentations pf^x are A\, for almost every A. 

Without assuming Serre’s conjecture, take a prime p such that (1.1) holds. Then 
for all but finitely many primes verifying (1.2) the image of pf^\ is A\. 

Remark: Thanks to a lemma of Serre, to prove maximal image it suffices to prove 
the maximality of the image of the corresponding residual representation. In the 
analysis done in [2], the only case of non-maximal image that was not dealt in a 
completely satisfactory way (except if one is willing to accept Serre’s conjecture) 
is the case where the residual representation is reducible with two two-dimensional 
irreducible components, both having the same determinant. 



2. Improvement of Theorem 1.4 

Assume that a Siegel cusp form / verifies all the conditions of Theorem 1.4, includ- 
ing Condition (1.1) for some prime p. This implies that (1.2) holds for infinitely 
many primes A of E", and that for all A in a cofinite set A of this infinite set of 
primes the image of pf^\ is A^. 

Let us use this fact, together with Cebotarev density theorem and the compati- 
bility of the family {p/,a} to obtain more information on the images of the A-adic 
representations for those A ^ A. 

Let A be any prime of E in A and let M\ be the corresponding maximal ideal of 
Oe- The image of p/^A is “as large as possible”, so there exists an element g G Gq 
such that the characteristic polynomial of pf^\{g) is: 

+ (2 — -I- 1 (x^ -h \flx + l)(x^ — Vlx + 1) . 

Using the fact that the representation pj a is continuous and Cebotarev density 
theorem, we can find a prime q such that the image of Frob ^ is as close as we 
want to the image of g, in particular from the definition of dq if Frob q is close 
enough to g we have 

{Mxf . 

Therefore, as divisors in E, A divides dq but A^ does not. Letting A run through the 
infinite set of primes A we obtain this way infinitely many dq and it is clear (simply 
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because each of them has only finitely many prime divisors) that the extension of 
E generated by their square roots is infinite, and a fortiori: 

[£;({v^}):£;]=oo. (2.1) 

We have generated infinitely many substantially different dp verifying condition 
(1.1), except for the fact that many of them may not generate E. Nevertheless, by 
restricting to primes A in of residue class degree 1 we see that the set of primes 
A verifying (1.2) for at least one of these p has density one. Applying Theorem 1.4 
we obtain: 

Theorem 2.1. Let f be a Siegel cusp form verifying all conditions of Theorem 1.4, 
including Condition ( 1 . 1 ). Then, the image of the attached Galois representations 
Pf^x are maximal, namely A\, for all primes X in E except at most for a set of 
Dirichlet density 0. 



3. Irreducibility as a family 

For the case of a cusp form of Saito-Kurokawa type /, it is well known that the 
representations pf^\ are reducible, moreover, it holds: 

Pf,X = Pg.A 

where pg^\ are the Galois representations associated by Deligne to a classical cusp 
form g of weight 2k — 2, and level 1. 

On the other hand, we have already mentioned that in the complementary case, the 
Galois representations attached to / are pure (Ramanujan conjecture holds). Prom 
this fact, because 4A: — 6 is not multiple of 4, it is easy to see that, for any A, pf^\ 
cannot be reducible with a one-dimensional component. Moreover, if reducible, 
pf^x should have two two-dimensional irreducible components both with the same 
determinant: (because the representations are pure and have conductor 1, 

see [2] for more details). 

It is conjectured that, for arbitrary level, the representations pj^x will have this 
reducibility type only in the case of a cusp form / that is a weak endoscopic lift. 
This case does not occur in level 1, and this conjecture for level 1 cusp forms can 
be stated simply by saying that the family {p/,a} can be reducible only in the 
Saito-Kurokawa case. In what follows, we will prove this conjecture (only in the 
level 1 case). 

So let / be a Siegel cusp form of level 1 and weight /c as in Theorem 1.1, not of 
Saito-Kurokawa type, and assume that the family of Galois representations {p/,a} 
is reducible (i.e., that all members of the family are reducible). Thus, for every 
prime A in £", we have: 

pyx = ^l,A 0 7T2,A 

where the representations tti^a and 7T2 ,a are both irreducible and have determinant 
^2fc-3 Applying Proposition 1.2 we see that both representations are crystalline 
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and have the following Hodge- Tate numbers: {0, 2k — 3} and {^ — 2, /c — 1}, respec- 
tively. Moreover, having both the same determinant, their traces are precisely those 
appearing in the factorization of Polp{x) used to define dp^ namely, Up/2 zb 
Let us consider the twisted family of representations: tt^ := 7T2,a G) Let 

u he a, prime in E dividing 3. The residual representation ^2 u unrami- 

fied outside 3 and takes values in GL(2,F) with F a finite field of characteristic 
3. Then, by a well-known result of Serre (cf. [3], p. 710) the only possibility is 
^2 u — 1 ® X- particular, the action of the inertia subgroup Is is given by 1 0 X, 
and the case of fundamental characters of level 2 is excluded. 

Thus, because the representation tt^ ^ is crystalline with Hodge-Tate numbers 
{0, 1} and 3 is sufficiently large with respect to these weights ( 3 > max. weight 
+1 = 2) we can apply the results of Breuil (cf. [1], Chapter 9) on crystalline rep- 
resentations to conclude that locally ^|g 3 is reducible. Now, an application of 
the result of Skinner and Wiles (see [5]) on deformations of residually reducible 
Galois representations proves that tt^ and therefore the family {tt^ modu- 
lar. These representations being crystalline with Hodge-Tate numbers {0, 1} and 
conductor 1, one immediately gets for the values of Serre’s weight and level: 2 and 
1, respectively. Thus, we get a contradiction since the space of classical cusp forms 
52 ( 1 ) does not contain any non-trivial element. 

Theorem 3.1. Let f be a level 1 Siegel cusp form as in Theorem 1.1. Suppose 
that the family of Galois representations {p/,a} is reducible. Then, f is of Saito- 
Kurokawa type. 

Remark: In particular, we conclude that the reducibility of {p/,a} is equivalent to 
the failure of the Ramanujan conjecture for / of level 1. 



4. A stronger irreducibility result under condition (1.1) 

Theorem 4.1. Let f be a Siegel cusp form of level 1 and weight k verifying the 
conditions of Theorem 1.4, including Condition (1.1). Then, for any prime i > 
4:k—5 and X a prime in E above i, the representation pf^\ is (absolutely) irreducible. 

Proof. Suppose that for ^0 > 4/c — 5, Aq | to, P/,Ao is reducible. As we explained in 
Section 3, / being not of Saito-Kurokawa type, it must hold: ® 7T2 ,Ao5 

these two two-dimensional irreducible components having the same determinant. 
7 Ti,Ao is crystalline and has Hodge-Tate numbers {0,2/c — 3}. Then, because to > 
4/c — 5, we can apply the results of Taylor (cf. [7]) asserting that this repre- 
sentation is potentially modular and that there exists a compatible family of 
continuous Galois representations {Hi a} containing tt^Ao- Moreover, if we call 
Cp = trace(7TGAo (Prob p)), for p ^ to, we have Cp = trace(HGA(Frob p)) for every 
X\ p, and it follows from the construction done in [7] (these representations extend 
the representations attached by Blasius and Rogawski to a Hilbert modular form) 
that these traces {cp} generate a finite extension of Q. 
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On the other hand, we know how to express the values Cp in terms of the character- 
istic polynomial of pf^\{FToh p): Cp = apj2± and as we have seen in Section 2, 
Condition (1.1) (together with the rest of conditions in Theorem 1.4) implies that 
[E{V^p} : E] = oo (Formula (2.1)), and as a consequence: [E{cp} : E] = oo. 
Thus, we obtain a contradiction and the result follows. 

Corollary 4.2. Let f be a Siegel cuspform of level 1 and weight k verifying the 
conditions of Theorem 1.4, including Condition (1.1); or a form of Saito-Kurokawa 
type. Then, for every ^ > 4/c — 5, and A | ^ a prime in E, the representation pf^\ 
is defined over E\ : 

Pf,\ Gq ^ GSp(4, E \) . 

Remark: In the “opposite” case, i.e., when E{{^/d^]) = E, one expects the rep- 
resentations pf^x to be reducible (as usual, assuming that we are not in the Saito- 
Kurokawa case, with two two-dimensional irreducible components of the same 
determinant). Nevertheless, the traces of the two-dimensional components at p 
being Op/2 ± G E, and being both odd representations, it is well known that 
they have a model defined over E\. 
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On Elliptic X-curves 

Noam D. Elkies 



Abstract. For any field K, a “i<'-curve” is an elliptic curve E defined over 
some finite separable extension of K such that every Galois conjugate of E 
is isogenous with E over a separable closure of K. A AT-curve must either 
have complex multiplication (CM) or be isogenous to a collection of K-curves 
parametrized by a A"-rational point on some modular curve X*(A^). We give 
the first proof of this result, obtained in 1993 but not heretofore published. We 
also indicate some of the reasons for interest in A-curves, and in particular 
in Q-curves, and give some computational examples and open questions. 



1. Introduction 

Motivation and definition of iC-curves. Fix a field K, and let M be a separa- 
ble closure of A", with Galois group G = Gsl{M/K). An elliptic curve E/K is, 
among other things, a source of “Galois representations” : homomorphisms from G 
to GL 2 (Z/) for all but finitely many primes I (in this case, all I not equal to the 
characteristic of A"). Prom this point of view, it is natural to consider the following 
generalization: E need not be defined over K, only over M, but every G-conjugate 
of E must be isogenous with E over M. Such an elliptic curve E is said to be a 
K -curve. For example, a Q-curve is an elliptic curve over Q that is Q-isogenous 
with all its Gal(Q/Q)-conjugates. Gross introduced the term “Q-curve” in [Gro, 
p. 32] with a much more restrictive definition: E had to have complex multipli- 
cation (CM), to be defined over the Hilbert class field of its CM field, and to 
be isogenous over that class field with all its conjugates. The definition we gave 
reflects current practice and interest in such curves, as we shall soon see. 

While we formulate the definition of A"-curves using an algebraic closure, in 
fact all the conjugate curves and the isogenies between them must be defined over 
a finite Galois extension K'. For each g G Gal(A"'/A"), choose a nonzero isogeny 
from E to g{E), and let d{g) be the degree of this isogeny. Suppose that is a 
A"-curve without complex multiplication (CM), and let I be a prime that is neither 
equal to the characteristic of K nor a factor of any d{g). Then the /’^-torsion points 
of E and its Galois conjugates g{E)^ together with nonzero isogenies from g{E) 
to E, yield a homomorphism from G to PGL 2 (Z/). 
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In general we cannot obtain a homomorphism to GL 2 (Z/) due to the am- 
biguity in the choice of isogenies. (Since we excluded CM curves, this ambiguity 
is limited to a scalar multiple, which is why we still have a well-defined map to 
PGL 2 .) Nevertheless, many of the constructions, conjectures and results known for 
elliptic curves over K extend nicely to X-curves. For example, Ribet showed [Ribl] 
that every elliptic curve dominated by some modular curve Xi{N) is a Q-curve, 
and conjectured that conversely every Q-curve is dominated by some Xi{N); this 
would generalize the proof by Wiles, Taylor, et al. that all elliptic curves de- 
fined over Q are dominated by some Xo(A^). This conjecture is now proved in 
some cases [ES], and has arithmetic applications that parallel the proof of Fer- 
mat’s Last Theorem using the modularity of Frey curves. In another direction, the 
methods of [Elkl, Elk2] have been adapted to prove that, when R" is a real number 
field, some large classes of JX-curves have infinitely many primes of supersingular 
reduction [Jao]. 

Parametrizations of K -curves. It is well known that the X-rational points of 
the modular curve Y(l) = X(l) — {cusps} parametrize elliptic curves over K up 
to M-isomorphism. In 1993 I obtained a similar description of non-CM R"-curves. 
For each positive integer N', let X*{N) be the quotient of the modular curve 
Xo(A^) by its group of Atkin-Lehner involutions, a group isomorphic with (Z/2Z)^ 
where r is the number of distinct prime factors of N . Then the R"-rational points 
of X*(A), other than the cusps, parametrize collections of X-curves. Conversely, 
every non-CM K-curve E is isogenous to the curves in such a collection. Moreover, 
one such N is squarefree and is a factor of all integers N' such that E is isogenous 
to the R"-curves arising from some /T-rational point of X*{N'). 

The first proof of this result, together with some computational data and 
open questions, is contained in a 1993 preprint [Elk4] that was never published. 
Meanwhile Ribet [Rib2] obtained a cohomological proof that generalizes to some 
abelian varieties of dimension higher than 1. One of the conjectures made in [Elk4], 
and repeated in [Elk5, p. 61], has since been disproved computationally by Gal- 
braith [Gall]. But some of the contents of [Elk4], including the original proof, may 
still be of interest. I thank the editors of the present volume for soliciting this pa- 
per, which includes the parts of [Elk4] that have not yet been superseded, corrects 
and refines some details, and puts these results in the context of relevant develop- 
ments during the past decade. I thank the editors also for their patience while I 
took much longer than expected to complete the paper; I thank Jordan Ellenberg 
for providing a number of important references, without which the process might 
have taken even longer; and I thank J. Gonzalez and J.-G. Lario for reading and 
correcting the paper prior to publication. 

Plan of the paper. We begin by describing the modular curves X* {N) and ex- 
plaining how they parametrize elliptic R^-curves. We then state and prove the the- 
orem that these parametrizations account for all non-CM RT-curves up to isogeny. 
We then consider the question of which squarefree N can yield non-CM R"-curves 
for a number field K, in particular for K = Q, and give some numerical examples. 
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2. A theorem on i^-curves 

The modular curve X*{N) and elliptic X-curves. Let be a positive integer. 
Recall that Yq{N) is the modular curve parametrizing pairs of elliptic curves with 
a cyclic A^-isogeny, a curve which can be completed to a projective curve Xq{N) 
by the addition of one or more cusps. Denote by r the number of distinct prime 
factors l\N. We define X*(AT) to be the quotient of the modular curve Xq{N) 
by the group^ W{N) = {^jTLY generated by its r Atkin- Lehner involutions Wi . 
Likewise the affine curve Y*(AT) is the quotient of Yq{N) = Xq{N) — {cusps} 
by the same group. As a Riemann surface, Y*(A^) is the quotient of the upper 
half-plane by a group we shall call T*{N), a congruence subgroup of the group 
PGLJ (Q) of projective linear transformations with Q-coefficients and positive 
determinant. We are mainly interested in the case that N is squarefree. In this 
case r*{N) is a maximal congruence subgroup of PGLJ (Q) (and indeed these 
are all the maximal congruence subgroups of PGLj(Q) up to conjugation); also 
X*{N) - Y*{N) consists of a unique cusp. The curves X*{N) and Y*{N) have 
been investigated also for some N that are not squarefree, such as N — P for 
some prime I (as in [Moml]), when Xq{N) is isomorphic with the quotient of X(/) 
by the split Cartan subgroup of PSL2(Z//Z), while X*(Ar) is isomorphic with the 
quotient of X(/) by the normalizer of that subgroup. 

We review the description of W {N) in terms of isogenies. Let k be any field 
whose characteristic is not a factor of A', and P a /c-rational point on Yq(A). 
Such points parametrize cyclic A-isogenies (j) : E ^ E' defined over k, up to 
/c-isomorphism. A “cyclic A-isogeny” is one whose kernel is a cyclic group of 
order A. It follows that for each factorization A = A1A2 the kernel of (f) has 
a unique subgroup of size Ai . Hence (j) factors uniquely as (j)2 o (pi where the pi 
are cyclic A^-isogenies. Being unique, the pi are again defined over k. Likewise p 
factors uniquely as (/?i o (^2 for some cyclic A^-isogenies (fi defined over k. Suppose 
now that gcd(Ai, A2) = 1. Denote by pi the dual isogeny of 0i, which is a cyclic 
Ai-isogeny to E defined over k. Then (f2 ^Pi is a cyclic A-isogeny defined over k. 
It thus corresponds to a A:-rational point on Yq(A), which we provisionally call 
P(Ai). This is well defined, even though p was defined only up to twist, because 
twisting p (that is, replacing 0 by a cyclic A-isogeny isomorphic with p over k 
but not over k) twists the isogeny (f2 o Pi but does not change the corresponding 
point on Yq(A). For example, if Ai == 1 then (f2^Pi = 0, so P(l) = P- For 
Ai 7^ 1 we readily see that the map P P(A'i) is an involution of Yq(A). 
These involutions all commute; together with the identity map P 1-^ ^(1), they 
constitute the group W{N). In particular, for each prime /|A the Atkin-Lehner 



^This is a subgroup of the group B{N) of all automorphisms of Xq{N) that come from the 
normalizer of ro{N) in PGL^(Q). It is known that W{N) = B{N) unless 4\N or 9\N. In 
particular, W (N) = B{N) when N is squarefree. Thus the notation B{N) could be used in [GL], 
where N is assumed squarefree throughout; but we need a different notation for the group 
generated by the Atkin-Lehner involutions, because we shall also consider a few N for which this 
group is properly contained in B(N). 
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involution Wi is obtained by taking for Ni the highest power of I that divides N. If 
gcd(7Vi , N[) = 1 then P{N^ ){N[) = P{N^N[). In general P{N^ ){N[) = P{N[') for 
the unique factor N['\N such that gcd{Ni , N/N[') = 1 and NiN[N[' is a square. 
In the special case that N is squarefree, all factorizations N = N 1 N 2 satisfy the 
condition gcd{Ni, N 2 ) = 1. In this case we may identify W{N) with where 

t/ C Q* is the subgroup generated by the prime factors of N, and then the map 
P 1 —^ P{Ni) is identified with the class of Ni mod U‘^. 

Now take k = K, and again assume that N ^ 0 in K. Let P* be a iC-rational 
point on Y*{N), and P its preimage under the quotient map Yq{N) — > Y*(7V). 
This V is then a set of M-rational points that is stable under G. The elliptic 
curves that these points parametrize are all related by isogenies defined over M 
whose degrees are factors of TV. In particular, they are iV-curves. More specifically, 
let K' be the minimal field of definition of all the points in then K' jK is a 
{7il2y extension for some p <r (i.e., K' is the compositum of at most r separable 
quadratic extensions of K). Indeed, Gal(iV'/^) injects into VF(TV), unless P* is 
a ramification point of the cover Y*(TV)/Yo(iV), in which case Gal(iV'/JY) injects 
into W{N)/{l,w} where is the stabilizer of any point in V. In this ram- 

ified case, the points in V all parametrize TV-isogenies between CM curves; if K 
has characteristic zero, all these curves have the same endomorphism ring, whose 
discriminant is a factor of 4TV. 

A description of iV-curves. We have just seen that iV-rational points on 
X*(TV) yield iV-curves. In addition, any elliptic curve over M isogenous to a 
iV-curve is again a AT-curve, and every CM elliptic curve over TVf is a TV-curve. If 
K has positive characteristic, we include the supersingular curves among the CM 
ones, so a curve has CM if and only if its invariant is algebraic over the prime 
field. 

Our main result is that these constructions exhaust the possible iV-curves. 
More precisely: 

Theorem. Let K he any field and let E he a K -curve without complex multipli- 
cation. Then there exists a squarefree TV, depending only on the M-isogeny class 
of E, such that: E is isogenous over M with a K -curve arising from a K -rational 
point on Y*(TV), and if for some TV' there is a K-rational point on Y*(TV') that 
parametrizes K -curves isogenous with E then TV|TV'. 

Proof. Let E/M be a non-CM TV-curve. Let [E] be the Tlf-isogeny class of P, and 
for every rational prime I let [E]i be the subclass consisting of curves /^-isogenous 
to E for some n > 0. We identify TIL- isomorphic curves. Then [E ]/ may be regarded 
as an infinite connected graph whose vertices and edges are respectively the elliptic 
curves in [E]i and the /-isogenies between them. In the absence of CM, the graph 
[E]i is a tree. If K has positive characteristic p, and I = p, then [E]i degenerates 
to the infinite directed path 
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(which may terminate on the left because M contains only separable extensions 
of X); otherwise [E]i is an infinite undirected tree of degree / + 1. We have for 
each I a projection ni : [E] [E]i such that 7T/(F) is the unique curve in [E]i 
admitting an isogeny to F of degree prime to /. The product over all primes I of 
these projections identifies [E] with the restricted product of the [E]i relative to 
{E}; i.e., the possible collections {7r;(E) : I prime} are precisely those for which 
all but finitely many images are E itself, and each such collection determines a 
unique F e [E]. 

Let {E ) be the finite set of elliptic curves G-conjugate to E\ by assumption 
{E) C [E]. Since tt/ commutes with G, the graph [E]i inherits an action of G, 
which permutes its finite subset tt/ ((£')). Note that this subset is the singleton 
{E} for all but finitely many 1. 

For each I we construct a vertex or an edge of the tree [E]i fixed by G, which 
we shall call the center of 7T/((E)). This will be the central vertex or edge of the 
longest path joining two points in 7Ti{{E)). There may be more than one longest 
path, but for a finite subset of a tree one readily shows that all longest paths have 
the same central vertex or edge, so the center is well defined. For those I such that 
7Ti{{E)) = {E} the center is of course E itself; if K has characteristic p > 0 then 
this is necessarily the case at / == p. Of the remaining finitely many primes /, let r 
be the number of those for which the center is an edge of [E]i, and let N be the 
product of these r primes. 

We first prove the claim that N is an isogeny invariant; equivalently, that for 
each F e [E] the center of 7T/((F)) is an edge if and only if the center of 7T/((E)) 
is an edge. In fact, we show that in this case the centers of 7T/((£')) and 7T/({E)) 
coincide. Let this edge be the Lisogeny between the elliptic curves E\,E 2 G [E]i. 
There exists a Galois transformation g e G that switches Ei with E 2 , because 
if there were no such g then all of 7T/((E)) would lie on one side of the edge 
{El, £' 2 }. Since this edge is fixed by G, necessarily p^(Ei) = E\ and ^^(£ 2 ) = £ 2 - 
But then there cannot be any vertex of [E\i fixed by G, nor a fixed edge other 
than {£ 1 , £ 2 }: a fixed edge or vertex must be at the same distance from £1 and 
£2 = p(£i), which happens only for {£i,£ 2 } itself. Hence {£i,£ 2 } is the center 
of 7T/((£)) for all £ G [£], as claimed. 

There are 2^ ways to choose a vertex of each of these edges. Every such 
choice determines a unique curve £ in [£ ] whose image under each ni is either 
the central vertex or on the central edge of tt/ ((£)). Let S be the set of these 2^ 
curves, which is stable under G. For each £ G 5 there is a unique £' G S' such 
that 7T/(£') 7^ 7T/(£) for each l\N. The cyclic AT-isogeny from £ to £' yields an 
M-rational point P G Yq{N). As £ varies over S, the resulting points P vary over 
the orbit of P under W{N). Hence the image of P in Y*{N) is invariant under G, 
and is therefore defined over K. 

We have thus obtained a £-rational point on Y*(A^) parametrizing £-curves 
isogenous with £. It remains to show that, for any ^-rational point P* on some 
Y*(iV') that parametrizes £-curves isogenous with £, the level N' is a multiple 
of N. If this were not the case, there would be a prime l\N that did not divide N'. 
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But then the 2^ K-curves parametrized by P* (where r' is the number of distinct 
prime factors of N') would all have the same image under 7T[, so the tree [E]i 
would have a vertex fixed under G - and we have already seen that this does not 
happen. This contradiction completes the proof. □ 

Note that 5, and thus the i^-rational point on Y*{N), may depend not only 
on the isogeny class [E ] but also on the choice of E, This can already occur for 
E defined over K\ then N = 1, S — {E}, and our point on Y*(l) = Y(l) is just 
the j-invariant j{E)\ but if there is some other curve E' /K isogenous with E then 
we could start with E' and get j{E') instead. More generally, let N' be a multiple 
of N (other than N itself) with gcd{N, N' /N) = 1, and consider a i^-rational 
point P* on Yq{N')/W{N) whose stabilizer in W(N') is trivial. Then the W{N') 
orbit of P* yields [W(N') : W{N)] i^-rational points on Y*{N) that parametrize 
different but isogenous collections of P'-curves. Such P* already exist when K is 
a number field, as long as N' are chosen so that Xq{N')/W{N) = P^. 

As a corollary of our theorem, E is isogenous to a curve F defined over some 
field K' such that K’ /K is a normal extension with Galois group (7il2iy for 
some p < r. Let G' <3 G be the corresponding normal subgroup Gal(M/A') of 
Gsl{M/ K). Then G' is the kernel of a homomorphism d : G ^ (Q*/Q *^)5 defined 
as follows: for any Ei G {E) and any g e G, take d{g) to be the degree of a 
isogeny between Ei and g{Ei), modulo Q*^. We readily check directly (that is, 
independently of our arguments involving [E]i etc.) that d{g) is well defined, and 
remains so even if we allow E\ G [E]. The invariant N can then be described as 
the product of the primes that occur in the image d{G). The homomorphism d was 
the starting point of Ribet’s approach in [Rib2] (which applies to any K, though 
[Rib2] deals only with K = Q): he constructs a Q*- valued 2-cocycle whose class in 
H^{G, Q*) is an obstruction to the existence of an isogenous curve defined over K, 
and uses properties of the 2-cocycle to obtain an isogenous curve F defined over 
a {Zj2Zy extension of K. 



3. The sets S*{D) 

A boundedness conjecture. For any integer P > 0 let S*{D) be the set of positive 
integers N such that Y* {N) has a non-CM rational point over some number field K 
with [K : Q] < D. It is tempting to formulate a “boundedness conjecture”: S"^{D) 
is finite for all D. As noted in [Elk5, p. 61, footnote 25], this is part of the natural 
extension to discrete arithmetic subgroups of PGLJ (Q) of Serre’s conjecture for 
arithmetic subgroups of SL 2 (Z) ([Ser]; see 6.6 on page 395 of Serre’s Collected 
Works, Vol. Ill, and the correction to 395.6 on p. 712). For example, when D = 1 
this conjecture asserts that there are only finitely many curves Y* {N) with non-CM 
points defined over Q. 

Even this first case of the conjecture will require new ideas. On the surface, 
it may seem comparable to the problem of describing the Q-rational points on all 
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curves Xq{N) (that is, to describing all cyclic isogenies defined over Q), a prob- 
lem which has been solved completely, see for instance the “remarks on isogenies” 
preceding the Antwerp tables [BK]. But this was possible only because the Ja- 
cobian of Xo(A/') has a quotient of positive dimension and rank zero for all but 
finitely many N. This is not expected to be true for the Jacobian of X*{N) for any 
squarefree N: the L-series attached to each T*{N) eigenform of weight 2, whether 
new or old, has a functional equation with sign —1. [When N is not squarefree, 
the Jacobian of X* {N) may have quotients of positive dimension and rank zero; 
Momose ([Moml, Mom2], see also [Mom3]) has used such factors to obtain several 
infinite families of integers N such that the only Q-rational points Y*{N) are CM.] 
We thus cannot mimic the known arguments using Eisenstein quotients of Xq (p) ; 
nor can we expect to directly use Chabauty’s method [Cha], because the analytic 
rank of the Jacobian of X*{N) must equal or exceed its genus. 

The set 5*(1) certainly contains all N such that X*{N) has genus zero: such 
a curve is isomorphic with already over Q, because X*{N) always has at least 
one Q-rational point, namely the image of the cusp at infinity of Xq{N).‘^ Likewise 
N e S*{1) if X*{N) has genus one (that is, if X*{N) is one of the “involutory” 
curves of [M-SD]) and positive rank. If X*{N) has genus one and Q-rank zero then 
N is still in 5*(1) unless the cusps and CM points of X*{N) entirely account for 
its rational torsion, and this can be effectively checked in each individual case. 
For any other given N there are only finitely many rational points on X*(A'), but 
these may (and in a few instances do - see below) include points that are neither 
cusps nor CM, and it seems very hard to exclude this possibility even for specific 
squarefree N. For general D we can adapt the arguments of [Abr, AH] to show 
that, for all but finitely many N (which can be effectively bounded in terms of D), 
the D-th. symmetric power of X*{N) satisfies the criteria of Faltings’ theorem [Fal] 
on subvarieties of abelian varieties and thus has finitely many rational points, and 
therefore that X*{N) has only finitely many points of degree D. But this does 
not allow us to decide whether N G S*{D)^ because there is at present no way to 
provably list all such points. 

In [Elk4] we gave an example, reproduced in [Elk5, p. 62-63], of one way to 
have N G 5*(1) even when X*{N) has genus greater than 1. If the curve X*(A) 
has genus 2 then it has an involution, which may take a cusp or CM point to an 
unexpected rational point on X*{N). The explicit example in [Elk4, Elk5] shows 
that this happens for N = 191, the largest prime for which X*{N) has genus 2. In 
[Elk4] I made the rash conjecture, again repeated in [Elk5, p. 61], that this might 
be the only source of rational points on X*(A) other than cusps and CM points, 
once the genus of X*(A/”) exceeds 1. But this guess was disproved by S. Galbraith 
[Gall] who computed explicit models for many curves X*{N) and found rational 
non-CM points on the curves Y*{N) for N — 137 and A' = 311 (with X*{N) of 
genus 4 in both cases), thus showing that 5*(1) contains the primes 137 and 311. 



^Many of these genus-zero curves X*{N) arise in “monstrous moonshine”, with N the order of 
an element of the Monster. 
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See also [Gal2], which contains similar results for some composite N; for instance, 
125 € 5*(1). 

Which AT <67 are in *S*(1)? We close with some concrete examples of com- 
putations that determine whether a given small integer N is in We stop at 

67, which is the smallest N for which X*{N) has genus 2, and also the smallest 
for which we do not know whether N e S*{1). 

For most positive N < 67, we can prove that N e 5*(1) using only the 
genus and rank information in [BK]. Of the curves X*{N) with N < 67, all but 
12 have genus zero, and thus yield N € 5*(1). Of the 12 values of N that yield 
a curve of genus one, 7 are squarefree, namely 37, 43, 53, 57, 58, 61, 65. For each 
of these, X*{N) has rank 1, so again N G ^^(l). [See [GL] for much more on the 
curves X*{N) of genus 0 and 1, and the corresponding Q-curves, in the case of 
N squarefree.] The remaining 5 curves X*{N), with N G {40,48,52,63,64}, are 
elliptic curves of rank zero. These are not covered by the results of [Moml, Mom2], 
so we must handle them individually. In each case, we begin by identifying the 
elliptic curve X*{N) and its finite group of rational points. We may then test 
every rational point to see if it is a cusp or CM point. Alternatively, we could 
carefully count the rational cusps and CM points, and compare the total, call it 
c{N), with the number of rational points on X*{N). This is in principle easier than 
computing with explicit equations for X*(A^), but in practice it can be too easy 
to err in calculating c{N). Moreover, if it turns out that N G 5*(1) then explicit 
computation is still needed if we wish to recover the resulting isogeny class of 
non-CM Q-curves. 

We find that of these five values of N only one, namely 63, belongs to 5*(1), 
with two non-CM rational points on Y*(63). It turns out that in each case the 
value of c{N) suffices to decide whether N G 5*(1), because all the elliptic curves 
whose conductor is a proper factor of N and have at least c{N) rational points have 
the same number of rational points.^ [The conductor of the elliptic curve X*{N) 
must be a proper factor of A, because the unique cuspform of weight 2 for T*{N) 
is an oldform. If it were a newform, X*{N) would have an odd functional equation, 
as noted earlier.] We next give some more computational details for N = 40, the 
smallest integer not in 5*(1), and AT == 63, the smallest integer that is contained 
in 5*(1) even though X*(A/') is an elliptic curve of rank zero. We conclude by giving 
the translation of the question “is 67 G 5*(1)?” into a question on the rational 
points of an explicit genus- 2 curve over Q. 

The case N = 40. An invariant differential on the elliptic curve X*(40) is 
</>40 dq/q^ where 

(t>40 = iv^Vio)^ - 2(t?4%o)^ 

and rjm = rj{mr). This 04 q is an oldform corresponding to the level-20 form 
{V 2 Vio)^^ so X*(40) is isogenous to the elliptic curve Xo(20) of rank zero. We 

^Specifically, c(40) = c(63) = 6, c(48) = 8, c(52) = 7, and c(64) = 4. These values, together 
with the tables of elliptic curves of low conductor, even suffice to determine X*(A^), except for 
N = 64, where we find that X*(64) is isomorphic with the curve 32-A2(A): — X. 




On Elliptic /^-curves 



89 



find that X*(40) is isomorphic to Xo(20), with its function field generated by 

^ ^ f Mio Y Y 
\V 4 V 20 J \V 2 V 10 J 

and Y = {—qdXldq)l4>4o, satisfying 

=X(X-h4)(X2 + 4). 

This curve has 6 rational torsion points: the two points at infinity, which are the 
cusps of X*(40); the two points with T = 0, which are CM points of discriminants 
— 16 and —40 for X = 0, X = —4 respectively; and the two points (X, T) = (1, ±5), 
which are CM points of discriminant —15 and —60. Having thus accounted for all 
the rational points, we conclude that 40 ^ 5*(1) as claimed. 

The case N — 63. [For the curve Xo(63) itself, see [Elk3].] Let (^21 
unique normalized cuspform of weight 2 for ro(21), and set 

Y.4(x + i^]. 

\VlV63/ \V 7 V 9 / ^ V ^63 / 

where 063 (r) = 02i('^) Then X, Y generate the function field of X*(63) 

and satisfy the equation Y^ + XY = X^ — 4X — 1, showing that this curve is 
isomorphic with Xo(21). There are 8 rational points. Of these, the point at infinity 
and the 4-torsion point (—1,2) are cusps, the 2- and 4-torsion points (2, —1) and 
(-1,-1) are CM of discriminant —27, while the 2- and 4-torsion points (—2, 1) and 
(5, —13) are CM of discriminant —35. This leaves the 2-torsion point (—1/4, —1/8) 
and the 4-torsion point (5,8), which yield non-CM Q-curves. 

Let E be one of these Q-curves. Then the Galois orbit {E ) has size 4, but 
since 3^||63 there is a curve Eq that is 3-isogenous to E and for which (Eq) is a con- 
jugate pair of curves related by 7-isogeny. [In terms of the notations we introduced 
to prove our theorem, the center of 7r3((E)) is a vertex of [£']3, which is 7Ts{Eo). 
Geometrically, X*(63) is a normal cover of X*(7), and thus parametrizes conju- 
gate pairs of elliptic curves related by 7-isogeny with special 3-torsion structure; 
algebraically, F*(7) has a normal congruence subgroup conjugate in PSL^(Q) to 
r*(63).] Using the Hauptmoduln hj = ^7 = (^7 + /^i ^o(7) and 

X*(7), we calculate that Eq corresponds to hj = 17/8 when (X, Y) = (—1/4, -1/8) 
and to hj = 35/8 when (X, T) = (5,8). Solving for /17, we also find that Eq can 
be defined over Q(\/— 391 ) in the former case and over Q(V— 15 ) in the latter. 
In each case, the j-invariant of Eq is not an algebraic integer (its denominator is 
a large power of 2), so Eq and E cannot be CM curves. 

The case N = 67. Using the methods of [Elk5] (see in particular pp. 61- 
62, where we obtained an equation for the genus-2 curve X*(191)), we find the 
hyperelliptic model 

— {t^ T 4“ l)ii -\- t = 0 

for X*(67). The two points at infinity are the cusp and the CM point of discrim- 
inant — 11; the remaining eight rational CM points are the four pairs with t = 
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—2, —1,0, 1. There are no further rational points with t = m/n and |m|, \n\ < 10^. 
If indeed the above ten points exhaust (X*(67))(Q) then 67 is the smallest square- 
free number not contained in 5*(1). This problem may be within reach of current 
methods for provably listing all rational points on a genus-2 curve [Fly] . 
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Q-curves and Galois Representations 

Jordan S. Ellenberg 



Introduction and definitions 

Let X be a number field, Galois over Q. A Q-curve over K is an elliptic curve over 
K which is isogenous to all its Galois conjugates. The current interest in Q-curves, 
it is fair to say, began with Ribet’s observation [27] that an elliptic curve over 
Q admitting a dominant morphism from Xi{N) must be a Q-curve. It is then 
natural to conjecture that, in fact, all Q-curves are covered by modular curves. 
More generally, one might ask: from our rich storehouse of theorems about elliptic 
curves over Q, which ones generalize to Q-curves? 

In this paper, we discuss recent progress towards several problems of this 
type, and some Diophantine applications. We will also state several open problems 
which seem both interesting and accessible to existing methods. 

Remark 1. Elliptic curves with complex multiplication supply a natural popula- 
tion of Q-curves. Indeed, the original use of the term “Q-curve”, by Gross [13], 
referred to CM curves exclusively. The arithmetic of CM curves is much more fully 
understood than that of curves without extra endomorphisms. For that reason, we 
will assume hereafter that our Q-curves are not CM. 

One might think of the class of Q-curves as the “mildest possible general- 
ization” of the class of elliptic curves over Q. Many structures on elliptic curves 
over Q are invariant under isogeny. And since a Q-curve E/K has an isogeny class 
which is fixed by Gal(Q/Q), we should expect that any isogeny- invariant structure 
of elliptic curves over Q can be defined for Q-curves ais well. 

The structure we have chiefly in mind is the ^-adic Galois representation 

PC/ : Gal(Q/Q) ^ End(T^C) 

attached to an elliptic curve C over Q. The isomorphism class of pE/ depends 
only on the isogeny class of C, and so one expects to find ^-adic representations 
of Gal(Q/Q) attached to Q-curves as well. Indeed, given a Q-curve E/K, there 
exists a representation 

PE/ : Gal(Q/Q) ^ Q| GL 2 (Q^) 
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such that the restriction Pe/\^ agrees, up to multiplication by scalars, with the 
action of Gal(^/J^) on T^E. We define pE,e as follows. For each a G Gal(Q/Q), 
let Pa ■ E^ E he a,n isogeny. Then we can define 

PeA<^) ^ GL{TeE) 

by the rule 

PeA<^)(P) = pAPA- 

Now pE/ is not a homomorphism from Gal(Q/Q) to GL(T^F^). However, it is easily 
checked that 

PEAApEAT)pE,e{(TT)~^ 
acts on T^E in the same way as does 

Ce{cT,t) = {1/ deg Har) Pa Pr Par € (Hom(£;, £;) ®zQ)* = Q*- 

In particular, the pro jectivizat ions of the PeAA together into a projective 
Galois representation 

FpE^i : Gal(Q/Q) PGL 2 (Q^). 

It is easy to check that ce is a cocycle in iir^(Gal(Q/Q), Q*). A theorem of Tate 
shows that ce is trivial when the coefficients are extended from Q to Q, and this 
gives the existence of pE/^ One point of view is that pE,e is the ^-adic Galois 
representation attached to an abelian variety of GL 2 -type, which admits E as a, 
factor over Q [27, §6]. 

Note that the description above defines pE,e only up to twisting by scalars. 
In some cases there may be a “best” choice among the twists of Pe/, but in this 
paper we will always take the projectivization FpE,£ as our real object of interest. 
This projective Galois representation is an invariant of the geometric isogeny class 
of E. 



What kinds of Q-curves are there? 

A priori, a Q-curve can be defined over an arbitrarily complicated number field. 
Of course, a Q-curve defined over a large number field L might be geometrically 
isogenous to a curve over a smaller number field K. In fact, if we are considering 
Q-curves only up to isogeny, we may assume that A is a compositum of quadratic 
extensions of Q. (Of course, this would be false if we allowed our Q-curves to have 
CM!) 

Theorem 2 (Elkies,[6]). Let E be a Q-curve (without complex multiplication) over 
a number field L. Then E is geometrically isogenous to a Q-curve E' jK, where K 
is a Galois extension of Q with Galois group (fLjTLY . 

See [28] for a slightly more general version of this theorem with a different 
proof. 

One naturally wishes to place Q-curves in a moduli space. The presence 
of discrete invariants (for instance, the minimal degree of an isogeny between 
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E and its Galois conjugate) ensures that no single connected moduli space will 
parametrize all Q-curves. However, if all discrete invariants are held constant, the 
category of Q-curves is indeed parametrized by a modular curve. 

To fix ideas, consider the class of Q-curves E which are defined over quadratic 
fields K, and which admit cyclic isogenies of degree d to their Galois conjugates. 
We call such an £’ a Q- curve of degree d. Let E^ /K be the Galois conjugate of E. 
Then the isogeny (j) : E ^ E^ is represented by a point of Xo{d){K). Moreover, 
the Galois conjugate represents an isogeny (j)^ : E^ E. Since E does not 
have CM, cj)^ can only be ±(^. In other words, is the image of P under the 
Atkin-Lehner involution Wd- It follows that the image of P in the quotient curve 
X{){d)/wd is defined over Q. 

Let A be a squarefree positive integer, and let X*{N) be the quotient of 
Xq{N) by the group generated by all Atkin-Lehner involutions Wp,p\N. If x is a 
point of X*{N){Q) lying under a point y of Xq{N){K) for some number field K, 
and if E/K is an elliptic curve parametrized by y; then the Galois conjugates of E 
lie in the orbit of E under the Atkin-Lehner involutions. In particular, the Galois 
conjugates of E are all isogenous to E^ and E is a, Q-curve. 

What Elkies in fact proves in [6] is that every non-CM Q-curve is isogenous 
to one parametrized, as above, by a rational point of X*{N). So the title question 
of this section can be rephrased as follows: what are the rational points on X*{N)7 
More precisely: what are the rational points on X*{N) which are neither cusps 
nor CM points? 

We first observe that, as with the modular curves Xq{N), the curves X*{N) 
have genus greater than 2 when N is sufficiently large. Gonzalez and Lario [12] 
give a complete list of the N for which X*{N) has genus 0 or 1; there are 43 values 
of N for which X*{N) is rational and 38 values such that X*{N) has genus 1. In 
many of the cases where X*{N) is rational, explicit equations for the corresponding 
family of Q-curves have been worked out: see [12], [14], [16], [17], [24]. 

Since X*{N) has finitely many points for N sufficiently large, it is natural 
to make the following conjecture, which was first formulated (in somewhat greater 
generality) by Elkies. We call a point on X*{N) which is neither cuspidal nor CM 
an exceptional point. 

Conjecture 3. There are only finitely many positive squarefree integers N such 
that X*{N){Q) contains an exceptional point. 

Several examples of exceptional points are known: [6] exhibits an exceptional 
point on A*(191), and Galbraith ([9], [10]) gives several more examples of excep- 
tional points on X*(A’), with N as large as 311. 

We should emphasize that the method used by Mazur in [21] to control ratio- 
nal points on Xq{N) is not directly applicable to Conjecture 3. Mazur’s argument 
bounds the rational points on a curve X by means of a morphism 
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where A is an abelian variety with |A(Q)| < cxd. But each simple factor A of the 
Jacobian of X*{N) is associated to a newform of weight 2 and level N whose 
functional equation has sign —1. Under the Birch-Swinnerton-Dyer conjecture, 
every such A has infinite Mordell-Weil group, so Mazur’s argument does not apply. 
Note that this is the same difficulty that arises in the older problem of showing that 
the modular curve -^non-split (p) does not have rational points for p large enough. 

On the other hand, Mazur’s method may apply if we specify the field of 
definition K of the Q-curve. For example, Mazur shows in [21, §8] that, if /C is a 
quadratic imaginary field, and N is a. sufficiently large prime which is inert in K, 
then Xq{N){K) is empty. In particular, there are no Q-curves over K of degree N. 
More generally, let X be a quadratic field, x fhe corresponding quadratic Dirichlet 
character, and a a generator for Gal{K/Q). Let A/" be a prime. We denote by 
Xq{N)/Q the modular curve admitting an isomorphism 

(j ) : X^{N) XqK ^ Xo{N) xq K 

satisfying (j)^ = wn o cj). Note that (f) induces a bijection between Xq{N){Q) and 
the points P of Xo{N){K) satisfying = wnP- In particular, every Q-curve of 
degree N over K is parametrized by a point of Xq{N){Q). 

The cuspidal points of Xq{N) are no longer defined over Q, so it is not 
immediately clear that Xq{N) has any rational points at all, even locally. 

Problem A: For which \ and N does Xq{N) have rational points over every 
completion of Q? 

Noam Flkies pointed out to me that the answer to Problem A is certainly 
not “all X and A"”; for instance, the genus-0 curve Aq (5) is a Brauer-Severi curve 
which is rational if and only if 5 is a norm from K. 

Fven if Xq (A) has local points, one should be able to use Mazur’s argument 
to obtain reduction information about the corresponding Q-curves. 

Problem B: Suppose A is a real quadratic field, and let A be a prime which 
splits in K. Suppose A is a Q-curve over K of degree A. Show that E has poten- 
tially good reduction at all primes greater than 3. 

The conditions on A and K imply that the Jacobian of Xq (A)(Q) has quo- 
tients of the form A/, where / is a cusp form whose functional equation hais sign 
-f 1. By the results of Kolyvagin and Logachev, in order to show Af has rank 0, it 
suffices to show that the special value of the L-function L(/, s) at s = 1 is nonzero. 
This should be achievable by an averaging argument as in [8]. One then applies 
Corollary 4.3 of [21] to obtain the desired result. Can the arguments of [21, §5, 6, 7] 
be modified to show that under some circumstances there are no rational points 
on Xq^(A)? 

We have seen already that Q-curves yield rational points on X*(A); the 
problem of describing a Q-curve attached to a point of X*(A)(Q) is more subtle, 
due to the fact that X*(A) is not a fine moduli space. In particular, it is a delicate 
matter to determine a number field K over which all Galois conjugates of E and 




Q-curves and Galois Representations 



97 



the isogenies between them can be defined. We will not treat this problem here, 
simply referring the reader to [24], [25], [11], and the paper of Gonzalez, Lario, 
and Quer in this volume. 



Modularity 

We say a Q-curve E is modular if pE,i is the ^-adic Galois representation attached 
to a cusp form on Ti{N) for some N. Equivalently, E is a quotient of Ji{N)q. 
Note that this definition depends only on FpE/- 

Ribet showed in [27] that every elliptic curve over Q which admitted a non- 
constant morphism from Ji{N) for any A/' is a Q-curve. He also conjectured the 
converse: 

Conjecture 4 (Ribet). All Q-curves are modular. 

Naturally, progress towards this conjecture followed very closely upon the 
work of Wiles on modular deformations. Since this technique involves passing 
between £-adic and mod-^ representations, we now introduce the mod i represen- 
tation 

p^,^:Gal(Q/Q)^f^*GL2(F,) 

associated to a Q-curve E. Defining this representation is subtle only when i 
divides the degree for some a [7, Def. 2.14]. 

The first advance towards Conjecture 4 was made by Haisegawa, Hashimoto, 
and Momose [15]. Their idea was to consider a prime £ > 5 such that one of the 
isogenies 

Per • ^ E 

has squarefree degree which is a multiple of i. Then the curve E/K admits a ratio- 
nal ^-isogeny, which means the image of Gk under pE/ lies in a Borel subgroup. 
In fact, under certain circumstances the authors show that the image of Gal(Q/Q) 
under pE,e is a dihedral group. But dihedral Galois representations are known 
classically to be modular, so one can use the theorems of Wiles, Taylor- Wiles, and 
Diamond to conclude that the deformation pE,e of pE,i is modular well. Hida, 
working independently, proved a similar result using a similar method in [18], as 
did Momose and Shimura [23]. A typical result is the following: 

Theorem 5 (Hida, [18]). Let E he a quadratic Q-curve of degree p > 5 over a 
quadratic field unramified at p. Then E is modular. 

This approach generalizes quite nicely to Hilbert-Blumenthal abelian varieties 
over Q which are isogenous to all their Galois conjugates, or Q-HBAV’s: see [19, 
Cor. 3.3]. 

The results of [15], [18], and [23] yield modularity for many classes of Q- 
curves. However, these theorems do not apply to Q-curves of degree 2, a case 
which has particularly nice Diophantine applications described below. The author 
and Chris Skinner took a different approach to proving modularity of Q-curves 
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in [7]. Instead of exploiting the isogenies between conjugates, [7] uses the mod 3 
representation attached to E, which has solvable projective image and is therefore 
modular by the Langlands-Tunnell theorem. The lifting theorems of Wiles, as 
refined by Conrad, Diamond, and Taylor, then yield a modularity result for Q- 
curves, under certain local conditions at 3. For instance, one has the following 
theorem. 

Theorem 6 (Ellenberg-Skinner, [7]). Let E/K he a Q-curve with semistable reduc- 
tion at all primes of K dividing 3, and suppose that K/Q is unramified at 3. Then 
E is modular. 

There are infinitely many Q-curves whose modularity has not yet been proven. 
One example is the curve 

£■ : j/2 ^ 2.3 (_994708512V5^\/73 - 414461880\/5^ 

-4973542560V^ - 1089620282520)a; 
+36601957546560V5^\/^ + 5349307626327168 
+55021459817878848\/^ + 32065347994985088. 

This curve is parametrized by a point of X*(6); we obtained the equation by 
specializing the explicit description of the universal Q-curve over X*(6) given by 
Quer in [24, §6] to the point a = 2^ • 3^ • 73. 

The final proof of the Shimura-Taniyama conjecture for elliptic curves rests 
crucially on the use of the “3 — 5 switch.” The idea is as follows: suppose we wish 
to show an elliptic curve C/Q is modular, but the local behavior of C at 3 is so 
unpleasant that the 3-adic Tate module of C cannot be proved modular. Then one 
uses the rationality of the curve X(5) to find a curve C' with an isomorphism of 
Galois modules 

C[5] ^ C'[5] 

and which has a “better” mod 3 representation. One then uses the 3-adic repre- 
sentation to show modularity of C", and the coincidence of mod 5 representations 
suffices to show that modularity of C" implies modularity of C. 

This approach is unlikely to work for Q-curves. For instance, let E he a, 
Q-curve of degree 2. Then the set of pairs {E',(f)), where E' is a quadratic Q- 
curve of degree 2 and (j) is an isomorphism pE ,5 — pE', 5 i is parametrized by 
the rational points of a modular curve X, which is geometrically isomorphic to 
Xo{2) Xx(i) ^(5). In order to execute the desired switch, one wants X to have 
many rational points. But in fact, X hats genus 4. So one expects (though it is 
not clear how to prove!) that, for most there will be no other Q-curve with 
the same mod 5 representation. In other words, no “switch” is available, and we 
are stuck with the 3-adic behavior of no matter how disagreeable. The proof of 
Ribet’s conjecture in full, therefore, will require results on modular deformations 
on Galois representations which go beyond those currently available. 

Problem C. New results on Artin’s conjecture for icosahedral Galois repre- 
sentations have recently appeared ([1], [29].) Note especially that the result of [1] 
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does not stipulate local conditions at 3. Can these theorems be used in place of the 
Langlands-Tunnell theorem to show modularity for some Q-curves whose behavior 
over Q3 is very bad, but which, say, have good ordinary reduction at primes over 5? 



Surjectivity of mod-p representations 

The resolution of the Fermat problem rests on two crucial theorems concerning 
the Galois representations attached to elliptic curves over Q. One, the modularity 
theorem of Wiles and Taylor- Wiles, we have already discussed. The other is the 
theorem of Mazur: 

Theorem 7 (Mazur, [21]). Let C/Q be an elliptic curve, and p > 163 a prime. 
Then pc^p is irreducible. 

To what extent are theorems of this kind true for Q-curves? The nice fact is 
that, in some sense, the situation for Q-curves is better that for elliptic curves 
over Q. 

Theorem 8 ([ 8 ]). Let K be an imaginary quadratic field, and d a squarefree integer. 
There exists a constant Mk 4 such that, for all quadratic Q-curves E/K of degree 
d, and all primes p > Mk^, either 

• ^pE,p 'Is surjective; 

• E has potentially good reduction at all primes greater than 3. 

The natural conjecture here is that, for p large enough, pE,p is surjective 
whenever E is not CM. In this theorem one should think of “has potentially good 
reduction everywhere” as a proxy for “is CM”. (Compare with [22].) 

The idea of the proof is as follows. Let G be a maximal proper subgroup of 
PGL2(Fp). As in Mazur’s original argument, we are trying to control points on 
a certain modular curve X, whose rational points parametrize Q-curves E over 
K such that P£;,p(Gal(Q/Q)) C G. In [21], G is a Borel subgroup, K = Q, and 
X = Xo{p)] in [23], G is the normalizer of a split Cartan subgroup. 

Now the main arithmetic step is to show the existence of a quotient 

J{X) A 

with |A(Q)| < 00. 

The proper maximal subgroups of PGL2(Fp) are the Borel subgroups, the 
normalizers of Cartan subgroups, and the exceptional subgroups isomorphic to 
^4,^4, or A5. If G is anything other than the normalizer of a non-split Cartan 
subgroup, it is not hard to show the existence of an A as above by imitating existing 
results. So from now on let X be the modular curve parametrizing quadratic Q- 
curves over K of degree d, whose mod p Galois representation takes image in the 
normalizer of a non-split Cartan subgroup of PGL2(Fp). If J{X) has a quotient 
with Mordell-Weil rank 0, Theorem 8 follows after applying a formal immersion 
theorem of Darmon and Merel [3] . 
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A result of Chen and Edixhoven ([2], [4]) shows that J{X) is a quadratic twist 
of {dp^)/wp. In particular, if / is a weight 2 cusp form of level dp^ which 

does not come from level dp^ and which satisfies Wpf = /, then J{X) has a quotient 
which is isomorphic over K to the modular abelian variety Af. Thanks to work 
of Kolyvagin and Logachev, in order to show that a quotient A has Mordell-Weil 
rank 0, we need only show non- vanishing of the special value of the L- function 
attached to A at the center of the functional equation. Precisely: for us, it will 
suffice to prove the following lemma. 

Lemma 9. Let x ihe quadratic Dirichlet character associated to K/Q. For all 
sufficiently large p, there exists a weight 2 newform f of level p^ such that Wpf = f 
and L(/(g)x, 1) ^ 0. 

In fact, more is true: as Duke observed in [5], one can use the Petersson 
formula to approximate the average value of L(/(8)x, 1) as / ranges over newforms 
satisfying the criteria in Lemma 9. In order to prove that L{f 0 X) 1) is nonzero 
for some such /, it suffices to prove that the average is nonzero for p large enough, 
which is immediate from the analytic estimate. 

Problem D: Optimize the dependence of Mk 4 on K and d in Theorem 8. 

Problem E: Extend Theorem 8 to Q-curves over polyquadratic fields. 



Diophantine problems 

A solution to the Fermat equation A^ F = 0 gives rise, via the Erey- 
Hellegouarch construction, to an elliptic curve over Q whose associated mod p 
Galois representation is unramified away from a small set of primes defined in- 
dependently of A^B, C. Analogously, certain “twisted” versions of the Fermat 
equation give rise to Q-curves whose mod p Galois representations satisfy similar 
non-ramification conditions. 

Proposition 10. Let d he a positive integer and let a € Q(Vd) he an algebraic 
integer of norm ±2. Let A^B he integers. Then 

E = Ea,b = AaVdAx‘^ 4- 2a^{dA^ - dT^I^B)x 

is a curve over Q{y/d) of degree 2. The isogeny : E E^ has equation 

(x,y) 1-^ {a~‘^{y^ /x^),a~^yx~‘^{2a^{dJ^ - d~^^‘^B) — 

and the automorphism of E is multiplication hy the norm of a. The invariants 
of the given Weierstrass model of E are 

E 4 = 32a^{5dA'^ + 



and 



A = 3l2a^{dA^ + d-'-/^B){dA^ - d~^/^Bf. 
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Note that the odd primes dividing A are precisely those dividing {dA)'^ — dB‘^. 
Suppose (A, B^C) is an integral solution in coprime integers to 

{dA)^ - dB^ = 2^CP. 

Then it follows from the theory of the Tate curve that the mod p representation 
Ea,b[p] is unramified away from 2 and primes dividing d. Moreover, if 3 /fd, the 
representation Ea,b[v] is modular, by [7]. Finally, in many cases we can show that 
Ea,b\p] is surjective, by the argument of the previous section. By combining all 
these facts we can obtain Diophantine theorems. For instance, taking d = —I and 
a = 1 + we find ([8]) that the generalized Fermat equation A"^ + B‘^ = has 
no solutions in coprime integers for p > 211. 

Another interesting case arises from the elliptic curve 

y^ + l = 2x^ ( 1 ) 

whose integral points are related to the problem of expressing tt as a sum of rational 
arctangents [26, §A.12]. In particular, the point (13,239) corresponds to Machin’s 
formula 

7t/4 = 4arctan(l/5) — arctan( 1/239). 

The problem of determining all integral solutions to (1) was first solved by Ljung- 
gren [20]. Using the material in this section, one can reprove Ljunggren’s result 
with a bonus: we can, in a sense, explain why there is an integral point on (1) with 
large height. 

Setting A = X, B = 2y, we have 

(2A)^ - 2B^ - 8; 

setting d = 2 and a = \/2, we have a Q-curve Ea,b over Q(v^) which has good 
reduction away from 2. By Tate’s algorithm one finds that Ea,b has conductor at 
most 2^^, and by [7] we know Ea,b is modular. To find the possibilities for Ea,b^ it 
thus suffices to find the Q-curves among the modular abelian varieties of conductor 
dividing 2^^. The only difficulty is that there might be multiple Q-curves Ea,b 
lying in the same isogeny class. In fact, this is precisely what happens. There is an 
weight 2 newform / of level 1024 with as{f) = \[2, a^{f) = ~V2, = -2 . . . 

It turns out that the mod 5 Galois representation associated to this newform is 
reducible; that is, there are two Q-curves, connected by a 5-isogeny, attached to 
the same modular form. One of these curves is £' 1,2 and the other is £ 13 ,- 478 - 
In other words, the existence of a large- height solution to Ljunggren’s equation is 
“explained” by the presence of a rational 5-isogeny on one of the modular abelian 
varieties of conductor 2^^. 

In general, the method outlined here should give information about integral 
solutions to equations of the form 

e Z[l/N]* 

and A'^ - mB^ = 



where m is a squarefree integer prime to 3. 



( 2 ) 

(3) 
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If {A,B) is a solution to (2), the Q-curve Ea,b has good reduction away 
from primes 2mA/', and its conductor can thus be bounded by some constant M: 
if M is not too large, one can then look up in tables the weight 2 cusp forms 
of conductor dividing M whose associated abelian varieties are Q-curves. Finally, 
one bounds the degree of an isogeny between Q-curves of conductor dividing M 
as in [21, §5,6,7], thus classifying all Q-curves associated to the modular abelian 
varieties under consideration. 

Finding the solutions to (3) is more subtle; one still has that Ea,b is mod- 
ular, but all one can conclude is that Ea,b[p] is a modular Galois representation 
with conductor less than some fixed M. If there exist surjective mod p modular 
representations V of that conductor, it may be quite difficult to control the set 
of Q-curves E such that E[p] = V. On the other hand, one may be lucky enough 
to find, 8LS in [8], that the computation of the conductor forces Galois to act non- 
surjectively on Ea,b[p]] in this case, one can hope to use Theorem 8 to get a 
Diophantine result. 

Problem F. What Diophantine problems are associated to quadratic Q-curves 
of small degree higher than 2? A natural approach is to work out a set of generators 
for the ring of modular forms on X*{d) for small d; if this ring has the form 

C[AB,C]/f{AB,C) 

and C generates the ideal of cuspforms, then one should be able to classify triples 
of coprime integers (A, B, C) such that C is a pth power and /(A, B^ C) = 0. The 
prototypical example is the case d = 1, in which case the ring of modular forms is 
given by 

C[E4,Ee,A]/{E^ - = 1728A) 

and the Diophantine equation of interest is 

x^-y^ = zP. 
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On the Local Behavior of Ordinary Modular 
Galois Representations 

Eknath Ghate 



Abstract. We show that if the restriction to the decomposition group at p of 
the p-adic Galois representation attached to one member of a Hida family of 
elliptic modular cusp forms is non-split then it is non-split for all but finitely 
many members of this family. We explain the relevance of this result to a 
question of Greenberg on the local splitting behavior of ordinary modular 
Galois representations. 



1. Greenberg’s question 

In this paper we investigate a question of R. Greenberg concerning the local split- 
ting behavior of the Galois representation attached to an ordinary primitive elliptic 
modular cusp form. 

Let us state Greenberg’s question. Let f = Y2 /) denote a primitive 
elliptic modular cusp form of weight k > 2, level N > 1 and nebentypus x • 
(Z/N)^ . Here primitive means that / is a normalized newform that is a 

common eigenform of all the Hecke operators. Let Q denote an algebraic closure of 
Q and fix an embedding too of Q into C. Let Kf denote the number field generated 
by the Fourier coefficients a(n, /) of / via the embedding too. It is well known that 
Kf is either a totally real field or a CM field [16, Page 185]. 

Let p be a prime. Fix an embedding tp of Q into Qp and let p be the prime 
of Q induced by this embedding. We write again p for the restriction of p to any 
subfield of Q. In particular p is a prime o^ Kf. Let Kf^p denote the completion of 
Kf at p. Eichler, Shimura and Deligne attach a Galois representation to / 

Pf : Gal(Q/Q) GL 2 (i^/,p) 
which has the property that for all primes i outside Np 
trpy(Frob^) = Ci{i, f) and detp/(Frob^) = 

We write pf p instead of pf when we wish to emphasize that p / takes values in 

^/,P- 

Let Gp denote the decomposition group at p determined by the embedding 
ip. We say that / is ordinary at p (with respect to the embedding ^oo) if cl{p^ f) 
is a p-adic unit. If / is ordinary at p then Deligne, Mazur-Wiles [12] and Wiles 
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[20, Theorem 2] have shown that the restriction of p/ to Gp is ‘upper triangular’. 
More precisely let F be a model for Pflcp^ this is a two-dimensional vector space 
over Let Kf^p = Qp be the algebraic closure of Kj^p. Then there exists a 

basis of V := V ^ with respect to which p/lcp has the following shape: 

“) ( 1 - 1 ) 

where e,S : Gp ^ ^f,p characters with e unramified, and u : Gp ^ K f^p is a, 
continuous function that is not necessarily a homomorphism. Moreover e(Frobp) 
is equal to the unique p-adic unit root of the polynomial x‘^ — a{p, f)x -hp^~^x{p)^ 
where we take x(p) = 0 if p | A/". 

The map u has a cohomological interpretation. Let c : Gp Kf^p be the 
map defined by 

49) = e^\g)-u{ 9 ) 

for all g G Gp. Write Kf^p{Se~^) for Kf^p thought of as a Gp-module via the 
character Se~^. Then it is easy to check that c e Z^{Gp, K f^p{6e~^)) is a 1-cocycle. 
Thus c represents a cohomology class 

[c]eli\Gp,Kpp{Se-^)). 

Let Vi be a Gp-stable line in F. A line 1^2 C F is said to be complementary 
to V\ if Vi 0 F 2 = y • Let us say that Pf\cp splits, or that pf is split at p, if V has 
a Gp-stable line and a Gp-stable complementary line to it. The following easily 
proved lemma characterizes when Pf\cp splits in terms of the vanishing of the 
cohomology class [c] defined above. 

Lemma 1. pf\cp splits if and only if [c] = 0 in {Gp, K f^p{Se~^)) . 

Greenberg hcis asked the following question concerning the splitting behavior 
of the restriction of p/ to Gp. 

Question 1. Let f be a primitive cusp form that is ordinary at p. When is the 
representation p/|cp split? That is, when is the cocycle c that is defined in terms 
of the upper- shoulder map u in (1.1) a cohoundary? 

The purpose of this paper is to provide some answers to Question 1 . It is not 
difficult to see that if / has complex multiplication, or CM for short, then pj splits 
at p (see Propositions 3 and 5 below). A natural guess for an answer to Question 1 
is therefore: 

(??) p/|cp splits if and only if / has CM. (1.2) 

As far as we are aware almost all evidence in support of the ‘only if’ direction 
in guess (1.2) is when / has weight 2 (more on this below). For this reason the 
following theorem concerning cusp forms of higher weight is of interest. To state it 
we need some notation. Assume for simplicity that p is prime to N. Let // for I > 1 
denote the members of the Hida family containing / (see [9], [10] and Section 3 
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below). The form fi hats weight level dividing Np, and character x^p ^ where 
Ljp : (Z/p)^ — > /ip_i is the Teichmiiller character. Moreover, each fi is ordinary at 
p, and, if / = A: then ~ pf. Now, following a suggestion of R. Greenberg, we 
prove (see Theorem 3 below): 

Theorem 1. If pj^^ \cp is not split for one weight Iq > 2 then pj^ \cp splits only for 
finitely many weights I >2. 

It is a consequence of Hida’s theory that the forms // for / > 2 either all 
have CM, or no fi for / > 2 has CM (see, for instance, [5]). In particular if / does 
not have CM then /2 does not have CM. In view of the weight 2 results to be 
described shortly one may now take Iq — 2 and specify conditions under which 
the hypothesis of Theorem 1 holds. Then the theorem shows that under these 
conditions the ‘only if’ direction of (1.2) holds for all but finitely many of the fi 
for I > 2. 

While Theorem 1 does not answer Greenberg’s question for the cusp form 
/ we started with, it is nevertheless possible in some cases to specify the finite 
set of exceptional weights I for which p/JGp is split: these are the weights I for 
which the quantity T==(l+p)^ — lisa zero of a certain power series g{T). In 
Section 5 we illustrate this circle of ideas for / == A, the unique primitive cusp 
form of level 1 and weight 12. Under a suitable hypothesis of total ordinariness 
on A 2 , the weight 2 member of the family containing A, we obtain a criterion for 
the splitting behavior of Pa\gp in terms of the vanishing of a power series (see 
Theorem 4 below). 

Let us now describe what can be said about the ‘only if’ direction in guess 
(1.2) when / has weight k = 2. Some of the results we describe below are explicitly 
in the literature and others are simple extensions of these results and so may be 
known to the expert. Assume first that p does not divide N . U K j = Q, so that / 
corresponds to an elliptic curve with good ordinary reduction at p, then Serre and 
Tate have proved that (1.2) holds (see [14]). It is possible to generalize this result 
as follows. We shall say that / is totally ordinary at p if / is ordinary at p for each 
prime p\p of Kf. In addition we say that p/ is totally split at p if p/,^ splits at p 
for all such p. Then we prove (see Proposition 4 below): 

Proposition 1. Suppose f has weight 2 and that p N. Suppose that f is totally 
ordinary at p and that Pf is totally split at p. Then f has CM. 

The proof of Proposition 1 is based on a study of the endomorphism algebra of 
the abelian variety A / associated to / by Shimura and uses the theory of p-divisible 
groups. It builds on the above-mentioned work of Serre and Tate [14]. Proposition 1 
was proved independently by Emerton [4] and, when p splits completely in AT/, by 
Ribet [13]. 

Let 7T denote the automorphic representation corresponding to / and let 7Tp 
denote the local component of tt at p. If p /[ A" then TTp is in the unramified principal 
series. A statement similar to the proposition above also holds when p\N and the 
power of p dividing N is the same as the power of p dividing the conductor of y 
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in which case 7Tp is in the ramified principal series. One only needs to modify the 
notions ‘totally ordinary’ and ‘totally split’ appropriately. Since in this case 

aipj)a{p,f) =P^~^ =p, 

the sum of the p-adic valuation and the p-adic valuation of a{p, f) is non-zero 
for any prime p\p of Kf. We shall say that / is totally ordinary at p if for each 
such prime p either a{p, f) is a p-adic unit or it is a p-adic unit. We shall further 
say that pf is totally split at p if in addition either pf,p\cp splits, when a{p,f) is 
a p-adic unit, or Pf,p\Gp splits, when a(p, /) is a p-adic unit. We then have the 
following result (see Proposition 6 below): 

Proposition 2. Suppose that f has weight 2 and that p\N. Assume that the power 
of p dividing N is the same as the power of p dividing the conductor of x- Suppose 
that f is totally ordinary at p and pf is totally split at p. Then f has CM. 

If pIIA/' and p does not divide the conductor of \ (in this case tt^ is a twist of 
the Steinberg representation) then p/ is ordinary at a prime p of Q lying over p 
exactly when k = 2. Moreover in this case / does not have CM and it is a result 
of Ribet [13] that pj^p is not split at p for each prime p of Kf lying over p. Finally 
if the exponent of the power of p dividing N is larger than one and unequal to the 
exponent of the power of p dividing the conductor of x (fhis includes the cases 
where tt ^ is supercuspidal) and k >2 then Op = 0. So f is not ordinary at p for 
any prime p of Q and Greenberg’s question does not arise in this case. 

The above discussion shows that much is known about Question 1 in the 
weight 2 case. However we stress that although all the above-mentioned results 
support (1.2) it is remarkable that the ‘only if’ direction in (1.2) appears still to 
be open even in weight 2. For instance say / is a non-CM form of weight 2 such 
that Af is an abelian surface, i.e., Kf is a, quadratic field. Say that p | AT and 
p = pp' splits in Kf. Suppose / is ordinary at p but not ordinary at p'. Then 
after (1.2) one might expect that pf^p is not split at p, but this does not appear 
to be known. 

In forthcoming joint work with V. Vatsal [5] we study the weight 1 specializa- 
tions of Hida families. As a consequence we show that in a non-CM family, all but 
finitely many of the weight I > 2 specializations have non-split local Galois repre- 
sentation. This is a stronger result than Theorem 1 since we make no non-splitting 
assumption on any one member of the family. However, we do assume that p is 
odd, and work under some conditions on the mod p representation attached to the 
family. See [5] for further details. 

We end this paper by giving an equivalent formulation of Question 1 in the 
case that N is prime to p in the setting of filtered modules. This was posed by 
Breuil during his lectures [1] at the CRM in Barcelona in the summer of 2001. 
As a final remark let us mention that much work has been done on the analog of 
Greenberg’s question in the mod p setting. Here we refer the reader to the papers 
of Gross [8] and Coleman- Voloch [2] . 
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2. Abelian varieties and weight 2 

The main objective of this section is to investigate Greenberg’s question when the 
cusp form / has weight k = 2. However since some of the results we present are 
valid for fc > 2 we do not make any blanket assumption on the weight k. 

Some of the results we present below occur explicitly in the literature and 
others may be well known to the experts. We collect together here these results 
with proofs for our as well as for the reader’s convenience. 

It is natural to break the problem up into two cases: p )( N and p\N. 

2.1. Casep J(N 

Consider the first case. We have the following proposition. 

Proposition 3. Suppose that f is a CM form of arbitrary weight k > 2. Suppose 
that p J( N and that f is ordinary at p. Then pf^p splits at p. 

Proof Since / has CM, there is a quadratic Dirichlet character xf such that 
^(^7 /) = ^(^7 f)i^{Q) all but finitely many primes q. This means that 

Pf ~ Pf^ip (2.1) 

where xp is thought of as a character of Gal(Q/Q). Let F denote the quadratic 
extension of Q cut out by xp and let H = Gal(Q/F). Then (2.1) implies that 

Pf ~ lnd^(0) 

for some Hecke character <p : H Qp . Let a denote the non-trivial element of 
Gal(F/Q) and let (p^ denote the conjugate character of H. Then 

~ (o r)- 

Comparing determinants on H we see that 

4>r = (2-3) 

where i/p : Gal(Q/Q) ^ is the p-adic cyclotomic character. 

Let p be the prime of F determined by the embedding ip. Let Hp denote a 
decomposition subgroup of i/ at p. After (1.1) at most one of (p or (p^ is ramified 
at p. On the other hand, since p A', X is unramified at p. Since is ramified 
at p at least one of (p or cp^ is ramified at p. Thus exactly one of cp or (p^ ^ say 0, 
is ramified at p. But this means that p splits in F. Indeed if it were inert, then cp 
would be unramified at p^ = p which is a contradiction. Likewise p cannot ramify 
in F. Thus p = pp"^ splits in F and we have Gp = Hp C H so that comparing (1.1) 
and (2.2) we see that pf^p splits at p. 

The following simpler argument was suggested by the referee. Since we are 
working over a field of characteristic 0, to show p/|cp is semisimple it suffices to 
show that Pf is semisimple on an open subgroup of Gp. Now since / has CM, p/ is 
semisimple and abelian on H. But an abelian semisimple representation remains 

semisimple after arbitrary restriction. The proposition follows. □ 
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What about a converse to the above proposition? We offer the following result 
when / has weight 2. The proof was inspired by an argument of Serre contained 
at the back of his book [14, Chapter IV, A. 2. 3-4]. The result below was proved 
independently by Emerton [4, Theorem 1.3] and a slightly weaker result (requiring 
p to split completely in Kf) may be found in Ribet [13, page 785]. 

Proposition 4. Let f have weight 2. Suppose that p )( N. If f is ordinary at each 
prime p of Q lying over p and pf^p is split at p for each such p, then f is a CM 
form. 

Proof. Write A = Aj for the abelian variety attached to / by Shimura. Recall 
that A is defined over Q, is simple over Q, and has multiplication by an order 
in the ring of integers oi Kf (making it an abelian variety of GL 2 -type). Since 
p V, A has good reduction at p, and the representation of Gal(Q/Q) on the 
^-adic Tate module of A, where £ is a prime distinct from p, is unramified at p 
(cf. the criterion of Neron-Ogg-Shafarevich [15, Theorem 1]). Let A denote the 
reduction of A at p. It is an abelian variety over Fp. Let End(A) denote the ring of 
all the endomorphisms of A thought of as an abelian variety over Q, and likewise 
let End(A) denote the ring of all the endomorphisms of A thought of as an abelian 
variety over Fp. There is a natural map 

End(A) ^ End(A) (2.4) 

which is well known to be an injection. We claim that, under the hypotheses of 
the proposition, the map (2.4) is also a surjection after possibly replacing A by an 
isogenous abelian variety. 

Let A(p) denote the p-divisible group attached to A and likewise let A(p) 
denote the p-divisible group attached to A. These are p-divisible groups over Q and 
Fp respectively. Let / G End(A). We wish to show that / lifts to an endomorphism 
/ of A. To prove this it suffices to show that the induced morphism /(p) of A(p) 
lifts to a morphism of A(p). That is, it suffices to show that the induced map on 
p-divisible groups 

End(A(p)) — > End(A(p)) (2.5) 

is a surjection (it is known to be an injection). In the setting of [14, Chapter 
IV, A. 2. 3-4] (where A is defined over Zp to start with) the fact that (2.5) is 
surjective implies that (2.4) is surjective is attributed to an unpublished result 
of Tate. We now show, following a suggestion of Conrad, how the surjectivity of 
(2.4) follows from that of (2.5) in our setting where A is defined over Q. Let i 
denote an arbitrary prime and let A{i) and A{£) denote the associated ^-divisible 
groups over Q and Fp respectively. If (2.5) is an isomorphism then the natural map 
End(A(^)) End(A(£)) is an isomorphism for every prime £ since for ^ ^ p it 

is automatically an isomorphism because both the ^-divisible groups involved are 
etale. On the other hand by the Tate conjecture for abelian varieties over number 
fields (due to Ribet in the case at hand, namely modular abelian varieties defined 
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over Q, but in general due to Faltings) we have 

End(A) (g) - Endc JT^(^)) = End(yl(^)) 

where L is a number field over which all the endomorphisms of A are defined and 
Gl = Gal(Q/L). Similarly (this time by a result of Tate himself) we have 

End(i) (g)Ze = EndH(T^(A)) = End(A(£)) 

where II is a finite index subgroup of Gal(Fp/Fp). Putting things together we see 
that if (2.5) is an isomorphism then (2.4) is an isomorphism when tensored with 
Z£ for all primes £ and therefore that (2.4) itself is an isomorphism. 

We now prove that (2.5) is an isomorphism after possibly replacing A by an 
isogenous abelian variety. To do so we may replace A by the Neron model of A 
defined over Zp which we continue to write as A. 

Let Of denote the ring of integers of Kf. By replacing A by an isogenous 
variety if necessary we may assume that Of C End(A). Consider the decomposition 
of p into prime ideals given by pOf = Ylp\p where is the ramification index 
of p\p. For each prime p oi Kf lying over p let A{p) denote the p-divisible group 
formed out of the commutative finite flat group schemes for n = 1,2, — 

Then A{p) has height 2epfp where fp is the residue degree of p\p. Further the 
decomposition of the group scheme A[p^] = Y[p\p each n induces the 

decomposition 

mp ) = n 

p\p 

of the p-divisible group A{p). 

By hypothesis each pf^p splits at p. This means that A{p), thought of as a 
p-divisible group over Qp, splits into two p-divisible groups over Qp of height Cpfp 
each. By a theorem of Tate [19, Theorem 4] we deduce that A{p) splits over Zp 
itself: 



A{p) = Hi{p) X H 2 (p) 

where the Hi{p) are p-divisible groups over Zp of height Cpfp. In particular A{p) = 
H,{p)xH2{p). 

Since / is p-ordinary the characteristic polynomial of the crystalline Frobe- 
nius on the Qp-crystal attached to A(p) namely 

+ x{p)p''~^) ( 2 - 6 ) 

has an ordinary Newton polygon. Since in the isogeny category of p-divisible groups 
over Fp the Hi{p) are i^/,p-modules, one of the Hi{p) must be etale and the other 
is therefore multiplicative. Say Hi{p) is etale and H2{p) is multiplicative. If follows 
that Hi{p) is etale and that H2{p) is multiplicative. In particular A{p) = Hi x H2 
where Hi — Yl^iip) is etale and H 2 — n^ 2 (p) is multiplicative. 
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Since there are no maps between an etale p-divisible group and a multiplica- 
tive p-divisible group we are reduced to showing that if G is a ‘pure’ (that is either 
an etale or a multiplicative) p-divisible group over Zp then 

End(G) =End(G). (2.7) 

But by duality it suffices to prove (2.7) when G is etale in which case it is known to 
be true [14, Lemma, Chapter IV, A. 2. 3]. Summarizing we have shown that after a 
possible replacement of A by an isogenous abelian variety End(A(p)) = End(A(p)) 
and the map (2.4) is an isomorphism. 

Recall that an abelian variety X defined over an arbitrary field is said to be 
of CM- type if End(A) (g)Q contains a semi-simple commutative Q-subalgebra of 
dimension 2dim(A) over Q. Since A is defined over a finite field it is an abelian 
variety of CM-type. After tensoring with Q, (2.4) is an isomorphism for A — Aj^ 
so A f is of CM-type as well. By a result of Shimura [18, Proposition 1.6], / is a 
CM form. □ 

2.2. Case p | N 

Let us turn our attention to the second case, namely, let us assume that p\N. 
Write Np for the exponent of the exact power of p that divides N. Let C denote 
the conductor of \ let Cp denote the exponent of the exact power of p that 
divides C. Then we have that either 

1. (Principal series) Np = Cp in which case |a(p, /)| = p(^~L/2^ 

2. (Steinberg) Np = 1 and Cp = 0 in which case a(p, f)^ = x{p)P^~^^ 

3. (Other) Np >2 and Np ^ Cp in which case a(p, /) = 0. 

The last case contains the cases where 7Tp, the local factor at p in the automorphic 
representation tt attached to /, is supercuspidal. 

We now discuss each of the above cases in turn, mostly under the additional 
hypothesis that k = 2. 

2.2.1. Principal series case 

Proposition 5. Suppose that f is a CM form of weight k > 2. Say p\N and Np — 
Cp. If f is p-ordinary then pf^p splits at p. 

Proof. The proof is similar to the proof of Proposition 3. The only difference worth 
noting is that the nebentypus character x is now ramified at p. Nonetheless the 
equation (2.3) shows that at least one of (j) or (j)^ is ramified at p and the proof 
proceeds as before. Note also that the proof of Proposition 3 suggested by the 
referee applies verbatim in the present case. □ 

Again we can offer a converse similar to Proposition 4 when the weight of 
/ is 2. Recall that complex conjugation induces an automorphism oi Kf. When 
k = 2 we have a(p, f)a{p, f) = p. In particular the sum of the p-adic valuation of 
a(p, /) and the ^adic valuation of a(p, /) is non-zero. 
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Proposition 6. Suppose that f has weight 2, and that p\N with Np = Cp. Suppose 
that for each prime p\p of Kf either a{p^ f) is a p-adic unit and pf^p splits at p, 
or a{p^ f) is a p-adic unit and pf^p splits at p. Then f is a CM form. 

Proof The proof is similar to that of Proposition 4 and so we only outline the 
differences here. This time the abelian variety A = Af has potentially good 
reduction at p. This may be seen by studying the ^-adic Galois representation 
p : Gal(Q/Q) Aut(T^(A)) on the ^-adic Tate module of A for a prime i ^ p.lt 
turns out that p{Ip) has finite image, so that p is unramified when restricted to a 
finite extension F of Q. Further, the number field F is independent of i and may 
be taken to be the field cut out by the p-part of the nebentypus character y. By 
[15, Theorem 2], A has good reduction at p, the unique prime of F lying over p. 

Let B = A Xq F and let B denote the abelian variety over Of/P which is 
the reduction of B at the prime p. The proof of Proposition 4 now goes through as 
before if we replace Ahy B. Indeed for each prime p\p oi Kf we must have p ^p 
since the sum of the p-adic valuation of a(p, /) and ^adic valuation of a(p, /) is 
non-zero whereas exactly one of these two valuations is zero by hypothesis. Thus, 
replacing B by an isogenous abelian variety if necessary, we may decompose the 
p-divisible group B{p) as follows: 

B{p) = l[B{p) = G,xG2 

P\P 

where Gi is the product of all the B{p) with a(p, /) a p-adic unit and G 2 = Gi is 
the product of the remaining B{p). 

Now by hypothesis pf^p is split when restricted to i/p, the decomposition 
group of F at p, for all primes p of Kf such that B{p) occurs in G\. So for each 
factor B{p) occurring in G\ we may write B{p) = Hi{p) x H 2 {p) as before. On 
the other hand the characteristic polynomial of the crystalline Frobenius on the 
Qp-crystal attached to B{p) is 

~ •^))) 

where x' is the prime to p-part of \ (compare with (2.6)). Thus as before B{p) is 
ordinary and is a product of an etale and a multiplicative p-divisible group. We 
conclude as before that say Hi{p) is etale and H 2 {p) is multiplicative. In particular 
Gi is a product of an etale and a multiplicative p-divisible group. Since G 2 = G\ 
we see that the same is true for G 2 and therefore also for G. The rest of the proof 
proceeds as before showing that (replacing B by an isogenous variety if necessary) 
End{B{p)) = End{B{p)) and B is an abelian variety of CM-type. We conclude 
that A is an abelian variety of CM-type and that / is a CM form. □ 

2.2.2. Steinberg case The following result of Ribet [13, Theorem 3.6.2 a)] com- 
pletely answers Greenberg’s question in the Steinberg case when k — 2. For com- 
pleteness we will give the proof. 
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Theorem 2. Suppose that f has weight 2 and that the p-part of \ trivial Suppose 
that p||A^. Then f is ordinary at each prime p of Q and pj^p is not split at p for 
all such p. 

Proof For the first statement note that / is ordinary at every prime p of Q 
simply because a{p, f) is a root of unity. For the second, let A = Af he the 
abelian variety attached to /. First assume that A = F is an elliptic curve with 
split multiplicative reduction at p (so a{p, f) = 1 and not —1). Then it is well 
known that the Galois representation attached to p is non-split when restricted 
to Gp. This follows from the theory of the Tate curve. Indeed, under the above 
hypotheses, is isomorphic to a Tate curve defined over Q^, so that 

m,) = ^ 

for the Tate period q e Qp of E. A set of g^-coset representatives of the p’^-torsion 
points of E is therefore given by for 0 < /, m < n — 1 where C is a primitive 
p'^ -root of 1 and a is a -root of q. As a module for Gp = Gal(Qp/Qp) we see 
that E\p'^]{Qp) fits in an exact sequence 

1 ^ _ E[p^] ^ Z/p" ^ 1, 

where the map E\p'^] ^ Z/p’^ is induced by i-^ m. Thus the above sequence 
is not split as a sequence of Z[Gp]-modules. If Vp{E) is the Tate module of E 
tensored with Qp we obtain a non-split exact sequence of Qp[Gp]-modules: 

1 ^ Qp(l) ^ Vp{E) ^ Qp ^ 1 

and thus pf does not split at p in this case. If A = E has non-split multiplicative 
reduction at p (so a{p, f) = —1), then E acquires split multiplicative reduction 
over an unramified quadratic extension K of Qp, and E/[^ is isomorphic to a Tate 
curve defined over K. Now the above argument goes through if one works over K, 
showing that pf is not split on Gal{Qp/K) C Gp. It follows that p/ does not split 
at p. 

Now say that A = Af has dimension p > 1. It is known that A has purely 
multiplicative (not necessarily split) reduction at p (see [3]). There is a general 
theory of p-adic uniformization of abelian varieties that are defined over finite 
extensions of Qp and have purely multiplicative reduction at p. This is due to 
Tate, McCabe, Mumford and Raynaud (for references see [13]). This theory was 
used in [13] to show that restricted to Gp does not split at p for each prime 
p of Kf with p\p. Let us recall the argument. It basically extends the argument 
for the case p = 1 outlined above. First assume that A has split multiplicative 
reduction at p. Then, working over Qp, one has 



MQp) = 



L 
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for a certain free subgroup L = {qi,q2, - • ,Qg) of rank g generated by periods 

Qi ^ (Qp Y- Write qi ^ {qn , • • • qig) for qij G Qp . Let aij denote a p""' -root of 

qij . Then a set of L-coset representatives of the p’^-torsion points of A is 



u(lr,ms) ■■= (c'‘an'ari^ • ’ ■ ■ ■ ’C‘"’ 

where 0 < Ir ^ rris < — I iov 1 < r, s < g. As a module for Gp = Gal(Qp/Qp) we 

see that A[p'^ 



}p) fits in the exact sequence 

I ^ ^9 A[pr^] ^ {Z/p^^ 



1 , 



where the map A[p^] — ^ {Zjp^)^ is induced by 



u{lr,rris) ^ . . . ,mp). 

Again the above sequence is not split as a sequence of Z[Gp]- modules. If Vp{A) is 
the Tate module of A tensored with Qp we obtain a non-split exact sequence of 
Qp [Gp]-modules: 

1 ^ ^ Vp{A) -> Q® ^ 1. (2.8) 

Now Vp{A) is a free Kf <S)Qp module of rank 2. Note that 

Kf^Qp = 0p|pA^/,p- 

Since the action of Ky commutes with the action of Gp the module Qp(l)^ above 
is a Kf ^ Qp-module which in fact is free of rank 1. Thus, if p|p, we may take 
p-eigenspaces in the exact sequence (2.8) above, to obtain the exact sequence of 
Z[Gp]-modules: 

1 ^ ^ V^{A) ^ ^ 1. (2.9) 

Here Vp{A) = ^^\pVp{A) and Vp{A) = Kj ^ as a vector space is the p-eigenspace 
of Vp{A). An egisy argument of Ribet now shows that the sequence (2.9) is still 
non-split. We conclude that pj^p restricted to Gp is non-split. If A does not have 
split multiplicative reduction at p, then, as in the elliptic curve case, we may 
extend scalars to a finite unramified extension K of Qp over which A has split 
multiplicative reduction, and deduce that p/,p is non-split on Gal(Qp/JT). Hence 
pf^p is non-split on Gp. □ 



It is a consequence of the above theorem that if / has weight 2 and is Steinberg 
at p, that is Ap = 1 and Gp = 0, then / does not have CM. This can also be 
seen using £-adic representations for i ^ p. Indeed, the inertia group Ip at p has 
finite image under the ^-adic representation attached to a CM form. On the other 
hand, it is a result of Langlands [11] that Ip has infinite image under the £-adic 
representation attached to a form that is Steinberg at p. 



2.2.3. Other cases If Ap > 2 and Ap ^ Gp then a(p, f) = 0 and the cusp form 
/ is not ordinary at any prime p of Q. In particular Greenberg’s question does not 
arise in this case. 
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3. Hida families 

In the previous section we gave some partial answers to Greenberg’s question 
(Question 1) under the assumption that / has weight k = 2. In this and the next 
section we deal with the case k > 2. 

Ideally one should approach Question 1 in the higher weight case by studying 
the fine properties of the motive Mf attached to / since it is the etale cohomology 
of Mf which gives rise to the Galois representation pf. However this approach has 
not yet borne fruit. 

Instead we use Hida families and some Iwasawa theoretic arguments to study 
Question 1 in the higher weight case. While these tools do not allow us to answer 
Question 1 for any particular p-ordinary form / of weight A: > 2, we are able to 
prove a result of the following form: all but finitely many of the Galois represen- 
tations attached to the members of the Hida family containing / are non-split at 
p under a suitable non-splitting hypothesis on one member of the family. 

In this section we recall some properties of Hida families and leave the state- 
ments of our results (and their proofs) to the next section. General references for 
the material presented below are [9] and [10]. 

Let / G Sk{N,x) be a primitive form of arbitrary weight k > 2. Fix an 
embedding ip of Q into equivalently, fix a prime p of Q. Suppose that / is 
ordinary at p (with respect to the embedding of Q into C). 

Assume for simplicity that 

p is prime to N. (3.1) 

Let {fi 1 1 > 1} denote the Hida family to which / ‘belongs’. It is a consequence 
of Hida’s theory (more precisely an etaleness statement for the new part of Hida’s 
ordinary Hecke algebra localized at a suitable height one prime of the Iwasawa 
algebra) that the forms fi are uniquely determined by /. Now 

fi e 

where ujp : (Z/p)^ — ^ /Xp_i is the Teichmiiller character. The superscript ord 
means that for each / > 1, the cusp form // is ordinary at p with respect to the 
embeddings ^oo and ip. Moreover fk, the weight k member of this family, is related 
to / by the following process of ‘p-stabilization’. Let a denote the unique p-adic 
unit root of — a(p, f)x + x{p)p^~^ and let f3 be defined by a/3 = x{p)P^~^' Then 
f{z) and f{pz) G Sk{Np,x) as old forms and fk = f{z) — (5f{pz). Note that fk is 
an old form that is a common eigenform of all the Hecke operators Tq for q prime 
to N with eigenvalue a{q, f) and for the Hecke operators Uq for all primes q\N 
with eigenvalue a{q, /). It is also an eigenvector of Up with eigenvalue a. 

A refiection of the fact that f ‘lives’ in a family is that there is a ‘large’ 
Galois representation that interpolates the Galois representations attached 
to fe by Deligne for I > 2. Let us explain this in more detail. Let A = Zp[[T]]. 
This is a regular local domain of Krull dimension 2. Consider for each I > 1 the 
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homomorphism of A given by 

0/ : A ^ Zp 

T {l+p)‘-l. 

Let K be a sufficiently large field extension of finite degree of the quotient field of A. 
Let L be the integral closure of A in AT. Let O be the ring of integers in a sufficiently 
large finite extension of Qp. Let Pi : L O denote an algebra homomorphism 
which extends the homomorphisms (j)i on A. Now Hida has constructed a Galois 
representation 

PA : Gal(Q/Q) ^ GL 2 {K) 

which has the following property: for each I > 1 there is a height one prime of L, 
which is the kernel of some homomorphism Pi : L O as above, such that the 
reduction of p\ at this prime yields a representation 

pe : Gal(Q/Q) GL 2 (Qp) 

which is equivalent to Deligne’s representation pf^^p when / > 2. In particular the 
representation pk is equivalent to pf. 

The representation p\ above satisfies two important additional properties. 
Firstly, p\ restricted to a decomposition group is also ‘upper triangular’: there are 
characters 5\ and ca of Gp with values in with ca unramified such that 

mk ~ (t Z) ■ 

Again ua • Gp K is just a map, and not necessarily a homomorphism. 

Secondly, the reductions of the Galois representations pi for / > 1 are all 
mutually equivalent. More precisely let ¥ = L/mi denote the residue field of L 
and for / > 1 let 

pf : Gal(Q/Q) ^ GL 2 (F) 

denote the semi-simplification of the reduction of Then 

Pt - pZ ( 3 . 3 ) 

for any two weights l\ > 1 and h > 1. It is this last condition that is the key 
defining property of the Hida family. 

4. Iwasawa theoretic arguments 

Keep the notation of the previous section. In particular / is a p-ordinary form 
(of prime to p level N), We are interested in the behavior of p/ restricted to Gp. 
Recall that fi for / > 1 are the members of the Hida family containing /. 

Theorem 3. Suppose that pf^^ is non-split when restricted to Gp for one integer 
^0^1- Then for all but finitely many I > 1 the representation pf^ is non-split when 
restricted to Gp. 
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Proof. Let hil denote the maximal ideal of L. By replacing L by a finite extension 
if necessary, we may assume that L contains a complete set of representatives of 
its residue field F = L/tul. Then 

X {l + mi) (4.1) 

where q denotes the order of F. Note that fiq-i has order prime to p and that 
1 + is a pro-p group. 

For a character of '0 : Gp — ^ write 0^, respectively 0^^ for the projection 

of 0 onto the first, respectively second, factor in (4.1) above. 

Let denote the union of the (finitely many) tamely ramified extensions of 
Qp of degree dividing q — 1. Let A = Gs\{E^ /Q). Note that both and e\ factor 
through A. 

Let Qp^^ denote the maximal unramified Zp-extension of Qp and let Qp^^^ 
denote the cyclotomic Zp-extension of Qp. Let E^ be the maximal abelian pro-p 
extension of Qp. It is well known that 

E^ = Q^^" . Q^y^^ 

and that T := Gsl{E^ /Qp) Z^. Note that both and factor through L. 

Let E = E^ - E^ denote the compositum of E^ and E^. Note that E' is a 
Galois extension of Qp with Galois group G := Gal{E/Qp) = A x L. After the 
discussion above the characters and ca factor through G. 

Let H = Gal(Qp/E). Since 5\ and e\ are trivial on H we have 

Pa\h = (J ^ 

for a genuine homomorphism X : H L. 

We now claim that image(A) ^ 0. Indeed if A = 0 then pA is split when 
restricted to H. This means that the specializations p/ for all / > 1 are all split when 
restricted to H. In particular pi^ splits when restricted to H. In cohomological 
terms this means that the class of the cocycle c attached to pi^lcp as in Section 1 
has trivial image under the restriction map 

E\Gp,Koix)) ^ B\H,Ko{x)) (4-2) 

where Ko = = Qp and x = On the other hand the map (4.2) 

is injective. Accepting this for the moment we deduce that the cla^ss of c in 
H^(Gp, Ao(x)) is trivial. This contradicts the hypothesis of the theorem that pi^ 
is not split when restricted to Gp, proving the claim. 

It remains to show that (4.2) is injective. This can be seen as follows. By the 
inflat ion- restrict ion sequence the kernel of (4.2) is 

Hi(G, Koixf) = Hi(G, Koix)) = Ko{xf) © H' (F, Ko{x)^). 

The first cohomology group on the right-hand side vanishes since A is a finite 
group. As for the second cohomology group it vanishes as well if x is non-trivial 
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on A, so we may assume that Kq{x)^ = ^o(x)? which case 

Now r = Fi X F 2 with F^ = Zp for z = 1, 2. Consider the exact sequence 

0 ^R\r 2 ,Koixfn ^B.\T,Koix)) -^a\Ti,Ko{x))- 

Note that x ^ 1 on F. Without loss of generality we may assume that x restricts 
to a non-trivial character on Fi. Then Kq{x)^^ = 0 and 

E^{Ti,Koix)) = Ko/ixi'r) - 1)^0 = 0 

where 7 is a topological generator of Fi. This shows that H^(F,iFo(x)) = ^ and 
that the map (4.2) is injective. 

Let I denote the (non-zero) ideal of L generated by the image of A. Recall 
that Pi is an extension to L of the weight / specialization map (j)i of A. Let pi := 
kevPi C L. It is a height one prime ideal of L. Clearly pi is split at Gp if and only 
if image(A) C p^, that is, if and only if / C p/. Since the intersection of infinitely 
many height one primes in L is 0, the ideal I can only be contained in finitely 
many p^ and we conclude that pi is split when restricted to Gp for finitely many 
weights / > 1. This proves the theorem. □ 

We now try and get a better handle on the image of the homomorphism 
\ : H L. This will allow us to describe the number of generators of the ideal 
/ of L generated by this image. We keep the notation introduced in the proof of 
Theorem 3. 

Let p = 2 LS a character of G with values in . Let Ac = Zp[[G]] be 

the completed group algebra of G. We write p again for the induced homomorphism 
of algebras: 



p: Ag L. 

Write L{p) for L considered as a Ac-niodule via p. 

Let M denote the maximal pro-p abelian extension of E and let 

a: G^[{M/E). 

Since X is both a Zp-module and a G-module it is a module for Ac- Moreover 
since L is a pro-p group, the homomorphism X : H L factors through X. We 
have: 



Lemma 2. The homomorphism X : X L{p) is a morphism of Ac -'modules. 



Proof. This follows from the following identity 

pA 0\ [1 \\ 0 \ [1 fl-\\ 

\0 eAj'yO l)'\ 0 CA-V VO 1 / 



□ 
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We may write Aq = Zp[[G]] = Zp[[F]][A]. Since A has order prime to p, X 
decomposes into eigenspaces for the action of A on X: 

X = 0X^. (4.3) 

xeA 

Each eigenspace is a Zp[[r]]-module which is essentially free of rank 1. More pre- 
cisely, the Zp[[r]] -module structure of the eigenspaces is given by the following 
proposition. We shall assume for simplicity that 

L = A so that q = p. (4.4) 

Proposition 7. Under (4.4), X^ is a projective Zp[[r]] -module of rank 1. More 
precisely we have: 

1. Ifx^^p then X^ ^Zp[[T]]. 

2. If X — then X^ a where a is the augmentation ideal in Zp[[F]], con- 
sidered as a power series ring in two variables. 

Proof. The proof follows from local class field theory. The argument is similar to 
the proof of [7, Theorem 3.11]. □ 

Consider as a character on A. By Lemma 2 we see that \ \ X L{p) 
factors through Let denote the fixed field of the kernel of A and let 

X(A) Gal(M^/£;). 

Then there are natural surjections X X^^ X{\). 

Let Ar = Zp[[F]|. By the above proposition X^ is isomorphic to Ar or to a as 
a module over Ar . The character of F induces a homomorphism : Ap ^ R. 
Therefore, by restricting to a if necessary, we may consider pX as sl homomorphism 

^ L. 

Let denote the fixed field of keT{p'^) C and let 

X{p) Gal(M^/E;). 

Thus we have natural surjections X X^^ X{p). 

Lemma 3. We have C M^. 

Proof. To prove the lemma it suffices to show that kev{p^) C ker(A) as subgroups 
of X^ . Suppose that r G ker{p^). Then by Lemma 2 we have 

A(r • x) = p^{r) • \{x) = 0 

for all X G X^\ If X^^ = Ar, then taking x = 1 we see that A(r) = 0 as desired. 
If X^ = a then we still have that 

p^{x) • A(r) = X(x • r) = A(r • x) = 0 

for all X G a. But L is an integral domain. Since p'^(x) ^ 0 for some x G a we see 
that A(r) = 0, as desired. □ 
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By Lemma 3 we have X{fj,) X{\). In sum we see that there is a map of 
Ar-modules image(A). 

Since X^ is generated by at most two elements as a Ap-module (cf. Proposi- 
tion 7) we see that image(A) is generated by less than two elements a Ap-module. 
In particular 7, the ideal generated by image(A) in L, is generated by at most two 
elements. More precisely we have: 

Corollary 1. Assume that L = A. Then the ideal I C L is generated by at most 
two elements, and, if [A’ ^ ojp then it is generated by one element. In particular if 
/jf ^ ujp then there is a power-series g{T) G A = ^p[[^]] such that the finite set of 
weights I > 1 for which pi is split are zeros of g{T) of the form T = (1+p)^ — 1. 

Proof. The first statement follows from the discussion above. For the second say 
that I is generated by the power series g{T) G A. Recall that pi\cp is split if and 
only if 7 C p/ and in the present context this translates into the condition that 
g{T) has a zero at T = (1 + — 1 . This proves the corollary. □ 

We remark that in the situation L = A and 7 ^ ujp another way to see that the set 
of weights ^ > 1 for which pi\cp is split is finite is to note that the non-zero power 
series g{T) has only finitely many zeros by the Weierstrass preparation theorem. 

5. The A-fimction 

Let A = '^T{n)q'^ be the unique primitive cusp form of level N = 1 and weight 
k = 12. Let p be a prime which is ordinary for A and let pA : Gal(Q/Q) 
GL 2 (Qp) denote the associated Galois representation. In this section we illustrate 
how one can obtain some information towards Greenberg’s question for pA using 
the results proved in this paper. The main thrust of the argument is to combine 
the weight 2 results in Section 2 with Theorem 3 taking Iq = 2. We obtain, under 
an assumption of total ordinariness, a criterion for whether Pa\gp is split in terms 
of the vanishing of certain power series. 

Recall that A has Fourier coeflftcients r(n) G Z. Moreover r(n) is coprime to 
n for all primes n smaller than 10® except for n == 2, 3, 5, 7 and 2411 (see Gouvea 
[ 6 ]). In particular p > 11 . Note A is automatically ordinary at every prime p of Q 
lying over p since r(p) G Z. Fix a prime p of Q lying over p. Let A/ G Si{p,cUp^~^) 
denote the weight I > 1 member of the corresponding Hida family which contains 
A. Recall that here the word contains means that the level p form A 12 is the 
p-stabilized modular form associated to (the level one form) A by the process 
described in Section 3. 

In this case we may take L = A = Zp[[T]]. Moreover one may check that 

det(pA) = K • Up - 

where k : Gal(Q/Q) — > A^ is the character induced by composing the projection 
Gal(Q/Q) ^ Gal(Qoo/Q) = 1 -l-pZp where is the cyclotomic Zp-extension of 
Q with the character 1-hpZp — > A^ which takes (1+p)^ for s G Zp to (l-hT)^ G A^ 
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and V : Gal(Q/Q) ^ is the p-adic cyclotomic character. Recall that 

p = = det(pA) • Hence fi^ = • (^a)~^- Since e\ is unramified it 

is not hard to see that if p > 11 then ^ oOp. Thus assuming p ^ 11 puts us in 
the setting of Corollary 1 and we obtain a power series g{T) G Zp[[T]]. Applying 
Theorem 3 we get: 

Proposition 8. Let p > 11 be ordinary for A. Assume that pi^lcp not split 
for some weight Iq > 1. Then pa\gp splits if and only if g{T) vanishes at T = 
(1 +p)^^ - 1. 

We are interested in applying the above proposition when Iq = 2. The form 
A 2 G S 2 {p,ujp^). The associated nebentypus has order gcd(io p-i) • Thus if 
p > 11 then ^ 1 and the component at p of the automorphic representation cor- 
responding to A 2 is in the (ramified) principal series. On the other hand we have: 

Lemma 4. Let p > 11. Then A 2 does not have CM. 

Proof This follows from the general fact that the specializations of a non-CM 
A-adic modular form are non-CM forms in all weights / > 2 (see, for instance, [5]). 
In this particular case the lemma can also be seen directly. If p = 11 then A 2 is 
Steinberg at p and so cannot have CM. So assume that p > 11. Recall (cf. [17, 
Lemma 3]) that a general cusp form g has CM if g is of the form g = 
where A is a Hecke character of an imaginary quadratic field M and a varies 
through all integral ideals of M. Further there is an integer u > 1 and an integral 
ideal c of M such that A((a)) = for all a = 1 mod c. If M has discriminant 
D then p is a cusp form of level N(c)|T>|, weight u -\-l and nebentypus A|q • ujm/q 
where A|q is the Dirichlet character of level N(c) taking a to A((a))/a^ for all a G Z 
with (a,N(c)) = 1 and um/q is the quadratic character corresponding to M/Q. A 
necessary condition for A as above to exist is 

= 1 for all roots of unity ( e K with C = 1 mod c. (5.1) 

If A 2 = p for some p as above then we must have u = 1 and c = 1 (and D = —p 
where p must satisfy p = 3 mod 4 and p > 11). Taking ^ = —1 we see that the 
condition (5.1) fails and so A 2 does not have CM. 

Let K 2 denote the Hecke field of A 2 . The lemma shows that K 2 is a CM field 
when p > 11. Assume from now on that p > 11. As in the introduction we shall 
say that p is totally ordinary for A 2 if for each prime p of K 2 lying above p either 
a(p, A 2 ) is a p-adic unit or it is a p-adic unit. We have the following theorem. 

Theorem 4. Assume that p > 11 and that A 2 is totally ordinary at p. Then pA is 
split at p if and only if g{T) has a zero at T = {1 p)^‘^ - 1. 

Proof Since A 2 does not have CM then by Proposition 6 there must be a place p 
of Q lying above p such that p 2 ,p\cp is non-split. By conjugating with an element 
of Gal(Q/Q) if necessary we may assume that p is the place of Q that was earlier 
fixed in order to speak of the Hida family containing A. The theorem now follows 
from Proposition 8. □ 
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Note that the condition of total ordinariness on A 2 is easy to check numeri- 
cally. It is true if p = 13 for instance. 

6. Filtered modules 

We conclude with an equivalent formulation by Breuil of Greenberg’s question, in 
the case that N is prime to p, in terms of filtered modules. 

Let / be a p-ordinary primitive form of level N prime to p. Fontaine has 
associated a filtered (0, N')-module D = Dst (p/ 1 Gp) fo restriction of p/ : 
Gal(Q/Q) GL 2 (K'/,p) to the decomposition group at p. This is a finite-dim- 
ensional Qp- vector space which is equipped with a linear map (f) : D D, a, 
decreasing exhaustive filtration FiV{D) of Qp-subspaces of D, and a linear operator 
N : D ^ D called the monodromy operator, which, because of our assumption 
that p is prime to the level, is trivial. Moreover D has an action of Kf^p which 
commutes with all the structures on D mentioned above and makes D into a 
two-dimensional X/^^-module. 

Let pi and p 2 be defined by /iip 2 = x{v) +P 2 = cl{p^ /)• 

be a sufficiently large finite extension of K'j: ^ and consider the following filtered 
( 0 , N')-modules of dimension two over K'^ ^ with basis ei, 62 defined by 

{ <j){ei) = '<^(ei) = 4- 62 ) 

4 > i .^ 2 ) = ^262 „ = ^262 

. ei ■ ei 

iV = 0 [n = o 

Let D* denote the filtered (</>, N)-module corresponding to the representation 
which is dual to p/lcp- It turns out that D* ~ L^spiit if Pf is split at p and 
D* ~ L^non-spiit if P/ is not split at p. Breuil has asked the following question 
(cf. [ 1 ]). It is the exact analogue of Greenberg’s question in the setting of filtered 
modules (in the case that p is prime to N). 

Question 2. Suppose that f is a p- ordinary primitive modular cusp form of weight 
at least 2. Is the associated filtered module D* isomorphic to Dspiit or to Dnon-spiit ? 
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Arithmetic of Q-curves 

Josep Gonzalez, Joan-Carles Lario, and Jordi Quer 



Abstract. This paper is a survey on the arithmetic of Q-curves: the elliptic 
curves defined over number fields which are isogenous to all their Galois conju- 
gates. Our purpose is to review some results concerning their basic properties 
such as: the moduli classification, fields of definition, relationship with abelian 
varieties of GL 2 -type, and optimal quotients. Most of the results were sepa- 
rately published before (see [4, 5, 9]), and our aim here is to reinforce a global 
presentation. What we call “central” Q-curves will constitute the leitmotif. 



1. Introduction 

Mazur asked in [7] which elliptic curves defined over number fields are modular, 
i.e., admit a covering from a modular curve Xi{N). The elliptic curves satisfying 
this property are easily seen to be isogenous to all their Galois conjugates. Elliptic 
curves defined over number fields that are isogenous to all conjugates were called 
Q-curves by Ribet (who borrowed the term from Gross [6]) and he conjectured in 
[11] that this property is enough for ensuring modularity. Since then several efforts 
have been taken to prove that fact (an account is given in the paper by Ellenberg 
in this same volume). 

An abelian variety A defined over Q is said to be of GL 2 -type if the Q-algebra 
of endomorphisms defined over Q is a number field of degree equal to the dimension 
of the variety. The Q-curves can be characterized as the elliptic curves arising as 
one-dimensional factors of abelian varieties of GL 2 -type (Ribet [11]). The varieties 
A f attached by Shimura to weight 2 newforms / for the group F i {N) are of GL 2 - 
type. Ribet conjectured [11] that every variety of GL 2 -type is isogenous to some 
Af, and he proved that this conjecture would follow from Serre’s conjecture on 
the modularity of odd irreducible Galois representations in positive characteristic. 

Our research focuses on arithmetic properties of Q-curves, without a special 
emphasis on modularity aspects or assuming it when necessary. The plan of the 
paper is as follows. In the following four sections the covered topics include: 

(i) Moduli of Q-curves. The action of the absolute Galois group on the isogeny 
classes of Q-curves gives a rich symmetry governed by the Atkin-Lehner in- 
volutions. The rational points of the modular curves A*(M), for square- free 
levels M, parametrize the isogeny classes of Q-curves. Section 2 gives an 
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assortment of results on: rational and elliptic cases, exotic Q-curves, and 
reduction of their Neron models. 

(ii) Fields of definition. In Section 3 we recall the main facts concerning the 
number fields over which the Q-curves are defined, either as elliptic curves 
and as Q-curves (i.e., including the isogenies between conjugates), and we 
also give some results that clarify the relation between Q-curves and abelian 
varieties of GL 2 -type. 

(iii) Optimal quotients. In Sections 4 and 5 we show how to obtain the Q-curves 
packaged by modular abelian varieties, and regard them as optimal quotients. 
We also introduce the Manin ideal, and generalize the Manin- Stevens conjec- 
ture to the setting of Q-curves. 



2. Moduli of Q-curves 

Let C be an elliptic curve over Q, and denote by C its isogeny class. 

Definition 2.1. We say that C is a Q-curve if, equivalently: 

(i) For every a G Gal(Q/Q), there is an isogeny (j)a: C; 

(ii) Gal(Q/Q) acts onC. 

From now on, we will assume that all elliptic curves in this paper are without 
complex multiplication. The CM elliptic curves deserve a particular treatment, 
and it is partially covered in the classical literature of class field theory. For analog 
results in the CM case to those discussed here the reader is refereed to [6] and to 
the paper by Nakamura in this same volume. 

Associated with the isogeny class C there is a natural graph whose vertices 
represent isomorphism classes of the elliptic curves belonging to C and edges rep- 
resent isogenies. When C is a Q-curve, the action of Gq on C yields a certain sym- 
metry on it. In particular, there are some special vertices (^-invariants) that we 
call central and that play an important role in the arithmetic phenomena (includ- 
ing modularity) of Q-curves. To be more precise, let M be a square- free integer 
and consider the modular curve X*(M) = Xo{M)/B{M), where Xo{M) is the 
modular curve associated to the congruence subgroup To(M) and B{M) denotes 
the group of Atkin-Lehner involutions of level M. By considering the natural pro- 
jection 7t: Xq{M) X*{M), it is immediate that the pre-image of non-cuspidal 
non-CM points in X*{M){Q) under tt gives rise to sets of Q-curves. Indeed, if 
P = 7r((j(r),i(Mr)) G X*(M)(Q) then tt-^P) = {(j(dr), j(Mr/d))}^|M is a 
Galois stable set of isogenous elliptic curves. 

Definition 2.2. We say that C is a central Q-curve if it admits isogenies to all its 
Galois conjugates of square-free degrees. Their isomorphism classes are obtained 
from 7t“^(P) where P G X*(M)(Q) is non- cusp non-CM point and M runs over 
the square-free integers. 
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Notice that central Q-curves can be defined over polyquadratic number fields. 
To be more precise, let M be the l.c.m. of the square-free degrees of the isogenies 
linking a central Q-curve to all its conjugate curves and let G be the subgroup 
of the Atkin-Lehner involutions corresponding to these degrees. Then, the field of 
moduli of this curve is a polyquadratic field whose Galois group is isomorphic to 
G. In fact, up to Galois conjugation, each central class gives rise to [B{M) : G] 
classes of Q-curves and each of these provides a rational point on the intermediate 
curve Xq{M)/G. 

The following result was first obtained by Elkies in [2]: 

Theorem 2.3 (Elkies). Every isogeny class of a Q-curve contains a central Q-curve. 

By making use of modular units in Ao(M), the first two authors gave a 
method to parametrize the central Q-curves in the genus zero and genus one 
cases [4]. It can be seen that X*{M) is a rational or an elliptic curve exactly 
for the following levels: 



genus(X*(M)) = 0 


2, 3, 5, 6, 7, 10, 11, 13, 14, 15, 17, 19, 21, 22, 23, 26, 29, 30, 
31, 33, 34, 35, 41, 42, 46, 47, 51, 55, 59, 62, 66, 69, 70, 71, 
78,87,94,95,105,110,119. 


genus(X*(M)) = 1 


37, 43, 53, 57, 58, 61, 65, 74, 77, 79, 82, 83, 86, 89, 91, 101, 
102, 111, 114, 118, 123, 130, 131, 138, 142, 143, 145, 155, 
159, 174, 182, 190, 195, 210, 222, 231, 238 . 



Each one of these 81 cases gives rise to infinitely many central Q-curves. 



Example 2.4. When M = 6, the corresponding central j-invariants are 



. _ (3+3 1+5 ^/I+TI-2 ^/i (3+yTTTt)) (5 t+5 (l + ^/Im)-2 y/i (5+V1+2 t))^ 



with t € Q. Generically, one obtains biquadratic Q-curves over Q(\/t, \/l -I- 2 1). For 
future reference, we consider the specific curve corresponding to A* (6) obtained 
by taking the value of the parameter t = —if 7. We get four quadratic Q-curves 
whose ^-invariants are: 

f Ja = 27 (13171 -I- 2759 v^)/128 f jc = 27 (8889 - 3751 ++)/128 

I is = 27 (13171 - 2759 V^)/128 [jo = 27 (8889 + 3751 v^)/128 

In the diagram below , G., . . . denote isomorphism classes of Q-curves. 

The ones circled correspond to the central Q-curves in the isogeny graph for this 
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particular example. 



H 




Note that these ones are quadratic Q-curves of degree 6, which provide two 
rational points on the curve Xq(&)/{Wq). 

Exotic Q-curves. The central Q-curves arising from X*{M) of genus greater than 
one are called exotic. The only 5 known examples when M is a prime are due to 
Elkies and Galbraith and listed in the table below. 



M 


3 


73 


5/2(3(-26670989-15471309v^)/2^^)^ 


103 


19(3.2^(1623826405+30228849yA))^ 


137 


(2(52655804415199-91887305813yA))^(3(1814829135-35283128\/A)/(2^'^137^))^ 


191 


(724537954586714121 + 16056976492100^)(480(7725788647437+95942438\/A)/191^)^ 


311 


(86643784170081+434217620\/A)(240(22278331350442515+32106727993yA)/9672l)^ 



The corresponding quadratic discriminants in factored form are 
A= -127, 5-577, -31159, 61-229-145757, 11-17-9011-23629. 
Gonjecturally, one expects finiteness of exotic exemplars. 

Properties of quadratic Q-curves. As for the quadratic case, we have the following 
results given in [3]. The first concerns the fields of definition and the second the 
arithmetical properties of j-invariants of central Q-curves. 

Theorem 2.5. If there exists a quadratic Q- curve of degree M defined over a qua- 
dratic field K, then each divisor M\\M such that 

Ml = 1 (mod 4) or M\ even and M /Mi = 3 (mod 4) 
is a norm of K. 
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Theorem 2.6. Let CfK be a quadratic Q-curve of degree M. Let j denote its 
invariant, and a denote the non- trivial automorphism of K. Then, we have 

i) If M = 1 (mod 2), then — 1728) € Q^. 

ii) If M = -1 (mod 3), then N^/qU) G 

iii) If M = 1 (mod 3), then j/'^j G K^. 

When the degree M is prime, we also have 

iv) If C has multiplicative reduction at a prime Z, then £ = Z^Z splits in K and 

C has also multiplicative reduction at ^Z. Moreover, if V£^{j) < then 

Vz{j) = Mva^{j). 

v) If C has ordinary reduction at Tl \ M , then M = splits in K. 

vi) If C is supersingular at Tl and M = then j = 0, 1728 (mod 9H) and 

M^l (mod 12). 

vii) If M is inert in K, then j = 1728 (mod M) and M ^ 1 (mod 4). 

From this result, one sees the resemblance between jf-invariants of Q-curves 
and ^-invariants of CM elliptic curves. Moreover, it can be thought as a first step 
in attempting to prove the finiteness conjecture. 

3. From Q-curves to abelian varieties of GL 2 -type 

Let C be the isogeny class of a Q-curve. In this section we consider several prop- 
erties of the curves in that isogeny class: the fields of moduli of the curves C G C, 
both as elliptic curves and as Q-curves, and the curves defined over a number field 
K such that the L-series L{C/K, s) is a product Yl L{f, s) of L-series of weight 2 
cuspidal newforms /. 

We say that a Q-curve C is completely defined over a number field K (or that 
is defined over A as a Q-curve) if all the conjugates of C and the isogenies between 
them are defined over the number field X. It is easily seen that the smallest field 
over which a Q-curve is completely defined (its field of moduli as a Q-curve) is a 
finite Galois extension of Q. The main tool for investigating matters concerning 
fields of definition is a 2-cocyle built from isogenies between the conjugate curves. 

Let C be a Q-curve completely defined over a field K, finite Galois over Q. 
For every a G Gal(X/Q) choose an isogeny (j)cr ^ C ^ C , and define the map 

CK : Gal(iT/Q) x Gal(X/Q) End(G)* ~ Q* , ck ( a, r) = 4>a ^<i>r 4>~r ■ 

This map is a 2-cocycle of the group Gal(A/Q) with values in Q*, viewed as a 
trivial module; its cohomology class [ck] € i/^(A/Q,Q*) depends only on the 
/C-isogeny class of the curve C. For every a G Gq we can consider the isogeny 
(pcj corresponding to the action of a on A"; then we have a locally constant set of 
isogenies {4>a}aeGq and we can define a continuous cocycle c of Gq in the same 
way, whose cohomology class [c] G H‘^{Gq,Q*) is the inflation of [ck] and is an 
invariant of the isogeny class C. For every cr let d{a) denote the degree of the isogeny 
(j)a. The map d: Gq Q*/Q*^ is then a group homomorphism depending only on 
the isogeny class C. Since the square c(ct,t)^ = d(a)d(T)d(ar)~^ is a coboundary. 
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the cohomology classes [ck] and [c] belong to the 2-torsion of the corresponding 
cohomology groups. 

The decomposition Q* = {il} x P, where P is the multiplicative group of 
positive rationals, induces a natural isomorphism 

H\GQ,q*)[2] H\Gq,{±1}) X Hom(GQ,Q7Q*^). (1) 

Under this isomorphism the class of the cocycle c corresponds to the pair formed 
by the cohomology class of the 2-cocycle sgn(c) and the degree map d. 

Let Kd denote the fixed field of ker(d), which is an abelian extension of Q of 
exponent 2, that can be written as Kd = • • • ? and let di, . . . , dm be 

squarefree integers generating im(d) that are a Kummer dual basis for the ai. Then 
the element [sgn(c)] G P^(Gq,{± 1}) Br 2 (Q) can be expressed as a product of 
quaternion algebras in the following way (cf. Quer [9, Theorem 4.2]) 

m 

[sgn(c)] = (2) 

i=l 

The following result due to Ribet [11, Section 8] characterizes the fields of 
definition of Q-curves, as elliptic curves, up to isogeny. 

Theorem 3.1 (Ribet). Assume C is an isogeny class of a Q-curve. Let K be a 
number field. Then, there is C in C defined over K if and only if 

[c] e ker (Res: H^{Gq,Q*) ^ H^{Gk,Q*)) 
where Res denotes the restriction map on cohomolgy. 

Now from the decomposition (1) and the formula (2) it is immediate that 
the smallest field of definition of a Q-curve up to isogeny is the field Kd cut-out 
by the degree map, so that there exist Q-curves in the isogeny class C with j- 
invariant belonging to that field. In this way we recover Elkies’ result (Theorem 
2.3 of Section 2). 

In general the curve cannot be completely defined over that field. Indeed, the 
characterization of the fields of moduli as Q-curves of the elements of C can be 
also obtained from the cohomology class [c] . 

Theorem 3.2 (Quer, [9, Proposition 2.3]). Assume C is an isogeny class of a Q- 
curve. Let K be a Galois number field. Then, there is C in C that is completely 
defined over K if and only if 

[c] e im (Inf: /f7Cal(R:/Q),Q*) ^ H^Gq,Q*)) 
where Inf denotes the inflation map on cohomolgy. 

The situation here is quite different from the previous case: in general there 
is no smallest field of definition as Q-curve up to isogeny, but only minimal such 
fields. For example, it is easily seen that the cohomology class [c] can always be 
inflated from the polyquadratic field Q({v ^}5 {v^}) = Kd{V^, . . . , As 

we shall see in a moment there are also representatives in C completely defined 
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over fields of the type with a cyclic extension of Q. In fact the proof of 

the previous theorem shows how to construct a curve whose attached cohomology 
clatss [ck] is any given class on i7^(Gal(A/Q), Q*) whose infiation is [c]: one starts 
with a curve C e C which is already defined over the field K, and then one finds 
a curve completely defined over A as a twist of the curve C over a quadratic 
extension of K which is a solution of a certain Galois embedding problem. 

As mentioned before, Ribet [11, Theorem 6.1] proves that every Q-curve is 
a factor of some abelian variety of GL 2 -type. In fact he finds such a variety as a 
factor over Q of the variety obtained by restriction of scalars Kes^/qiG/ K) from a 
sufficiently large number field K. Now we consider a more precise question, that of 
finding curves C e C completely defined over a number field K and such that the 
variety obtained by restriction of scalars not only contains a varietiey of GL 2 -type 
but factors over Q as a product of such varieties. We remark that the interesting 
fact in this situation is that the L-series of the curve over the number field K is 
then a product of L-series of cuspidal newforms of weight 2 for Ti{N). 

Given a character e : Gq Q* , the map 

Oe{(T,T) = y/e{a)^/e{T)^/e{<TT) 

is a 2-cocycle of Gq with values in {±1}. Let be the fixed field of e. 

Theorem 3.3 (Quer, [9, Theorem 4.2]). Let C be an isogeny class of a Q-curve. 
Then, for every Galois character e : Gq ^ Q such that 

[Oe] = [sgn(c)] in Br 2 (Q) 

there is a Q-curve G in C defined over L = • Kd such that ResL/q{G/ L) is a 

product of abelian varieties of GL 2 - type. Moreover, the Q-curve GfL is central. 

The local component at a prime p of the element [6^] € Br 2 (Q) is just the 
parity of corresponding local character. Hence every element of Br 2 (Q), and in 
particular the class [sgn(c)], can be realized as a [Oe] for some Galois character s 
and every isogeny class C of Q-curves contains representatives as in the previous 
theorem. For more information on the number of factors of Res/^/Q (G/L) and the 
structure of their endomorphism algebras the reader is refered to [9]. 

Example 3.4. Consider the elliptic curve over Q(a/^) given by the Weierstrass 
equation 

G : = A^ + 3(3 + 4v^)A:-2(23 + 6v^) 

obtained from the jf-invariant Ja of Example 2.4. It is isogenous to its Galois 
conjugate with isogeny of degree 6. The field Kd is Q(\/^) and the curve is 
defined over this field. Using formula (2) one computes [sgn(c)] = (—7,6), which 
is a quaternion division algebra. Since this element of Br 2 (Q) cannot be obtained 
by inflation from an element of if^(Gal(Krf/Q), {±1}) there is no curve in the 
isogeny class of G that is completely deflned over Kd- In fact the curve G itself 
is completely defined over the biquadratic field Q(^/^, >/6). The restriction of 
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scalars of the curve C from any number field can never be a product of varieties 
of GL 2 -type (cf. [9, Proposition 5.2]). 

The simplest character satisfying the hypothesis of Theorem 3.3 is the qua- 
dratic character e whose fixed field is the quadratic field = Q(y^). Then, 
[Oe] = (—1,21) = [sgn(c)j. Prom Theorem 3.3 it follows that we can find a nice 
representative in C completely defined over the field L = whose re- 

striction of scalars from this field is a product of abelian varieties of GL 2 -type. The 
explicit resolution of the appropriate Galois embedding problem over L produces 
the element 7 = — 3 (—3 — 3 -f 3 + \/^)/4 G L. The twist of the curve 

C corresponding to the quadratic extension I/(yfy)/L is the curve with equation 

C-y : + 3 7^(3 + 4 X - 2 7^(23 + 6 \/^) 

and its Weil restriction Res/^/Q(C-^/L) is an abelian variety of GL 2 -type with alge- 
bra of endomorphisms defined over Q isomorphic to the number field Q(V"^, v^). 



4. From abelian varieties of GL 2 -type to Q-cnrves 

In the previous section we studied how to obtain abelian varieties of GL 2 -type 
starting from a Q-curve; in fact, starting from the j-invariant of a Q-curve. In this 
section we consider the other way. We start with an abelian variety of GL 2 -type 
and consider the problem of deciding whether it factors as a power of a Q-curve, 
what is the smallest field where this happens, and how to get an explicit equation 
of such a curve. 

Let A be an abelian variety of GL 2 -type, and let E = EndQ(^), which is 
a number field of degree [E : Q] = g = dim A. Especially important is the case 
where / = is a (normalized) newform in S 2 {N,s) and A is the variety Ay- 

attached to it by Shimura, in which case the field E is Q({an}). Conjecturally all 
varieties A of GL 2 -type up to Q-isogeny are of this form. 

Shimura proved that the variety A contains some simple variety of CM-type 
if, and only if, it is isogenous to a power of a CM elliptic curve; this is also 
equivalent to the fact that A has CM over Q. From now on we assume that A 
is not such a CM variety. In the papers by Ribet (Propositions 3.6 and 5.2) and 
of Pyle (Theorem 1.2 and Proposition 1.7) in this same volume, one can find two 
different proofs of the following fact. 

Theorem 4.1 (Ribet, Pyle). Let A/Q he an abelian variety of GL 2 -type containing 
no CM-type simple subvariety. Then End(A) is a central simple algebra over a 
totally real field F C E with Schur index 1 or 2; the field E is a maximal sub field 
o/End(A) and is an abelian extension of F. 

Let t be the Schur index of End(A). Then A factors up to isogeny over Q as 
a power of a simple variety B whose endomorphism algebra is equal to the field F 
if t = 1 or is a quaternion division algebra over F otherwise. 
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Since End(A) is a simple algebra and the elements of the center F C E are 
defined over Q, by the Skolem-Noether theorem the Galois action is performed by 
inner automorphisms 

= a{a)'ipa{a)~^ , a e Gq, 'ipeEnd{A). 

Since the endomorphisms of the maximal subfield E are defined over Q, the au- 
tomorphisms a{cr) belong to E*, and by definition they are determined by a 
only up to elements of F*, The map c{a^r) = a{(r)a{T)a{aT)~^ is a 2-cocycle 
of Gq with values in F*. Restricting the cohomology class [c] € H‘^{Gq, F*) 
to the subgroup Gf and viewing it with values in Q , one obtains an element 
[c] G Br(F) ^ H‘^{Gf,F*). Ribet [11, Theorem 5.6] proves that this element [c] is 
the Brauer claiss of End(A). In Quer [8] a formula for [c] is given that, for modular 
varieties Af^ permits the computation just knowing a few Fourier coefficients of 
the modular form /. 

For every s G Gal(F/F) let Xs • Gq — > E* be the Galois character defined 
t>y Xs(cr) = ^a(<j)o;(cr)~^, that we view also as a Dirichlet character; when A — Aj 
these Dirichlet characters are just the inner twists of the form / in the sense of 
[10, Section 3]. Let L/Q be the abelian extension cut out by these characters, 

L = Q \ It is the smallest field of definition of all the endomorphisms of A 
and the smallest field over which the decomposition A ~ of A into its building 
blocks takes place. 

The full endomorphism algebra End (A) is isomorphic to the crossed product 
algebra [E/F,j) corresponding to the Jacobi cocycle j(s, t) = where 

J denotes the Jacobi sum (cf. Ghi [1, Corollary 5.11] and Ribet [11, Section 5]). 
Let r]s be an F-basis of End(A) according to this isomorphism, such that 

T]sa = ^ar}s, rjsfjt = j{s,t)rjst- 

In the case A — Af such a basis of endomorphisms has been explicitly constructed 
by Shimura (cf. [5, Section 2]). If the Brauer class of End(A) is trivial, i.e., the 
Schur index is t = 1, then these elements can be used to split the variety A in the 
following way. 

Theorem 4.2 (Gonz^ez-Lario, [5, Theorem 2.1]). Lei be a map Ga\{E / F) ^ 

E* such that j{s,t) = /3s^ , and let w G End(A) be the endomorphism de- 
fined by 

w= ^ 

sGGal(E/F) 

Then the abelian variety B = w{A) is a building block of A and all Q-simple 
abelian subvarieties of A are the varieties of the form a{B) with a ^ E* . 

In the case of abelian varieties A / the pull-back under w of the differentials 
can be easily computed, as is also done in [5, Theorem 2.1]. In the 
particular case that F is a Q-curve, the corresponding direction is attained by the 
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cusp form 

= X E ^^V = EA„g"e52(ri(iV)), (3) 

seGa.\{E/F) n=l 

where g denotes the corresponding Gauss sum and A G Q is a normalizing factor 
ensuring that the first Fourier coefficient is Ai = 1 . The form has its Fourier co- 
efficients in the field L. Note that when L ^ Q there are infinitely many directions 
in which are pull-back of the vector space of regular differentials of 

elliptic quotients, the Hecke operators acting transitively on them. The following 
result provides information about the optimal elliptic quotients. 

Theorem 4.3 (Gonzalez-Lario, [5, Lemma 3.2]). Assume that B is an elliptic curve. 
Let V = {di, . . . , dfc} be the set of the square- free positive integer representatives of 
the set {a^le{p) mod Q*^} where p runs over the primes not dividing N and such 
that ap ^ 0. Set M = lcm(di, . . . ,dfc). Then, all optimal elliptic quotients of A f 
of level N are the central Q- curves which are the preimage of a rational point of 
X*{M). In particular, there are exactly |Div(M)|/|P| optimal elliptic quotients, 
up to Galois conjugation. 

By using the previous facts it is possible to construct a table of non-CM 
modular Q-curves which are optimal quotients of the Jacobian of Xi{N), simi- 
lar to Birch’s and Cremona’s tables of modular elliptic curves over the rational 
numbers. The process is a^ follows: for every pair N, e of level and Nebentypus 
character one determines the non-CM newforms / = ^ S 2 {N,e) using the 

modular symbols method; then the field F is computed from the values a^/e{p) 
and the forms with F ^ Q are discarded. Next one computes the Brauer class of 
End(A/) using the formula in [ 8 ]. Then every form / with trivial claiss gives rise 
to conjugation classes of Q-curves; in order to obtain equations for them one com- 
putes the direction hy^ from some splitting map /3 and integrates the differential 
form hyj{dq/q) over the homology Hi{Xi{N),Z) thereby obtaining a lattice A C C 
whose co-invariants C 4 and cq are defined over L and correspond to a Q-curve that 
is a quotient of Xi{N). In case of \V\ < \ Div(M)|, we determine the other classes 
as follows. We take a prime I \ M such that I ^V\ :=T> and we look for an integer 
di G T>i multiple of I and a prime p such that a^ = m?e{p)di with m G ^\{0}. 
Then, the Hecke operator T \= l-\-Tp/m gives the direction h' \= T*{hw)/c, where 
T*{hyj) = cq 0 {q^), which provides another class of optimal elliptic quotient. 
Next, set X >2 •= T>\ U {Id/ gcd(/, df^ | d G Pi} and repeat the process until getting 
Vi =Div(M). 

Example 4.4. Let = 42 and let e be the quadratic character of conductor 21. 
The space 82 ^^ {^ 2 , e) has dimension 4 and is generated by the Galois conjugates 
of a newform with Fourier coefficients in E = Q(i, \/ 6 ) starting as 

f = q - iq‘^ - 1(^1 ^ i)y/Qq^ - q^ V^q^ - |(1 - i)V^q^ - (1 - q^ ~\ 
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All the Galois conjugates of the form / correspond to twisting by Dirichlet char- 
acters: the complex conjugation s corresponds to twisting by (the inverse of) the 
Nebentypus character Xs = and the conjugation t that is the involution of 
Q(a/6) and fixes Q(i) corresponds to the quadratic Dirichlet character Xt of con- 
ductor 7; in particular the field F = Q{{cLp/e{p)}) is Q. Using the formula in 
[8] one computes the Brauer class of End(A/) obtaining the quaternion algebra 
(— 7, 6)[ce] = (— 7, 6)(— 1, 21) = 1 in Br 2 (Q). Hence Af factors up to Q-isogeny els 
the fourth power of a Q-curve. The field L over which the splitting is accomplished 
is the field ^/^). 

Let an be the nth Fourier coefficient in the ^-expansion of /. The numbers 
f3i = l,l3s = = ai4,/3st = 0-3 are a splitting map for the Jacobi cocycle 

defined from the twisting Dirichlet characters. Using this splitting map the formula 
(3) produces the cusp form with coefficients in L starting as 

=g+i(-3-\/^-v^-\^)9^ + i(-3 + 3\/=3 + 3V^-^) + 

Now we will obtain the corresponding curve as an optimal quotient of the 
curve ATe(42) associated to the congruence subgroup Ts{N) C Tq{N) consisting of 
matrices with upper- left entry belonging to kere. It is a curve of genus 9 whose 
Jacobian contains A/ as a factor up to isogeny. The period lattice 

A=|27ri j /i^dr|7e Fi(Xe(42),Z) 

is computed and one obtains 

A = (3.93832148 0.29887963 . . . z)Z 0 (-0.05266443 • • • 0 4.94519255 . . . i)Z, 

Then, computing the co-invariants of this lattice with enough precision, the fol- 
lowing algebraic integers are identified 

C4 = -J(69 + 43\/^ + 29v^+17\/^), 

C6 = -3(207 - 84v/773 - 54^717 + 46V^). 

These invariants correspond to a curve isomorphic over the field L = Q(\/^, V^) 
to the curve Cj of Example 3.4. 

5. The Manin ideal 

Keep the notations as in the previous section. Given a Q-curve which is an optimal 
quotient attached to a weight 2 newform / as above, we introduce an ideal of L 
associated with modular parametrizations tt : Xi{N) C induced by /. This ideal 
plays a similar role as the Manin constant for the case of rational elliptic curves. 
For this reason, in the general setting of Q-curves we call it the Manin ideal 

Fix a splitting map (3 for the Jacobi cocycle defined from the inner twists of /. 
This induces a non-constant morphism tt: Xi{N) C such that the pull-back of 
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any regular differential on the Q-curve C is a multiple of dq/q, where is the 
cusp form corresponding to /3 (see (3) in the previous section.) 

Notice that tt is defined over L, the abelian extension of Q cut out by the 
inner twists of /. Let J\fc be the Neron model of C over the ring of integers Ol- 
Recall that iq^) is a locally free OL-module of rank one inside the 

one-dimensional L- vector space H^{C^ 

Definition. The Manin ideal c{tt) attached to the parametrization (C, tt) is the 
(fractional) ideal of L satisfying 

(n*H°{C,nl,/^)nOL[[q]]dq) . 

Alternatively, the Manin ideal attached to (C, tt) can be defined as follows. Let 
Xi{N)^ be the smooth locus of the minimal proper regular model of Xi{N) over 
S = Spec((9L)- By the Neron property, tt extends to a morphism tt: Xi{N)^ — » 
Afc over Ol- Then, the Manin ideal c(7t) is the pull-back under the cuspidal 
section oo : 5 ^ Xi{N)^ of the ramification divisor {branch locus) of the morphism 
tt: Xi{N)^ Me. 

There is a fairly easy way to carry out the computation of the Manin ideal in 
particular instances. For it, let cj be a non-zero differential in LT^(C', With 

regard to the modular parametrization, we consider the fractional ideal attached 
to (C, TT, uj) by 

nXo;(7r) = {/3 e L: /37 t*{uj) e OL[[q]]dq} . 

The class of mo;(7r) in the class group PIc(Ol) is invariant by L-isogenies. Attached 
to {C,Lu) we also consider its Weierstrass ideal it is the fractional ideal of L 
defined by the equality 

where uop is the invariant differential corresponding to a minimal Weierstrass equa- 
tion for C at p. The Weierstrass ideal measures the obstruction of C having a 
global minimal equation over L and its class [S^^] in Pic(OL) is invariant of the 
L-isomorphism class of C. Then, one checks that the ideal tTia;(7r) is indepen- 
dent of the choice for cj, and that the Manin ideal c(7t) is equal to the inverse of 

^a;('7T') dijj. 

As in the classical case (Manin constant for elliptic curves over Q), we have 
the following properties. 

Theorem 5.1 (Gonzalez-Lario, [5]). 

(i) The Manin ideal c(7t) is an integral ideal of L. 

(ii) If p is a prime ideal in L not dividing 2N, then ordp(c(7r)) = 0. 

(hi) For all u £ Gal(Z//Q)^, we have ^c{tt) = c(7t). 

Evidence from experimental computations lead us to the following conjec- 
tures, which generalize the analogous conjectures of Manin and Stevens respec- 
tively. 
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Conjecture 5.2. Let tt: Xi{N) C he an optimal parametrization defined over L. 
Then, the Manin ideal c{tt) is (1). 

Conjecture 5.3. Let (C, tt) he an optimal parametrization defined over L. Denote 
hy Cl the L-isogeny class of C. For every Q-curve C in Cl, there exists a central 
Q-curve C” (in Cl hut not necessarily the same C) with an etale isogeny C” C' . 

Recall that an isogeny between elliptic curves defined over a number field is 
said to be etale if its extension to Neron models is an etale morphism. It is easy to 
see that etale isogenies are characterized by the equality between the Weierstrass 
ideals attached to an invariant differential and its pull-back under the isogeny. 

Example 5.4. Finally, we go back again to our example. Let f{q) = € 

52 ( 42 , e), the splitting map (3, and ^ ^ in Example 4.4. The lattice 

A obtained by integration of hu, on the singular homology of Xs{^2) corresponds 
to the Q-curve Cj in Example 4.4. For future reference, denote by 42 A this elliptic 
curve. Following the steps explained above, one checks that the Manin ideal c(7t) 
attached to this modular parametrization is trivial. 

There is a natural Hecke action on lattices induced by the action on cusp 
forms. Let A^^ be the lattice obtained by integration of T^h^, = d^h^ = 
where the bar denotes complex conjugation. Here, 

As = J (3 + v^- 3 7^+7^) . 

It turns out that Aa^ = A 5 A is a sublattice of A of index 6 , and we denote the 
corresponding central Q-curve by 42 .B. Likewise, the sublattices 

A2+05 5 ^3+as ^ ^ 

provide the other two isomorphism classes of optimal quotients of A/. Denote these 
new Q-curves by 42 C and 42 D, respectively. 

The L-isogeny class of C/A contains (at least) 8 elliptic curves. The following 
table gives the corresponding co-invariants: 





C 4 


C6 


42 A 
i2B 
42 C 
42 J9 
42 £ 
42 F 
42 G 
42 if 


3/4 (-69, -43,29,17) 

3/4 (-69, -43,-29,-17) 
3/4 (-149, 37, -19, 33) 

3/4 (-149, 37, 19,-33) 
3/4(2411,-283, 109,-543) 
3/4(2411,-283,-109,543) 
3/4 (891,-5483,3421,-47) 
3/4(891,-5483, -3421,47) 


3 (-207, 84, -54, 46) 

3 (-207, 84, 54, -46) 
33(27,28,-18,-6) 

33 (27, 28, 18, 6) 

3 (30033, 2436, -1566, -6674) 
3(30033,2436,1566,6674) 

3 (174177, 122612, -78822, -38706) 
3 (174177, 122612, 78822, 38706) 
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where r (a, 6, c, d) stands for r {a + b -\-dy/^). As for the j-invariants, 

we have: 





j 


42 A 


27/2^ (13171 + 2759 


42 B 


27/2^ (13171 - 2759 \/=^) 


42 C 


27/2^ (8889-3751 v^) 


42 D 


27/2^ (8889 + 3751 


42 E 


27/231 (152709070611 - 49352194649 


42 F 


27/231 (152709070611 + 49352194649 v^) 


42 G 


-27/216 (4154888461 + 3566479289 ) 


42 H 


-27/216 (4154888461 - 3566479289 v/=7 ) 



Finally, the graph of L-isogenies looks like 



H 




The numbers indicate the degrees of the cyclic isogenies, and the edges denote 
etale isogenies with origin in the optimal quotients A, B, C, and D. 
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Serre’s Conjecture for mod 7 Galois 
Representations 

Jayanta Manoharmayum 



Abstract. We give an account of Serre’s conjecture for Galois representations 
with values in GZ/2(F7). For this, we construct elliptic curves over totally 
real soluble extensions with given mod 7 representation, and use base change 
results to obtain modularity over Q. 



1. Introduction 

Let /c be a finite field, and let 

p : Gal(Q"7Q) — ^GL2 (/c) 

be a continuous absolutely irreducible odd representation of the absolute Galois 
group of Q. A well-known conjecture of Serre (see [11]) states that such a repre- 
sentation is modular. The conjecture is fully understood if either the coefficient 
field A: is Fs, or the projective image of ~p is dihedral (see Theorem 3.14 of [4]). The 
result, in these cases, essentially is the work of Langlands and Tunnell. 

Serre’s conjecture is also known to be true, modulo restrictions at certain 
decomposition groups, for a few other coefficient fields k (in fact, when \k\ < 9). 
For GL2(F4) representations, the result is due to Shepherd-Barron and Taylor (see 
[12]). The case of GL2(F5) with cyclotomic determinant is essentially equivalent to 
the Shimura-Taniyama-Weil conjecture; and, this is now known (see [2]) following 
on from the pioneering work of Andrew Wiles on Fermat’s Last Theorem. More 
recently, Ellenberg (see [7] ) has established the conjecture for a large class of Galois 
representations with values in GL2(Fg). 

In this article, we give an account of the conjecture when the coefficient field 
is F7. The precise statement is the following: 

Theorem 1.1. Let 

p : GaliQ^yq) GL2 (Ft) 

be a continuous, absolutely irreducible, odd representation of Gal{Q^^ /Q). Further, 
suppose that: 

• The determinant ofp has even order when restricted to the inertia group at 7. 

• The projective image of inertia at 3 has odd order. 

Then ~p is modular. 
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The author, in [9], showed the above result under the added hypothesis that 
~p\d 7 is reducible; the mechanisms involved in the proof there are the same for the 
new cases presented here. The additional result required to handle these caises (see 
Section 2.2 of this article) is covered by the author and A.F. Jarvis in [8]. Also, 
details of the proof of Theorem 1.1 skipped in this article can be found in [8]. 

We now set out some notation. As is customary, we denote the decomposition 
and inertia groups at a place of a number field F by Dy and ly respectively. 
We denote by <j 02 ^v second fundamental character of ly. Thus, for a rational 
prime p, 

^(pi/(p^-D) 

W2,p : Ip Fp 3 sends a pi/{p2~ 

(and we have made an identification of with the group of {p^ — l)th roots of 
unity). We denote by Un the mod n cyclotomic character. The algebraic closure 
of a field L is denoted by For an elliptic curve E and a positive integer n, the 
GL 2 (Z/nZ) representation of the (relevant) Galois group is denoted by ~pE^n' 

I would like to thank the organizers for a wonderful and stimulating confer- 
ence, and for the support I received. 



2. Modularity of Galois representations 

Let F be a totally real number field, Galois over Q. Fix an odd prime i, and 
consider odd, continuous irreducible representations 

P:Gf—^ GL2{QT) 

satisfying the following conditions: 

• p is unramified outside finitely many primes, and 

• the determinant of p is the Fadic cyclotomic character. 

We now describe some conditions which will guarantee ‘modularity’ of such a 
representation. Modularity, in this context, is taken to mean a representation which 
is associated to a Hilbert modular cuspidal eigenform of parallel weight 2. For a 
precise description, see [13]. 



2 . 1 . 

We fix a continuous, odd, irreducible representation 



p : Gf GL2{¥^e") 



satisfying the following conditions: 

• the determinant of p is the mod i cyclotomic character, and 

• for each place v\i^ we have 




* 




p\d^ - 



0 



with 5^^ ^ 
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Let us call a representation p : Gp — ^ GL 2 {Q^^) as in the beginning of this 
section to be a nearly ordinary lift of p if additonally, we have 

• the reduction modulo ^ of p is equivalent to p, and 

• for each place v\i, we have 



Pi 



Dy 






( 1 ) 






with having finite order and 5^^ = (mod f). 

We then have the following important result of Skinner and Wiles (see Theorem 
5.1 of [13]). 



Theorem 2.1. Let p be as above, and let 

p:Gp^ GL2(QD 

be a nearly ordinary lift of'p. Then p is modular, provided there is a nearly ordinary 
lift ofp which is modular. 



2 . 2 . 

Assume now that the ramification index of F at every prime above i is less than 
or equal to ^ — 1. Consider a continuous, odd, irreducible representation 



p:Gp-^ GL2(Fn 



with determinant the mod i cyclotomic character, and satisfying the following 
conditions: 

• the restriction of p to the absolute Galois group of is irre- 

ducible; and, 

• for each place v\£, we have 



p\lv 





Such a representation is necessarily finite at primes above i (i.e., for every v\i, 
there is a finite fiat group scheme defined over the ring of integers of Fy whose 
generic fibre corresponds to p|d^)* 

Now let p : Gp — > GL 2 {Q'}^) be a representation as in the beginning of the 
section. The representation p takes values in GL2{0) with O the ring of integers 
in some finite extension of Q^. We say that p is a crystalline lift of p if we also 
have: 



• the residual representation of p is equivalent to p, and 

• the representations 



p (mod A^) : Gp — ^ GL2{0/X^0) 

(A a uniformizer of O) are finite at primes above £ for every n > 0. 

For such Galois representations, the following theorem is proved in [8] by 
Frazer Jarvis and the author. 
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Theorem 2.2. Let F and p be as above. A crystalline lift 

GL2(Qr) 

of p is modular, provided p has a modular crystalline lift. 



3. Key proposition 

Throughout this section, we let 

p : Gal(Q"7Q) GL2(F7) 

be as in the statement of Theorem 1.1. Thus p is a continuous, absolutely irre- 
ducible, odd representation; the order of Projp(/ 3 ) is odd and detp has even order 
when restricted to the inertia group at 7. 

One checks that if pIdj is irreducible, there are integers m,n such that 

p\i 7 ^ ® with n = 1, 3, 5. 

Furthermore, the projective image of p in this case is either dihedral or insoluble. 
We can thus assume the projective image to be insoluble if p\o 7 is irreducible. 



Proposition 3.1. There is a finite totally real, soluble extension F/Q, an elliptic 
curve E/F satisfying the following conditions. 

• ^~P ('^P twist by a character). 

• P £;,3 • Gal{F°'^ / F) — > GI/ 2 (F 3 ) is surjective. 

• Ramification properties at 7: 

- If p\ Dj is reducible, then F has odd ramification index at 7 and E has 
good ordinary or potentially multiplicative reduction at every place above 

7. 

- Up\dt is irreducible, the ramification index of F at 7 is less than or 

equal to 6, and E has good supersingular reduction at primes above 7. 
Furthermore, we have p^ j\i^ ~ (^ 2,7 '^|7. 

• F has odd ramification index at 3, and E has good ordinary reduction at 
primes above 3. 



The deduction of the theorem, given the above proposition, is given in [9]. 
The main modification required when p\dj is absolutely irreducible is the existence 
of a lift 



p:Gal(Q"7Q)^GL2(Z7) 

of p which is a crystalline lift over F. The relevant local cohomology information 
needed to be able to apply Ravi Ramakrishna’s result (see [10], and [14] for an 
axiomatic set up) is known from the work of Conrad, [3]. The existence of a 
crystalline lift when 

p\l7 ~ ^ 2,7 ® ^ 2,7 

can be found in [14]; we will only prove the above proposition under this added 
hypothesis in the next section. 
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One deduces the modularity of p as follows: applying the result of Skinner and 
Wiles to the 3-adic representation given by E, we get ‘E is modular’. Therefore, 
the 7-adic representation given by E will be a nearly ordinary/crystalline lift of p 
over F. Applying Theorem 2.1/Theorem 2.2, we get the desired modularity of p. 

There is however a subtlety involved. In order to apply Theorem 2.1 to the 3- 
adic representation given by we need to be sure that p^ 3 has a nearly ordinary 
lift - and, this does not seem to be so obvious. 

We will also give a slightly stronger version of the above proposition in the 
last section of this article where we insist that p^ 3 is reducible and decomposable 
at every prime above 3. The existence of a nearly ordinary modular lift is widely 
believed in this case, and seems to be well known to the experts. A forthcoming 
work of Ellenberg and the author will address this issue. 



4. Constructing elliptic curves with prescribed 
mod 7 representation 

We shall now give an indication of the proof of Proposition 3.1. We deal with the 
case when the mod 7 representation restricted to a decomposition group at 7 is 
absolutely irreducible. (As mentioned before, the reducible case is dealt in [9].) For 
simplicity, we shall assume from here onwards that 

p : Gal(Q"7Q) — . GL 2 {¥j) 

satisfies, in addition to the hypotheses of theorem, the following: 

• the order of inertia at 3 is odd, 

• the determinant of p is the mod 7 cyclotomic character, and 

• p\l7 ^ ^ 2,7 0 ^ 2 , 7 - 

In making an identification of the determinant with the mod 7 cyclotomic 
character, we have implicitly fixed a primitive 7th root of unity. We can think of ~p 
as an F7- vector space scheme of dimension 2 defined over Q (it is, in fact, defined 
over 1j[1/N] where N is the product of primes where p ramifies). Denoting the re- 
sulting vector space scheme by W, the determinant condition gives an alternating, 
perfect pairing W xW — ^ pLj. We then have a fine moduli space classifying pairs 
(E^i), defined over appropriate bases, where 

• is an elliptic curve, and 

• i : W E[7] is an isomorphism which sends the pairing on W to the Weil 
pairing on E[7]. 

We denote the resulting fine moduli space by Y {p ) , and write X {p) for its com- 
pactification (which also has a moduli interpretation in terms of generalized elliptic 
curves) . 

We now recall some facts about the above moduli space (see for example [6] ) . 
It is known that X{p) is a geometrically irreducible, smooth, non-hyperelliptic 
curve of genus 3 defined over Q. The canonical divisor thus embeds X{p) as a 
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smooth quartic in We fix such an embedding, and we identify X{p) with a 
quartic in P^/Q throughout this section. 

There is a morphism j : X{p) — P^ which is obtained by ‘taking j- 
invariants of elliptic curves’. The degree of j is 168, and it is ramified at 0, 1728 
and oo. As for T(p), it is the affine curve given by X{p) — j~^{oo). 

Let us say that a geometric point on X {p) has property P if the corresponding 
elliptic curve possesses property P (assuming it all makes sense). 

Lemma 4.1. There is a finite Galois extension F7/Q7 with ramification index less 
than or equal to 4 and a line Lj in P^ defined over Fj with the property that Lj 
intersects X{p)/p^ at four distinct supersingular points defined over Fj. 

Proof. Over C, the curve X{p) is isomorphic to the Klein quartic (it is defined by 
the equation x^y -h y^z + z^x = 0). There are 84 points in j“^(1728), and these 
can be partitioned into 21 sets of 4 collinear points. Given a point in j“^(1728), 
there is a unique line in the projective plane which passes through the given point 
and intersecting the Klein quartic at points with j-invariant 1728. 

Now let E/Qj be the elliptic curve with Weierstrass equation y‘^ = x^ Fx. It 
has J -invariant 1728 and good supersingular reduction. The mod 7 representation 
given by E is equivalent to p when we restrict to inertia at 7. However, it is not 
at all clear if we can conclude {E, E[7]) G X{p){Qj''). 

To see this, consider the twisted modular curve X{E[7])^ where the specified 
pairing on E[7] is the Weil pairing 

(, ):E[7]xE[7]^pLj. 

For each i G (Z/7Z)^, let X{E[7]i) be the twisted modular curve given by taking 
the pairing on E[7] to be the composite 

E[7]xE[7]^-4^i,^^r. 

Let a be an automorphism of £^[7], and consider the embedding 

E[7] E[7] — ^ E 

obtained by composing a with the natural one. With this choice, we will get a 
point on A'(F^[7]deta)(Q7) where the determinant is the one given by the Weil 
pairing. 

The problem is that there may be very few automorphisms! Indeed, we know 
that ~p^ j is an absolutely irreducible representation, and so the automorphisms of 
E\J] over Q7 are given by scalar multiplication - their determinants are always a 
square modulo 7. 

But when we go up to we can certainly find extra automorphisms. The 
image ~pEj[h) is a cyclic subgroup of GL2(F7) of order 48 - we can find automor- 
phisms so that E gives a point on X(E[7]i)(Q7^) ^ ^ (Z/7Z)^. 

We can thus conclude that X{~p){Qj^) contains a point P which is supersin- 
gular with j-invariant 1728. Now take the unique line through this point which 
cuts X{p) at three other points with j-invariant 1728. It can be checked, using 
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the description given in [6] for instance, that one of the three points is already 
supersingular point defined over since it is 2-isogenous to P. One then checks 
that the remaining points are elliptic curves with good supersingular reduction 
defined over Q7(7^/^) by analysing the automorphisms of X which stabilises the 
unique line through these four points. For details, see Lemma 9.3 of [8]. □ 

Lemma 4.2. There is a finite extension Fs of Q3 having odd ramification index 
and a line L3 in defined over F3 which cuts X (p) at four distinct good ordinary 
reduction points, each defined over F3. 

There is a line Loo defined overR which intersects X {p) at four distinct real points. 

We refer to [9] for the proof of the above lemma (but see also the next section) . 

Proof of Proposition 3.1. There is a totally real soluble extension F' such that its 
completion at primes above 3 (resp. 7) is isomorphic to F3 (resp. Fy). Take a line 
in P^ defined over F' which is close enough to Loo , L3 and Ly for the respective 
completions. Then take F to be the Galois closure of the extension given by in- 
tersecting this line with X (p) , and take the elliptic curve given by an intersection 
point. Generically, we should get surjectivity of the mod 3 representation - we will 
expand on this a bit more in the next section. □ 



5. More on the geometry of X{7) and a modular correspondence 



Working over the complex numbers, we have an identification of the X{7) as a quo- 
tient of the upper half-plane (along with cusps) by T(7), the principal congruence 
subgroup of level 7. The correspondence associated to the double coset 

r(7)r?(Q ^^r(7) where mod 7, r/ € 5'I-2(Z) 

is studied by Adler in [1]. Following Theorem 5 of [1], we denote this correspon- 
dence by E. Observe that for a point P, the elliptic curves given by S(P) are the 
three curves isogenous to the one determined by P by an isogeny of degree 2. 

Let K be the twisted sextic curve in P^ birational to X(7) defined in Section 8 
of [1]. Up to a linear change of coordinates, K is the image of the Klein quartic 
under the rational map P^ given by 



{x:y: z) 



.y . ^ .A 

\y ' z ’ X ’ )’ 



Then S(P) is a trisecant of K for every point P, and all trisecants arise in this 
way. A plane II through H(P) determines an effective divisor II Pi K — E{P) of 
degree 3; the divisor 

nnK-E:(P)-hP 

is in the canonical class (see page 160 of [5]). 

Through any point on K, there are exactly three trisecants passing through 
it. A point P lies on a trisecant E{Q) if and only if Q lies on the trisecant 5(P). 
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These can be easily seen from the moduli point of view. It follows that the trisecants 
passing through P are the trisecants determined by the points of H(P). 

Proposition 5.1. Let P be a point on X(7)(C), and suppose H(P) = Pi + P 2 + Ps- 
Then the divisor H(Pi) — P + P 2 + P 3 is in the canonical class. 

Proof. The plane through S(Pi) and H(P 2 ) intersects K at a sixth point - and this 
point is P 3 (see page 160 of [5]). The lemma follows (from couple of paragraphs 
above) . □ 

The corollary that now follows originates from a conversation the author had 
with Bjorn Poonen during the MCAV conference. The (content of the) corollary 
was already known to Poonen; the statement given here is a consequence of the 
author’s attempt at reconstructing the conversation. 

Corollary 5.2. Let M be a field of characteristic zero containing a seventh root of 
unity. Let E/M be an elliptic curve with all of its A-division points are defined 
over M, and denote by I{E) the set of degree 2 or A isogenies of E. If E gives 
a point in X{7){M), then there is a line in which intersects the Klein quartic 
at A distinct points defined over M , with the corresponding elliptic curves in the 
setI{E). □ 

Proposition 5.3. In Proposition 3.1, we can insist that the mod 3 representation 
given by E is reducible and decomposable at every prime above 3. 

Proof. Start with an elliptic curve Q 3 with good ordinary reduction and whose 
mod 3 representation is reducible and decomposable. Take the line given by the 
above corollary (after going up to an appropriate extension of Q 3 ), and carry on 
as before. □ 

Now for those words on the surjectivity part of the proposition: one way of 
doing it is to impose further local restrictions. For example, take a prime p such 
that p\dp is trivial. The Tate curve over Qp with parameter gives a line Lp 
defined over Qp adjoined 4th and 7th roots of unity. If we insist in the proof of the 
proposition that the global approximating line is p-adically close enough to Lp, 
the image of the mod 3 representation will certainly contain elements of order 3. 

How do we make sure that the image of the mod 3 representation contains 
elements of order 4? For this, let g be a prime such that the representation 

("o 1) "" ("o 1) ^ • Gal(Q“ 7 Q) — " Gi 2 (Z/ 4 Z) X GL2{W^) x GL2(Fy) 

is trivial at q. Let if : Gal(Q^^/Q) — ^ GL 2 (F 3 ) be a continuous representation 
with determinant such that 'i/>\Dq is unramified and has order 4 (i.e., the order 
of 'if(Dq) is 4). Finally, let 

<t> = ("“^ J) X V’ X p : Gal(Q“7Q) ^ GL2{1lA1) x GL2(F3) x GL2(F7). 

The corresponding moduli space X{(t)) has good reduction at q. For large enough 
q, we will thus get a Qq rational point on X(0). An application of Corollary 5.2 
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to the resulting elliptic curve then gives us a line over Qq. The rest is as in the 
previous paragraph. 

Alternatively, one can deduce the surjectivity if there is a line in defined 
over some number field such that the elliptic curves given by the intersection points 
all have mod 3 representations with ‘big’ image (e.g., the image contains SL 2 {¥s)). 
For this, let N be the extension of Q through which p factors. A general elliptic 
curve over N will have linearly disjoint mod 3, mod 4 and 7 representations with 
‘big’ images. Going up to the extension obtained by adjoining the 7 and 4 torsion 
points, we will get our desired line by Corollary 5.2. 
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Introduction 

The recent work of Cornut, Vatsal, Bertolini, Darmon, Nekovar and others on the 
Mordell-Weil and Shafarevich-Tate groups of elliptic curves over ant icy clot omic 
towers has made it timely to organize, and possibly sharpen, the collection of yet 
unresolved conjectures regarding the finer structure we expect to be true about this 
piece of arithmetic. That was the general aim of two of our recent preprints ([MRl], 
[MR2]) the former being the text of an address given at the International Congress 
of Mathematicians in Beijing in August 2002 by the second author. It was also the 
aim of the lecture delivered by the first author at the conference in Barcelona in 
July 2002. Since there was some overlap in our two lectures (Beijing, Barcelona), 
we felt it reasonable not to repeat things, but rather, in this write-up for the 
proceedings of the Barcelona conference, to concentrate only on the following part 
of the story which was not really covered in any of the other accounts. 

In a recent preprint [N2], Nekovar developed a derived complex version of 
the theory of Selmer modules and expressed some of the standard dualities en- 
joyed by Selmer modules in the language of derived complexes. The advantage of 
this is its naturality and generality: the cohomological machinery directly yields 
such a structure, and we are well advised to keep that structure in view. The dis- 
advantage is the unavoidable largeness of the technique, which makes it slightly 
inconvenient, for example, to explain it in an hour. Nevertheless, if one is to under- 
stand, and build upon, the collection of outstanding unsolved problems regarding 
our anticyclotomic context, it might be a good idea to hold in one’s head all these 
dualities at the same time. As an expository tool, it occurred to us to hypothesize 
a certain rigidification of Nekovar’s theory (a single skew-Hermitian module) from 
which one might obtain the Selmer module of interest, and all of its attendant 
height pairings, and Cassels pairings, and upon which one can impose some of 
the finer structure carried, in some contexts, by Selmer modules (see for example 
the discussion of Heegner points and L- functions in [MRl]). This hypothesized 
skew-Hermitian module has the virtue of being very easy to explain, making use 
of only low-tech methods. The great disadvantage of our theory is that we have 
no natural way of constructing the relevant skew-Hermitian matrices in any non- 
trivial case. Our hope that perhaps we may eventually be able to find such natural 
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constructions, at least in some cases, was inspired by the vague analogy it has 
to Seifert’s classical results which express the algebraic topology of abelian covers 
of knot complements in terms of skew-symmetric matrices with coefficients in an 
appropriate localization of the group ring of the first homology group of the knot 
complement. The Cassels pairing in arithmetic has a formal structure similar to 
the Blanchfield pairing in knot theory. The height pairings, however, which play 
such a prominent role in arithmetic also have analogues in knot theory, but, to our 
knowledge, these analogues have not been explicitly used in either classical knot 
theory, or in the theory of knots in higher dimensions. 

We offer Part I of this article as a possibly helpful expository warm-up for any 
student interested in learning Nekovar’s “Selmer complexes.” Part II discusses the 
arithmetic of elliptic curves over anticyclotomic towers from the viewpoint sketched 
in Part I. 



Part I. The structure of Selmer modules 
1. Selmer groups of elliptic curves 

Consider the structure “carried by” the p-Selmer group Sp{E,K) of an elliptic 
curve E over a number field K. Recall that this Selmer group is the Zp-module of 
finite type defined as the Pont rj agin dual of: 

ker(Hi(Jr,£;[p“]) ^ 1[hHK,,E)), 

V 

where E\p^] is the Galois module of p-power torsion on E, and the product is over 
all places v of K. We define Sp{E, RT)tors to be the torsion subgroup of Sp{E, K) 
and 5p(£^, K)free the canonical torsion-free quotient Sp{E, K)/ Sp{E^ K)tovs- 

Let the superscripts ^ and ^ denote Pontrjagin dual and Zp-dual, respectively, 
so that := Hom(M, Q/Z) and Hom(M, Zp). 

For simplicity we will assume the Shafarevich-Tate conjecture, so Sp{E, R")tors 
is canonically isomorphic to the Pontrjagin dual of the p-primary subgroup of the 
Shafarevich-Tate group of E over K. It follows that there are canonical isomor- 
phisms 

5p(£;, iv:)free = E{Kf, Sp{E, K)tors ^ UI(£;, K)\p°°f, 

{E{K)/E{KUrs) ® Zp ^ Sp{E, iC)Le- 

The Cassels pairing induces a nondegenerate skew-symmetric pairing 

Sp{E, K)rors ® Sp(E, K)Z,, Qp/Zp. 

Since this pairing is nondegenerate, it induces an isomorphism 

Sp(E,K),,,,^Sp{E,K)Z,, 
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and hence a nondegenerate skew-symmetric pairing 

Sp{E,K)tors®Sp{E,K) tors ^ Qp/Zp. (1 ) 

Assume now that every place v oi K of residual characteristic p is a prime of 
good, ordinary reduction for By a Tip -power extension of K let us mean a Galois 
extension with Galois group isomorphic to for some natural number d, and by 
r := T{K) let us mean the Galois group of the maximal Zp-power extension of K 
in an algebraic closure of K (assumed chosen and fixed). Recall that we have a 
canonical symmetric, bilinear, p-adic height pairing 

Sp{E, A)Le ® SpiE, K)l,, r{K) ® Qp (2') 

and we may even guarantee that the values of this pairing are nearly integers, in 
the sense that they are contained in 

where the denominator S{E,K) is a very controllable number, often 1 (cf. [MT]). 
The p-adic height pairing is conveniently functorial in A, and in particular when 
K/Q is Galois the pairing is Gal(K/Q)-equivariant in an evident sense. 

We will be studying, later, more machinery than (!') and (2') with which 
Selmer groups are naturally endowed, but for the moment let us take a step back- 
wards and repeat the algebraic structure discussed so far. 

Let A be a discrete valuation ring and a Zp-algebra {A was simply Zp in the 
previous paragraph). Denote by /C the field of fractions of A. Let F be an abelian 
pro-p-group, and let S be an A-module of finite type. Form the canonical exact 
sequence of A-modules 

0 — >T — >S — > F — >0, 



where T is a torsion A- module and F free. We assume that we have a nondegen- 
erate bilinear skew-symmetric pairing 



T<S>aT — V K/A, 


(1) 


and a bilinear symmetric pairing 




1C 


(2) 



where the superscript ^ now denotes A-duality, i.e., F^ := HomA(F’, A). Also, it 
is good to bear in mind (without formally including this feature in our axiomatic 
set-up above) that in the prototype, the symmetric pairing (2) takes values in 



^ • r (g)Zp A c r (8)Zp /c, 

where 5 is something computable. 

How might one naturally come across an A-module 5 with the two types of 
pairings as sketched above? 
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2. Hermitian and skew-Hermitian modules 



Fix a commutative ring R endowed with an involution l : R ^ R. 

If M is an R-module, let denote the jR- module having the same underlying 
abelian group M, but with module structure obtained from that of M by com- 
position with L. Clearly = M. By a semi-linear {R,t)-module we mean an 

R module W endowed with an involution i \W such that i{rw) = i{r) • i(w) 
for all r G and w ^ W . Equivalently, we may think of the involution i as an 
R-module isomorphism i : W such that i^ • i \ W = IF is the 

identity. We refer to such a pair (VF, i) as a semi-linear module^ for short. The in- 
volution L of the free i?-module R endows that module with a natural semi-linear 
structure. If M is an R- module and VF is a semi-linear /^-module, the module 
Homi?(M, W) inherits a semi-linear structure as follows. For / G Hom(M, W) let 
i{f) G Hom/^(M, W) be given by i{f) := iof. For a free R-module $ of finite rank, 
by the semi-linear R-dual of $ we mean the R- module R) with 

the semi-linear structure as given above. 

If / C R is an ideal which is stable under the action l then the quotient R/ 1 
inherits an involution compatible with we denote it again t. Let us call such 
an ideal I a switching ideal if l induces the identity involution on R/ 1 and the 
automorphism “multiplication by —1” on I /P. 



Example 2.1. A principal example for us is the following. Suppose B is a commu- 
tative Zp-algebra and G is a commutative pro-p group. Let R be the completed 
group ring B[[G]], and let t be the involution which operates as the identity on B 
and hy g ^ g~^ on G. 

If B C G is a closed subgroup, let In C R he the closed ideal generated 
by all elements of the form h— iGBforhGB. That is, Ih is the kernel of 
the natural projection B[[G]] ^ B[[G/B]]. We have a canonical isomorphism of 
B [ [G/ B] ] -modules 

characterized by the property that the element h 0 1 is sent to h — 1 modulo ijj 
for all h G B. The augmentation ideal Ig C B[[G]] is a switching ideal. 



If is an B-module, and W a semi-linear B-module, a pairing 

7T : $ 0/^ VF 



is called Hermitian if 



7r(a h) = +i(7r(6 0^ a)), 

and skew-Hermitian if 

7r(a ^R b) = —i{7r{b <S)r a)). 



Remark 2.2. When we talk of Hermitian or skew-Hermitian pairings with values 
in the ring R we will always mean to view the ring R with semi-linear R-module 
structure given by its involution l. Note however, that if z : VF FF is a semi- 
linear involution of an B-module VF, then so is — z, and if we switch to considering 
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i' = — z, then Hermitian pairings with values in the semi-linear i?- module {W,i) 
are skew-Hermitian pairings with values in (VF, i'), and vice versa. 



3. Derived pairings 

Suppose from now on that $ is free over R of finite rank, and W = R. Suppose 
further that we have a nondegenerate i?- valued skew-Hermitian pairing $ (g) > 

R, Such a pairing corresponds to an injective i?-homomorphism 

h :^ — . 

and the skew-Hermitian property of the pairing is then equivalent to the fact that 
the induced map 

= Hom($*,i?) ^ Hom($,i?) = ($*)'^ 
is identified with —h under the canonical isomorphism 

Hom/^(^,$*) =Homi^(^^(^*)^). 

Let S denote the cokernel of h, so that 

0 — . $ — ,s — > 0 (3) 

is a free resolution of the jR-module 5, giving, in particular that the A-modules 
Tor^(5, A) and Ext^(5, A) vanish for every i?- algebra A and every z > 1. If A is 
an i?-algebra, put 

M(A) Tor)^(5, A) = ker(h (^r A), 

5(A) := 5 <^R A = coker(h ^r A) 

(the letter M is chosen to remind us of Mordell- Weil, while the letter 5 is chosen 
to remind us of Selmer, see §5). These definitions give us an exact sequence of 
A-modules 

0 — ► M{A) — ^ > S{A) — > 0. (4) 

Now let us pass to the special case where A is an i?-algebra with involution, 
compatible with the involution t of R. We use the same letters t and i to refer to 
the involutions of A and of ^r A. We have that h* (S)r A = —h ^r A, and using 
this along with (4) (for the upper exact sequence) and (3) (for the lower exact 
sequence) gives a commutative diagram of A-modules, 

0 ^ M{Ay ^ ® A -h^A^ ^ ^ ^ ^ ^ 

h*^A 



0 ^ Hom/^ (5, A) Hom(^* , A) 



Hom(^, A) Ext^(5, A) 0. 
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Thus we obtain canonical isomorphisms 

M{Ay^HomR{S,A), (5) 

S{AY ^Ext]^{S,A). (6) 

Assume now that A is a quotient i^-algebra with compatible involution, that 
is, A = R/ 1 where I C R is stable under l. Tensoring the exact sequence 

0 — >I — > A — ^0 

with S gives a canonical injection 

0— ^Tor]^(5,A) ^ I ^rS 

and composing this with the natural pairing 

(/ ^R S) ^R Homi?(5, A) — > I ^rA = l/f' 

we get the pairing 

Tor^(5, A) HomniS, A) I/I^ 

Now, using the definition of M{A) and (5), we obtain the pairing: 

M(A) M{AY — > I/I\ (7) 

Note that if t induces multiplication by —1 on I/P, then (7) is an A-bilinear 
symmetric pairing. 

Remark 3.1. Here is a more direct description of the pairing (7). Let ( , ) denote the 
skew-Hermitian pairing corresponding to h, and if m G M(A) C let m G ^ 

denote any choice of lifting of m. Then, from the definition of M{A), {m,x) G 
/ C i? for every x G If mi, m 2 G M(A) we see that the value (mi, m 2 ) G /, 
when taken modulo P, is dependent only upon the elements mi, m 2 G M(A) and 
independent of the choices of liftings mi, m 2 G Then the A-bilinear pairing (7) 
is defined by the rule 

mi (g) m 2 •— > (mi, m 2 ) (mod /^) G I/P. 

Now let us suppose, for simplicity, that A is a principal ideal domain, and 
denote its field of fractions by 1C. The natural exact sequence 

0 ^ 5(A) 

tors ^ 5(A) ^ 5(A)fpee ^ 0, 

decomposing the A-module 5(A) into its torsion A-submodule and torsionfree quo- 
tient, has a (noncanonical) splitting. Combining this with the natural long exact 
sequence coming from applying the functor Homi^(5, • ) to the exact sequence of 
i?-modules O^A— >/C— »/C/A— >>0, we obtain an exact sequence 

0 — > HomA(5(A)tors,/C/A) ^ Ext],{S,A) Ext^(5,/C), 

from which we see that the A-torsion submodule of Ext)^(5, A) may be identified 
with Hom^(5(A)tors, /C/A). Therefore, restricting the isomorphism (6) to 5(A)^Qj.g 
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we obtain a pairing 

5(^)tors — IC/A (8) 

which is A-bilinear and nondegenerate. 

Remark 3.2. Here is a more direct description of the pairing (8). Suppose s G 
S {A) tors, say as = 0 with a ^ A. Prom the definition (4) of 5(A), we can choose 
s G ^(8)A and s* G ^*(^A such that s* lifts s (under (4)) and s lifts as*. Similarly, 
if t e and bt = 0 we can lift to t G (8) A whose image in {^*Y <S> A is b 

times a lift of t. 

Let ( , )a denote the skew-Hermitian pairing (^0A)(8)($'^(8)A) A induced 
by h. Then the pairing (8) is given by 

s<S)t {ab)~^{s,i)A (mod A) G {ab)~^A/A c /C/A. 

This is independent of all the choices that were made. 

In summary, given a skew-Hermitian module ^ over R, with the hypotheses 
above, for every ideal I C R stable under the action of l with A R/ 1 a, principal 
ideal domain, we get an A-bilinear pairing (7) on M{A) with values in I/P and a 
nondegenerate A-bilinear pairing (8) on 5(A) tors with values in JC/A. 

In the special case where / C is a switching ideal, the pairing (7) is sym- 
metric and the pairing (8) is skew-symmetric. 



4. Discriminants, functions”, and regulators 

Let $ be a skew-Hermitian module over as in §3, and continue to suppose that 
A = R/ 1 is a principal ideal domain. Denote by D e R the discriminant of the 
skew-Hermitian pairing on (well defined up to an element uu‘' with u G R^). 
Let r denote the rank of the free A-module M(A), and denote by d G r /r^^ 
the discriminant of the symmetric pairing (7) (well defined up to an element vv^ 
with V G A^). Let s G A denote a generator of the Fitting ideal of the A-torsion 
module 5(A)tors- 

Proposition 4.1. The discriminant D lies in F , and if G F /F^^ denotes the 

image of D in F /F~^^ then we have (up to a unit in A^J 

=d^s. 

Remark 4.2. One might think of this formula as analogous to the standard (conjec- 
tured, or sometimes proved) formulas linking a special value of the rth derivative 
of an L-function to the product of a height-pairing regulator times a term which 
reflects torsion in the Selmer group. 

Proof of Proposition 4.1. Form the free A-modules ^ := and := 

Then = Hom(^\ A), and both ^ and are free over A of rank g := rank/^(^). 
The A-module ^ inherits an A-bilinear skew-Hermitian pairing from the skew- 
Hermitian pairing on 
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Since M{A) is the kernel of h 0 ^ ^ ^ M{A) is a direct summand of 
Fix an R-basis of ^ whose first r elements reduce modulo I to an v4-basis of 
M{A)^ and let N be the submodule of ^ generated by the reductions of the last 
g — r basis elements. Then ^ = M{A) 0 and with respect to this basis the 
pairing on ^ is given by a matrix 



B = 




B2 

B4 



where Bi, B 2 , and B^ are r x r, r x {g — r), and {g — r) x r matrices with entries 
in /, and B 4 is a (^ — r) x (^ — r) matrix with entries in R. Thus we see directly 
that D = det{B) G F and 



= det(Bi)det(B4) (mod 7"+^). (9) 



By Remark 3.1, the matrix giving the pairing (7) on M{A) with respect to 
our chosen basis is Bi (mod /^), so d = det(Ri) (mod 

Let B' and B'^ be the reductions of B and B 4 modulo 7, so their entries lie 
in A and 



B' = 



0 0 
0 B' 



Then B' is the matrix describing the map h ^ A : ^ ^ Thus B' hats rank 
g — r, so the {g - r) x {g — r)-matrix B'^ has nonzero determinant in A. Further, 
we have 



S{A) = coker(h ^ A) = - M{A)* 0 {N^B'^N) 



so S{A)tors = N^/B'^N has Fitting ideal det(B 4 ). Now the proposition follows 
from (9). □ 



Part II. Skew-Hermitian modules and arithmetic 



5. The arithmetic of {E, K,p) 

Let us fix an elliptic curve E over a number field K, having good ordinary re- 
duction at all primes of K above p. We keep the notation as in §1. Let K be 
the maximal Zp-power extension of 7T, and T{K) = Gal{K/K). Let 7? be a lo- 
calization of the completed group ring Zp[[T{K)]], viewed as Zp[[r(77)]]-algebra, 
endowed with the (unique) involution t : R ^ R compatible with the standard 
involution of Zp[[r(RT)]] (given by inversion of group elements). By an interme- 
diate field extension L we mean an extension field L oi K contained in K. Put 
77 l := Gal(.^/L) C F(7C), and note that the ideal II of R generated by Ihl 
is stable under the involution l and Ik is a switching ideal. Define the quotient 
7^- algebra 



Al R/Il = R^Zp[[r{K)]] Zp[[Gal(L/7f)]]. 
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For arbitrary intermediate extensions L define the Selmer A^-module 
S{L) = Sp{E,L;R) := \^{Sp{E,K') ®z,[(r(/^)]] R), 

K' 

the projective limit being taken over all finite extensions K' oi K in L. Denote the 
/^-module S{K) simply S. 

Assume the following: 

Perfect Control axiom. The natural A l - homomorphism 

S^R Al^S{L) 

is an isomorphism for all intermediate fields L. 

Remark 5.1. Although the Perfect Control axiom does not universally hold, the 
homomorphism S Al S{L) usually has rather small kernel and cokernel 
bounded independently of L (as implied by the “Control Theorem” , which holds 
in a fairly general context) and it is often possible to choose localizations R of 
Zp[[r(A)]] so as to avoid the support of these kernels and cokernels, and thereby 
force this axiom to hold (see [M], [G]). An alternate strategy is to simply replace 
the classical Selmer groups S{L) by S'{L) := S 0r Al relying on the control 
theorem, when it applies, to guarantee that these S'{L) are not very different 
from the true S{L). In what follows we just assume the Perfect Control axiom. 

Put 

M{L) := RomRiS.ALY = Hom^, (5(L), Al)\ 

the latter equality holding because of the Control axiom. If L C L' is an inclusion 
of intermediate fields, using the first equality above we have a natural induced 
homomorphism M(L') M{L). Moreover, again using the first equality, for any 

intermediate field L we have 



M(L) ^lmM(A') 

k' 

where K' ranges through any increasing sequence of intermediate fields whose 
union is L. In particular, for any intermediate field L, M(L) can be computed as 
a projective limit of M(K') for intermediate fields K' of finite degree over K. 

If L C I/' is an inclusion of intermediate fields of finite degree over A, let 
E{L') E{L) denote the natural trace (also called “norm”) mapping on Mordell- 
Weil groups. For any intermediate field L, of finite degree or not, consider the 
Al- module 

U{L) := hm (A(A')/A(A')tors O Zp) 0z,[[r(K)]] 
k' 

where K' ranges through any increasing sequence of intermediate fields of finite 
degree over K whose union is L. 
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Proposition 5.2. Let L be an intermediate field. 

(i) If [L : K] is finite and G = Gdl{L/K), then there is a natural isomorphism 
of A L -modules 

M{L)^{E{L)/E{L)tors)^z[G] 

(ii) For arbitrary L there is a natural isomorphism of A l -modules 

M{L) ^ U{L). 

Proof We will prove (i), and then (ii) follows by passing to the projective limit. So 
we assume that L/K is finite. Recall that we have also assumed the Shafarevich- 
Tate conjecture and the Perfect Control axiom. 

We have 

M{LY = RomA,{S(L),AL) = Homz,[c?](5p(^, L), Zp[G]) ^ 

The maximal Zp- torsion- free quotient 

5p(£;,L)free:=5p(^,L)/5p(E,L) 

tors 

of Sp{E, L) satisfies 

5{L)free = Hom(£;(L),Zp). 

Therefore we get isomorphisms 

Homz,[G](5p(£;,L),Zp[G]) ^ Homz,{G](Sp(E, L)free, Zp[G]) 

= Homz,[G](Hom(E(L), Zp), Zp[G]) 

= HomZp(Hom(£’(T),Zp),Zp) 

— {^{^)! E{L)tors) ^ Zp 

using (for example) [Br] Proposition VI. 3.4 for the third isomorphism. Tensoring 
with Al proves (i). □ 

Let us now examine whether we have analogues of the two basic isomorphisms 
(5), (6) of §3. Specifically (assuming the Perfect Control axiom) are there natural 
isomorphisms of .A^-modules 

M{L) S Torfi(5, Al), S{L)^ S Ext)j(5, Al) (10) 

for every intermediate extension L? 

In [N2] (cf. §6.6, and passim) Nekovar constructs what he calls the Selmer 
complex of i^-modules. Applying his construction to our triple {E,K,p) we get 
that the associated Selmer complex lies in the derived category of bounded R- 
modules, and is supplied with a skew- Her mitian self-pairing, which, if one assumes 
the Perfect Control axiom and the vanishing of what Nekovar calls “error terms” , 
produces the isomorphisms (10). Given a skew- Hermit ian i?- module ^ let us view 
the corresponding i?-homomorphism ^ = ^^*}as being a complex in the 

derived category of bounded i^-modules (putting in degree 1) and note that 
the skew-Hermitian pairing gives an isomorphism 
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Definition 5.3. Let (E,K,p) be as above, and R a localization of the completed 
p-adic group ring of T{K) with involution t which extends the natural involution 
on the group ring. Let us say that the skew- Hermit ian J?-module ^ organizes 
the arithmetic of {E,K^p) if the corresponding i?- homomorphism h : ^ ^ is 
injective, the Perfect Control axiom holds, and the complex ^ is quasi-equivalent 
to Nekovar’s Selmer complex, the quasi-equivalence being compatible with skew- 
Hermitian pairings. 

If ^ organizes the arithmetic of (E, A,p), then for every intermediate exten- 
sion L/K we have an exact sequence of A^-modules 

0^U{L) Al^Sp{E,L)^Al^O. 

Further, the induced pairing on U{L) described in §3 coincides with the p-adic 
height pairing on U{L), and if [L : K] is finite and Al is a principal ideal domain 
then the induced pairing on {Sp{E^ L) A l) tors described in §3 coincides with the 
Cassels pairing. 

6. The classical anticyclotomic setting 

In this section we assume all the hypotheses and notation of Section 5 and, fur- 
thermore, that E is an elliptic curve over Q without complex multiplication, K is 
a quadratic imaginary field, and p is an odd prime number. We have that T{K) is 
free of rank two over Zp and decomposes canonically as the product 

r{K) = X p"y^^ 

where P^^^^ := Gal(A^^^VA) and := Gal(iP^y^VA). Here and 

are the classical anticyclotomic and cyclotomic Zp-extensions of iP, re- 
spectively. 

We will be particularly interested in the anticyclotomic Zp-extension, so put 

L := 

As in [MRl], [MR2] let us consider the sign of Xk{—N) where xk is the 
quadratic Dirichlet character attached to the field iP, and N is the conductor of 
E. Conditional upon the hypotheses that we have made, this sign controls two 
things. First, thanks to a result of Nekovar [Nl], if the sign is then the rank of 
E{K) is even, and if the sign is ” then that rank is odd. Thanks also to recent 
results of Vatsal, Cornut, Kolyvagin and others, if the sign is then U (L) is 
trivial, while if it is ” then U{L) is free of rank one over Al. In the case where 
the sign is ” we have the height pairing 

hL : U{L) U{LY Il/II = 

Under the above hypotheses, in [MRl] we made the following conjecture. 

Conjecture 6.1. If xk{—^) = —1 then the height-pairing hR is an isomorphism 
of free, rank-one AR-modules. 
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Put another way, Conjecture 6.1 says that the regulator oi the height pairing 
Hl on U{L) is a unit. 

Now suppose that the skew-Hermitian R-module ^ organizes the arithmetic 
of (E,K,p), as in Definition 5.3, with (x,y) (x,y) denoting the R- valued skew- 

Hermitian pairing on Choose an element u e ^ that projects to a generator of 
the ^L-module U{L) in Then (u,u) G II for all v e and Conjecture 

6.1 would imply that {u,u) is a generator of the ideal II C R. 

Under these conditions, the Gram-Schmidt projector tt : ^ ^ ^ defined by 

/ ^ u) 

V 1 -^ 7r{v) = V — -u 

{u,u) 

splits the skew-Hermitian module ^ into the direct sum of the free, rank-one skew- 
Hermitian R- module Ru and its orthogonal complement 7 t($). 

Remark 6.2. If the Conjecture 6.1 holds, and if there is a skew-Hermitian organizer 
of the arithmetic of (E,K,p), then under the above conditions when xk{—N) = 
— 1 the Selmer complex in the derived category splits as a direct sum of a complex 
quasi-isomorphic to the complex R — > R (the mapping sending 1 to an “imaginary” 
generator of 7 l) plus another complex. The former complex would account for the 
universal norms in Mordell-Weil compiled by aiscending the anticyclotomic tower; 
the latter complex cannot vanish if the rank of the Mordell-Weil group of E over 
K is greater than 1 and indeed the R-rank g of an organizer ^ must be at least 
equal to the rank of the Mordell-Weil group of E over K. 

Remark 6.3. If ^ organizes the arithmetic of {E,K^p)^ then the characteristic 
ideal of the Selmer R-module S is the discriminant D of the pairing h : ^ ^ 

In this situation the “two-variable main conjecture” is equivalent to the following. 

Conjecture 6.4. The discriminant of h is equal, up to a unit in R, to the two- 
variable p-adic L-function of Haran, Hida, and Perrin- Riou [Ha], [Hi], [PRl], 
[PR2]. 

For more about the relation between our setup and other anticyclotomic 
conjectures, see [MRl]. 
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Explicit Parametrizations of Ordinary 
and Supersingular Regions of Xoip") 

Ken McMurdy 



Abstract. In this paper, we explore the geometry of the modular curves 
^o(p^), over Cp in a few non-trivial examples. In particular, we give explicit 
rigid-analytic parameterizations of the ordinary and supersingular regions. 
This is done by first building towers of models for Xo(p'^), 0 < i < n, and 
then pulling back the ordinary and supersingular regions of X(l) via the 
forgetful maps. 



1. Introduction 

On X{1), as a rigid analytic curve over Cp, define the supersingular region to be 
the rigid subspace whose points correspond to elliptic curves over Cp with good 
supersingular reduction. This is a finite disjoint union of rigid- analytic discs, one 
for each supersingular j-invariant in characteristic p. Now let 

7Ti : Xo{N) ^ X{1) 

be the “forgetful” map, the moduli-theoretic map which takes the point corre- 
sponding to {E, C) to the point corresponding to E. We then define the supersin- 
gular region of Xo{N) to be the inverse image under tti of the supersingular region 
of X(l). The complement is called the ordinary region. 

While these regions have been defined rigid-analytically, they can also be 
studied by looking at the special fibers in various scheme-theoretic models for 
Xq{N) over extensions of Zp. A natural starting point is the Katz-Mazur model of 
Xo{N) as the compactified coarse moduli scheme representing the [To (AT)] mod- 
uli problem [KM, 3.4, 5.1]. For Xo{p^), the irreducible components of the special 
fiber of this model are explicitly described in [KM, 13.5.6], with crossings at the 
supersingular points as described in [KM, 13.4.7]. From this information alone, 
however, it is impossible even to conclude the number of (rigid) connected compo- 
nents of the ordinary region. In the simplest case of Xo{p) {p ^ 2,3) the minimal 
resolution over Zp has been worked out in [DR, VI. 6. 16] and provides a fairly com- 
plete description of both the ordinary and supersingular regions. In particular, the 
ordinary region must have two trivial connected components (genus 0 affinoids as 
defined below), reducing to the two “vertical” copies of in the DR model. The 
supersingular region must consist of ss wide-open annuli, the width of each being 
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determined by the number (if any) of “horizontal” copies of in the resolution 
of the corresponding supersingular point. A similar description of Xo(p^) follows 
from the special fiber of Edixhoven’s model [E, 2.1.2]. From this model we know 
that the ordinary region of Ao(p^) must have four connected components, reducing 
to the four vertical curves. The connected components of the supersingular region 
reduce to the ss horizontal curves for which Edixhoven provides equations. 

Unfortunately, for Xo(p^) with n > 2 there are no such complete and gen- 
eral results analogous to these of Deligne-Rapoport and Edixhoven. The con- 
nected components of the ordinary region can now be completely described in 
moduli-theoretic terms by recent results of Coleman ([C2]). This is done by fur- 
ther analysing the affinoids Xa^b reducing to the irreducible components in [KM, 
13.5.6] via the theory of the canonical subgroup. In [C2] Coleman also provides the 
following moduli-theoretic interpretation of the horizontal components in Xo(p^). 
Coleman shows that points of the horizontal components of Xo{p^) correspond 
to pairs {E,C) such that EfpC is too-supersingular in the sense of [B, 3.3]. This 
moduli-theoretic description of the horizontal components, however, has not yet 
been generalized to Xo{p^) for n > 2. 

In this paper we will take a different approach toward understanding the 
ordinary and supersingular regions of Xo{p^). The starting point is to build very 
explicit models for Xo(p), Ao(p^), and even Xo{p^) (in the p = 5 example), always 
determining the formula for the forgetful map in terms of the chosen parameters. 
The ordinary and supersingular regions can then be described quite explicitly by 
simply pulling back the corresponding regions of X{1). It then becomes a rigid- 
analysis problem to determine whatever data is desired. In this paper, we will focus 
for example on the number of connected components of the ordinary region as well 
cLS their genera in the following sense. Define the genus of a smooth one-dimensional 
affinoid X to be the minimal genus of a smooth proper curve containing X (which 
exists). We show in each example, using (a souped-up version of) Hensel’s Lemma, 
that each affinoid connected component X of the ordinary region is contained in 
a rigid subspace W such that IF — A is a wide-open annulus (as in [Cl, II]). 
Attaching a disc D to IF along this annulus (as in the proof of [Cl, 3.3]) gives 
X \J D the structure of a proper curve whose genus can be readily calculated and 
is the genus of X. While our approach toward understanding Xo{p'^) will most 
likely not result directly in a general theorem, it could conceivably provide a great 
deal of relevant data leading to a conjecture about the components in the stable 
model of Ao(p^). In a future article, for example, we will employ these methods 
to explicitly describe the components in the stable model of Aq(125). 



2. Example 1, Xo(49) Xo{7) X{1) 

Since the only supersingular value in characteristic 7 is j == 1728, the supersingular 
region of A(l) is simply the disc described by vj{j — 1728) > 0. Therefore we 
begin by choosing a parameter on Aq( 7) (which has genus 0) and determining an 
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equation for tti centered around j = 1728. For a parameter we choose the following 
eta product (with the given cuspidal divisor). 

(t) = (0) - (oo) . 

Remark 2.1. Whenever an eta product is used throughout the paper, we are implic- 
itly defining a function via its canonical q- expansion at infinity and the formula 

oo 

Vd = q^ Y[{1- 

n=l 

In each case, the eta product has been verified to be a legitimate function on Xq{N) 
by means of Ligozat’s criteria as in [L, 3.2.1]. Furthermore, the divisors of all eta 
products as well as the ramification indices of moduli-theoretic maps at the cusps 
have been calculated using families of Tate curves. 




Now we compare ^-expansions to obtain Equation (1) for tti in terms of the 
parameters j and t. Then we use this equation to explicitly describe the pullback 
of the supersingular disc to Xo(7) in Claim 2.2. 



<(j - 1728) 



{t* - 10 • - 9 • -2-7H- 7’^f 



( 1 ) 



Claim 2.2. The inverse image under tti of the supersingular disc V'j{j — 1728) > 0 
is the annulus described by 

0 < vj{t) < 2. 



Proof When V 7 {t) < 0, Equation (1) implies that 

- 1728)) = SvT{t) - 7vr{t) = vr{t) < 0. 

Similarly, when V 7 {t) > 2, we see from Equation (1) that 
viinlU - 1728)) = 14 - 7vr{t) < 0. 

Finally we consider the case when 0 < vjit) < 2. Over this entire region we have 

^7(7r*(j - 1728)) > mm{Sv 7 {t), 14} — 7v7{t) >0. □ 

The picture for Xq( 7) is given in Figure 1 with the ordinary region shaded. 
Note that we have also included for comparison the picture of Deligne-Rapoport’s 
model from [DR, VI. 6. 16], adding numbers to indicate the genera of the irreducible 
components. For the reader who wishes to further explore moduli-theoretic prop- 
erties of our model we will also include now the formula for the Atkin-Lehner 
involution W 7 . It is immediate that Wj{t) — cjt for some constant c since the 
involution switches the cusps (0) and (cx)). To compute c we first determine the 
formula for the moduli-theoretic map 7T7 : Ao(7) V(l) which has the effect of 
^ ^ on canonical ^-expansions at 00 . 

^t l)^{t^ -h 13t 49) 

^7\J) = • 
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Combining this formula with the compatibility relation ttiowj — ttj we find that 
the constant c = 49. 

Now we choose parameters for Xo(49) (genus 1) and determine the equation 
for the forgetful map down to Xq{7) in terms of these parameters. 




y = 




(x) = 2(0) - 2(oo) 



(2/) = (0)+E(‘^7,.)-7M- 

Z=1 



Note that by {cj^i} we refer to the 6 cusps of Xq( 49) representing the Neron 7-gon 
with its various level ro(49) structures. Comparison of ^-expansions then yields 
the following (singular) equation for the curve. 



/49(x, y)=y^ - 7xy{x^ + 5a: + 7) 

- x{x^ + 7x^ + 2lx^ + 49x^ + 147x^ + 343x + 343) = 0 . (2) 

Using the same parameter x it is of course possible to find a Weierstrass 
equation for this elliptic curve. Indeed, one such equation is the following. 

— x(4x^ -(- 21x + 28) (3) 

The advantage of the model given by (2) is that it is easier to find an expression 
for the pullback of t in terms of these parameters. In fact, it follows directly from 
the definitions that 

<{t) = xVy. (4) 

Using this formula for tti along with Equation (2) and Claim 2.2 it is now possible 
to completely describe the ordinary region of Xq( 49) in terms of the parameters x 
and y. Before we begin, however, we will need the following souped-up version of 
Hensel’s Lemma in order to parameterize regions of Xq( 49) with open discs and 
annuli. 



Lemma 2.3 (Hensel). Let be the ring of analytic functions on an open disc or 
annulus over Cp with nonnegative valuation (everywhere). Let f{y) G R^[y] and 
suppose 3yo G R^ satisfying Vp{f{yo)) > 0 and Vp{f'{yo)) = 0 (everywhere). Then 
f has a root y e R^ satisfying Vp{y — yo) > 0 (everywhere) . 
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Proof. As in the usual proof of Hensel’s Lemma we define a sequence of func- 
tions by 

„ _ , 

2/n+l — Un n,/ \ • 

On any affinoid disc the sequence converges to some y with respect to the supre- 
mum semi-norm. Now cover the open disc or annulus with affinoid discs. □ 

Claim 2.4. The ordinary region of Xq{A 9) consists of A genus 0 connected compo- 
nents, each bounded by a supersingular annulus. In terms of the parameters x and 
y, these components (and annuli) are described as follows: 

i) V 7 {x) < 0, hounded by the annulus 0 < vj{x) <1/2 

ii) V 7 {x) > 1, bounded by the annulus 1/2 < ^77(0:) < 1 

iii) vjIx -j- a/^) > 2/3, bounded by the annulus 1/2 < Vj{x -h V^) < 2/3 

iv) vj{x — \/^) > 2/3, bounded by the annulus 1/2 < V 7 {x — ^/^) < 2/3. 

Proof, (i) Let VFqo be the region defined by vj{x) < 1/2. On this entire region, 
and x^ are the terms of Equation (2) with minimal valuation. In other words, over 
all of Woo we can rewrite Equation (2) 8ts 

y^ = x^ smaller terms. 

This suggests that we can parameterize Woo using the disc Ds = {s | i?7(s) > —1/4} 
and a map close to x = 5“^, y = s~'^ . Lemma 2.3 makes this totally precise. Just 
take X to be exactly and then let y be times the unique root of the 
polynomial ys~^) close to yo = 1. 

Now that Woo has been shown to be trivial, we turn our attention to the 
problem of determining which points of Woo are ordinary. The key fact is that on 
Woo, as we have already noted, we know that V 7 {y) = |r»7(x). Therefore Equation 
(4) and Claim 2.2 imply that the ordinary points are those with V 7 {x) < 0. 

(ii) The argument is similar to (i) , but now y^ and 343x are the terms of Equation 
(2) which have minimal valuation throughout the region 

Wd = {(^,y) I V7{x) > 1/2}. 

(iii) Equation (2) can be rewritten in the following way. 

y^ = 7xy{{x^ + 7) + 5x) + x{x^ + 7)^ T 7x^ + 49x^ + 343x^ . 

This combined with the Equation (4) and Claim 2.2 shows that points satisfying 
V 7 {x) = 1/2 are ordinary exactly when V 7 {x‘^ -h 7) > 7/6. So to better understand 
the region described by V 7 {x) = 1/2, we make the substitution u = x and 

consider the following rigid subspaces of Xq(49). 

W'*' = {{u, y) I V 7 {u) > 1/2} X'^ = {(u, y) \ vj{u) > 2/3} . 

In the language of [Cl], is a wide open space with underlying affinoid X~^. 
We have chosen A+ so that it is precisely the ordinary region of W~^. 

After the change of variables, the resulting equation is of the form 

g{u, y) = y^ —S ' 49u^ + smaller terms = 0 
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where these two leading terms have minimal valuation whenever 1/2 < vj{u) < 2/3 
(in other words on - X+). This suggests that we can parameterize 
using the annulus As = {s | 1/4 < vj{s) < 1/3} and a map close to u = s^/2, 
y = 7s^. As before this can be made precise by setting u = s ^/2 (exactly) and 
applying Hensel’s Lemma to solve for y. 

Because the affinoid is bounded by an annulus, we now know that it is 
connected, but we also now have a straightforward way to calculate its genus. First 
we extend As to the disc = {s | 1 ^ 7 ( 5 ) < 1/3}, so that the parameterization 
map on As gives DsU the structure of a proper curve. Now we calculate the 
genus of this curve by working out the divisor of the differential du = sds. It turns 
out to be P — 3Q, where Q is the infinite point with respect to s and P is given 
explicitly (by x and y coordinates) below. 

/-21-^/=7 -49(31 + 3v^) 

“ V 8 ’ 256 

Of course over all of Aq( 49) the differential du = dx has three simple zeros cor- 
responding to the three roots of the Weierstrass polynomial given in (3). How- 
ever, only this one point P lies on Since we have computed deg (ATc) = — 2, 
Riemann-Roch then implies that X'^ has genus 0. 

(iv) Identical to (iii) but we make the change of coordinates u = x — yj~^. □ 

The resulting picture for Xq( 49) is given in Figure 2 with the ordinary re- 
gion shaded and the special fiber of Edixhoven’s model [E, 2.5.2] included for 
comparison. As before we now determine the formula for the Atkin-Lehner in- 
volution rc 49 so that further moduli-theoretic implications may be readily drawn 
from our model. Directly from the divisors of x and y we must have w\^{x,y) = 
(ci/a:, C 2 ^/x^). We have chosen our parameters so that y = where ttj is the 

moduli-theoretic map defined as before (taking ^ at infinity). We have also 
already determined that 7 t*(^) = x^/y and Wj{t) = 49/L Plugging these formulas 
into the compatibility relation tti o 1^49 = wj o we can conclude right away 
that C 2 = c\/AQ. Acting on Equation ( 2 ) by 1^49 now shows that we must have 
Cl = 7 and C 2 = 49. One immediate consequence is that 1^49 switches not only the 
ordinary affinoids of (i) and (ii), but also the ordinary afRnoids in (iii) and (iv). 




3. Example 2, Xo(169) ^ Xo(13) ^ X(l) 

As in the first example, the supersingular region of X(l)/Ci 3 is simply an open 
disc, this time the disc vi^{j — 5) > 0. For a parameter on the genus 0 curve Xo(13), 
we take t = ( 771 )^/( 7713 )^ which again has the divisor (0) - ( 00 ). The general form 
of the resulting formula for tti in terms of j and t is then given below in Equation 
(5). Since the valuations of the coefficients are sufficient for the proof of Claim 
3.1, we list just the valuations in Table 1. Figure 3, which follows, is just a direct 
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Figure 2. Xo(49)/C7 and Special Fiber of Edixhoven Model 



visualization of Claim 3.1 along with a picture of the Deligne-Rapoport special 
fiber for comparison. 

TTiO -5) = . (5) 
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Table 1. Valuations of Coefficients in Equation (5) 



Claim 3.1. The inverse image under tti of the supersingular disc vis{j — 5) > 0 is 
the annulus described by 

0 < vis{t) < 1 . 

Proof. Identical to the proof of Claim 2.2. □ 

Remark 3.2. As in the p — 7 example, it is straightforward to determine the 
formula for the moduli- theoretic map ttis. Then by the compatibility relation tti o 
^13 = 7Ti3 obtain the formula wl^{t) = 13/ 1 for the Atkin- Lehner involution. 

Now we generate a model for Vo(169) (genus 8) by choosing the following 
parameters and comparing ^-expansions to find Equation (6). Again the valuations 
of the coefficients in the equation for the curve are technically sufficient for our 
analysis (until more details are offered in the proof of Claim 3.3, part (iii)). So we 
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offer this information in Table 2 below. 

m 



X = 



^169 



(x) = 7(0) - 7(oo) 



y = 




12 

{y) = (0) + Xl(ci3,i) - 13(oo) 

i=l 



fi 69 {x, y) =y^ + aixy^ + {bsx^ H + bix)y^ + {c^x^ H 1 - cix)y'^ 

+ {djx^ H h dix)y^ + (egx® H h eix)y^ 

+ (/na:“ H h fix)y + (5132;^^ H h 512;) = 0 . ( 6 ) 
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Table 2. Valuations of Coefficients in Equation (6) 



In order to pull back the ordinary and supersingular regions of Xo(13) we 
now determine the formula for tti in terms of the given parameters. Because of our 
choice of parameters it follows directly from the definitions that 7r*(t) is simply 
x‘^/y. Now we do the same type of analysis that was used in the proof of Claim 
2.4 to completely describe the ordinary region of Xo(169). 

Claim 3.3. The ordinary region o/Xo(169) consists of 2 genus 0 connected com- 
ponents, and 2 genus 1 connected components. As with Xo(49), each component 
is bounded by a supersingular annulus. In terms of the parameters x and y, these 
components (and annuli) are described as follows: 
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i) ^13 (^) < 0; bounded by the annulus 0 < ^;i3(x) < 1/2 

ii) ^ bounded by the annulus 1/2 < i;i3(x) < 1 

iii) viz[x + a/T3) > 7/12, bounded by the annulus 1/2 < vis{x + VTS) < 1 jVl 

iv) v\^{x — a/TS) > 7/12, bounded by the annulus 1/2 < 1^13(0: - v^) < 7/12. 

Proof, (i-ii) Parameterize the wide open subspaces Woo and Wq using open discs, 
exactly as in Claim 2.4. 

(iii) Similiar to Claim 2.4 but with some subtle differences, such as the width of 
the bounding annuli and the field of definition. When Vi 3 {x) = 1/2, we find that 
the valuation of y is initially determined completely by the valuation of — 13. 
More specifically, we have 

= x{x^ — 13)^ -f smaller terms 

until Vi 3 {x‘^ — 13) > 13/12 and (consequently) v{y) > 1. Along with the formula 
7 T*{t) = x‘^/y and Claim 3.1 this shows that the points satisfying Vi 3 {x) = 1/2 
are ordinary exactly when Vi 3 {x‘^ — 13) > 13/12. So to better understand the 
ordinary and supersingular regions when Vi 3 {x) = 1/2, we make the substitution 
u = X -\- \/l3 and consider the rigid subspaces and defined below. 

= {{u,y) I Visiu) > 1/2} = {{u,y) \ visiu) > 7/12} 

Again we have chosen X"*" so that it is precisely the maximal ordinary underlying 
affinoid of the wide open space W~^. 

Making the substitution u x \/l3 transforms Equation (6) into 

g{u,y) — y^ — 13^a/13u^ H- smaller terms == 0, 

where these two terms have (strictly) minimal valuation on W~^ — X+. Therefore 
we can parameterize W~^ — X'^ with the annulus A5 = {s | 1/14 < t;i3(s) < 1/12}, 
by setting u = s^ and extracting (via Hensel’s Lemma) a root of g{s^,y) close 
to y = \/TSs^. The parameterization map on As provides a way to glue the disc 
Ds = {s \ Vi 3 {s) < 1/12} onto W~^ such that U Ds inherits the structure 
of a proper curve. On this curve the differential du = 7s^ds vanishes once at 8 
distinct points of X~^ and has an order 8 pole at the infinite point of Dg. Therefore 
deg(Arc) = 0 and we conclude that X+ has genus 1. 

(iv) Identical to (iii) but we make the change of coordinates u — x — VT3. □ 

Remark 3.4. The formula for wiQg can be found in the same way that W 4 Q was 
determined. From divisors we see immediately that w\Q^{x^y) — (ci/x, C2y/x^). 
Then compatibility of moduli-theoretic maps to Xo(13) and substitution back into 
(6) shows that ci = C2 = 13. So in constrast with the previous p = 7 example we 
see that Wi^g fixes the two inner ordinary affinoids. 
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Figure 4. Xo(169)/Ci3 and Special Fiber of Edixhoven Model 



Moduli-Theoretic Map 


Equation 


TTi : Xo(5) X{1) 




7T5 : Xo(5) ^ X{1) 




W5 : Xo(5) -> Xo(5) 


wUt) = ^ 


TTi : Xo(25) Xo(5) 


^l(^) — u4+5u3 + 15u2+25n+25 


7T5 : Xo(25) ^ Xo(5) 


7T^{t) = u{u'^ -h + 25u + 25) 


W25 : Xo{25) ^ Xo(25) 


^25(^) = 5/w 



Table 3. Moduli-Theoretic Maps for Analysis of Xq{5) and Xo(25) 



4. Example 3, Xo(125) -> Xo(25) Xo{5) X(l) 

Both Xo(5) and Xo(25) have genus 0, so it is more straightforward to find formulas 
for the various moduli- theoretic maps than in the previous two examples. For 
this reason we simply summarize this data in Table 3. For parameters on Ao(5) 
and Ao(25) respectively we have chosen the eta products t = 

^ = ^i/^ 25 ? both of which have the divisor (0) — (oo). We again have only one 
supersingular j-invariant in characteristic 5, namely j = 0. So we now determine 
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Figure 5. Xo(5)/C5 and Special Fiber of DR Model 
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Figure 6. Xo(25)/C5 and Special Fiber of Edixhoven Model 

the ordinary and supersingular regions of Xo(5) and Xq{25), in Claims 4.1 and 4.2, 
by pulling back the disc v^{j) > 0 via the forgetful map. The resulting pictures of 
the two curves are then given as Figures 5 and 6. 

Claim 4.1. The inverse image under ix\ of the supersingular disc v^{j) > 0 is the 
annulus described by 

0 < v^{t) < 3. 

Proof. Identical to Claim 2.2. □ 

Claim 4.2. The ordinary region of Xq{ 25) consists of A genus 0 connected com- 
ponents, each bounded by a supersingular annulus. In terms of the parameter u, 
these components (and annuli) are described as follows: 

i) v^{u) < 0, bounded by the annulus 0 < vs{u) < 1/2 

ii) v^{u) > I, bounded by the annulus 1/2 <v^{u) <\ 

hi) v^{u + yjb) >3/4, bounded by the annulus 1/2 < v^{u a/5) <3/4 

iv) v^{u — a/5) >3/4, bounded by the annulus 1/2 < v^{u — a/5) <3/4. 

Proof. Identical to Claim 2.4. □ 

At this point we would like to parameterize Ao(125) (genus 8) and determine 
the equation for tti : Xo(125) — ^ Aq( 25). One way we can do this is to first find 
an equation for the smaller quotient, 

Xo(125)+ = Xo(125)/wi25. 





176 



K. McMurdy 



To obtain a model for this smaller curve, we want to choose functions on Xo(125) 
which are invariant under Atkin-Lehner. By compatibility of moduli-theoretic 
maps and the previously determined formulas, the following functions satisfy this 
condition of Atkin-Lehner invariance. 



7^5 (m) 
7t5;(u) 



(^) = + XI (^25, i) - 4(0) - 4(oo) 



i=l 



i=l 



j/ = 7r^(u) + — 



7tJ'(w) 



( 2 /) 



neg 



-5(0) - 5(oo) . 



By comparing g-expansions we have the following equation relating x and y. 



- 2bx^y - 25x‘‘ - 5?/^ 

- 5xy2 + 25x^ - - 25x^ - 25y + 25x-25 = 0. (7) 

Furthermore, straightforward algebra shows that tt* (u) satisfies the following qua- 
dratic polynomial over x and y. 

x(7T*u)^ — 2/(7rj'n) -f 5 = 0 . (8) 

One can easily check that the genus of the curve described by (7) is 2 and that the 
quadratic extension in (8) is ramified at 10 places. In particular this means that 
the larger curve must have genus 8, and therefore must be all of Ao( 125). This is 
convenient because we now have not only equations for Xo(125), but also a priori 
an equation for the forgetful map tti : Xo(125) — > Xq(25). 

We now determine the ordinary and supersingular regions of Xo(125) in two 
steps. First we show in Lemma 4.3 that on an affinoid neighborhood of the ordinary 
region the extension from Xo(125)~^ up to Xo(125) is a trivial two-sheeted cover. 
Then in Claim 4.4 we show that the condition of being ordinary is independent of 
the choice of branch, and we identify three genus 0 affinoids of Xo(125)‘^ which 
are the projection of the ordinary region. The result is that on Xo(125) we must 
have six genus 0 connected components of the ordinary region. 



Lemma 4.3. The region of Xq{ 125)'^ described by v^{y) < 1/2 splits trivially in 
the degree 2 extension up to Xo(125). Furthermore, every point of Xq ( 125) with 
v^{y) > 1/2 is in the supersingular region. 



Proof. When v^{y) < 1/2, Equation (7) implies that v^{x) > (4/5)^;5(2/)• This 
means that we can apply the quadratic formula to Equation (8) to solve for 



7r*(M) 



2x 



( 9 ) 



The point is that we have a convergent power series for the square root in this 
region, which gives us two distinct embeddings into Xo(125) (i.e., sections of the 
quotient map). 
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Now we consider points of Xo(125)+ satisfying v^{y) > 1/2. In this case, 
Equation (7) implies that v^{x) = 2/5 exactly. Therefore the two roots of Equation 
(8) always satisfy the condition 

^ < V5«(u)) < i. 

From Claim 4.2 these points must then be supersingular. □ 

Claim 4.4. The ordinary region o/Xo(125) consists of six genus 0 connected com- 
ponents, two lying over each of the following genus 0 affinoids of Xo(125)'^. 

i) ^5(2/) < 0, hounded by the annulus 0 < v^{y) < 1/2 

ii) v^{y + \/5) > 3/4, hounded by 1/2 < v^{y + v^) < 3/4 
hi) v^{y — v^) > 3/4, hounded by 1/2 < v^[y - V^) < 3/4. 

Proof, (i) Let LLoo/o be the region of Xo(125)“^ described by v^{y) < 1/2. On this 
entire region, Equation (7) becomes 

y^ = x^ smaller terms. 

Therefore we can parameterize W^/q using the disc v^{s) < 1/10 and a map 
close to X = y = s^. To determine the ordinary points of Xo(125) lying over 
Woo/o we consider the valuations of the two roots for nl{u) in Equation (8). When 

v^{y) < 1/2 and v^{x) = (4/5)u5(y) we must always have one root with valuation 

1 — '^5(2/) 2ind one root with valuation v^{y) — v^{x). Claim 4.2 then implies that 
(looking at either branch) the ordinary region lying over Woo/o consists of those 
points with v^{y) < 0. 

(ii-iii) When v^{y) = 1/2 we do some initial analysis to see that V5(^) ^2/5. Now 
we look at (9) to determine when the two roots for 7r*(n) fall into the ordinary 
region as described in Claim 4.2. We find that one root, call it hais valuation 
less than or equal to 1/10 and satisfies the condition v^{ui — ^) = 1/2. The other 
root, say U2, has valuation 1/2 and satisfies the condition f 5(1x2 — |) > 9/10. By 
Claim 4.2, the point lying over (x, y) with (u) = ui will be ordinary if and only if 
'^s(^) >1/2. Similarly, the point lying over (x, y) with 7 t*(u) = U 2 will be ordinary 
if and only if v^{y‘^ — 5) > 5/4. It follows, however, from Equation (7) that when 
v^{y) = 1/2 we have 

- {y^ - 5)^) > 5/2. 

So the two conditions, v^(x) > 1/2 and vs{y^—^) >5/4, are equivalent. This means 
that when v^{y) = 1/2 the ordinary region of Xq( 125) can be described purely in 
terms of x and y and is independent of the branch of the Xo(125)/Xo(125)‘^ cover. 

To better understand the region x^5(y^ - 5) > 5/4 we make the substitution 
z = y + and consider the regions 

IE+ = {{x,z) I V 3 {z) > 1/2} and = {(^,2;) | v^{z) > 3/4}. 

This is of course now very similar to the previous examples. The goal is to show 
that — X~^ is in fact an annulus and then use Riemann-Roch to calculate the 
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Figure 7. Xo(125)/C5 

genus of X^. On the entire region described by 1/2 < v^{z) < 3/4 we can rewrite 
Equation (7) as 

g{x, z) = — 452^ + smaller terms. 

Therefore W~^ — can be parameterized using the annulus —3/10 < v^{s) < 

— 1/4 and a map close to x = 45s^, 2 ; — 25s^. We simply set x = 455^ exactly and 

then solve for 2 : using Hensel’s Lemma. After gluing the disc j9s = {5 | < 

— 1/4} onto W~^ we then calculate the divisor of the differential dx = 90sds over 

Ds U As this differential has only one simple zero on X~^ and a triple pole 
at the infinite point of Dg, we have deg(A"c) = ~2 and the genus of is 0. Of 
course if we make the substitution z — y — ^/5 we obtain the analogous results for 
the region described in (iii). □ 

Remark 4.5. The resulting picture for Xo(125) is given in Figure 7 with the six 
ordinary components shaded. The picture is drawn to emphasize the 10 points fixed 
by Wi 25 the resulting genus 2 quotient Xo(125)“*“. While the stable model of 
Xo(125) is not yet known, much information can be drawn from the stable model 
for Xo(125)"^. We conclude the paper now by sketching a proof that Xo(125)“^ in 
fact has potential good reduction. Then the stable model o/Xo(125) should follow 
from understanding the distribution of the 10 ramified points over Xo(125)“^. 

Claim 4.6. Xo(125)'^ has potential good reduction. 

Proof. We begin by choosing a degree two function / on Xo(125)“^ and determining 
the resulting hyperelliptic model for the curve. 

^ _ y‘^ 5y 20 - lOx 
X?/ + + 5x — 5 

g^ = fF Uf + 85/^ + 290 f + 590/^ + 680/ + 345 . 

The main idea of the proof is that the five roots of the right-hand side with 
'^dif) = 1/5 are equidistant from each other. Letting a be one of these roots and 
making the substitution fo = f — awe obtain an equation of the form 

g'^ = fo + «s/o + « 4 /o + as/o + <12/0 + «i/o 
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where i; 5 (a 5 ) = 0, v^{ai) = 6/5, and the rest of the a^’s have valuation 1. Now 
scaling /o and g by appropriate constant factors we get an equation that reduces to 

gf^hift + c), CJ^O. 

Therefore Xo(125)"'" hcis potential good reduction. □ 

Acknowledgements 

We would like to thank first the organizers of MCAV02, which for this author 
was certainly a very educational and productive conference. Also the referee was 
extremely helpful in shaping the paper to make it both more focused and more 
readable. Finally, we would like to thank Robert Coleman for continuing support 
and guidance as well as a good deal of mathematical insight. 



References 

[B] K. Buzzard, Analytic continuation of overconvergent eigenforms, J. Amer. Math. 
Soc. 16 (2003), no. 1, 29-55. 

[BGR] S. Bosch, U. Giintzer, R. Remmert, Non- Archimedean Analysis^ Grundlehren der 
mathematischen Wissenschaften 261, Springer- Verlag (1984). 

[Cl] R. Coleman, Reciprocity laws on curves, Compositio Mathematica 72 (1989), 205- 
235. 

[C2] R. Coleman, Comments on Xo{p^) (in preparation) 

[E] B. Edixhoven, Minimal resolution and stable reduction of Xq{N), Ann. Inst. 
Fourier (Grenoble). 40 (1990), no. 1, 31-67. 

[DR] P. Deligne, M. Rapoport, Schemas de modules de courbes elliptiques, Lecture 
Notes in Math. 349 (1973), 143-316. 

[KM] N. Katz, B. Mazur, Arithmetic moduli of elliptic curves, Annals of Mathematics 
Studies 108, Princeton University Press (1985). 

[L] G. Ligozat, Courbes modulaires de genre 1, Bull. Soc. Math. Prance, Mem. 
43 (1975). 

Ken McMurdy 

Department of Mathematics 

University of Rochester 

Rochester, NY 14627 USA 

e-mail: kmcmurdyQmath . ro Chester . edu 




Progress in Mathematics, Vol. 224, 181-187 
© 2004 Birkhauser Verlag Basel/Switzerland 



Elliptic Q- Curves with Complex Multiplication 

Tetsuo Nakamura 



Abstract. Let H be the Hilbert class field of an imaginary quadratic field 
K. An elliptic curve E over H with complex multiplication by K is called 
a Q-curve if E is isogenous over H to all its Galois conjugates. We classify 
Q-curves over H, relating them with the cohomology group 
The structures of the abelian varieties over Q obtained from Q-curves by 
restriction of scalars are investigated. 



1. Introduction 

Let K be an imaginary quadratic field and H the Hilbert class field of K. Let E 
be an elliptic curve over H with complex multiplication by K. We say that ^ is a 
Q-curve if E and E^ are isogenous over H for all a G Gal(i//Q). Denote by 
the Hecke character of H associated with E. Then £' is a Q-curve if and only if 
^ ^ Gal(iJ/Q). 

As in no complex multiplication case (see [5] ) , we attach to a Q-curve E a two- 
cocycle class c[E) G K^). For Q-curves E, we see that c{E) = c{E') 

if and only li 'iI^e = ^h/q with a quadratic Dirichlet character x- Let T 

be the subset of consisting of c{E) for all Q-curves E over H. We 

show that there exists a bijection between T and a subspace Y of i7^(i//Q, ±1). 
Relating Y to an embedding problem associated with the exact sequence 

1 ^ ±1 G ^ Gal(H/Q) -> 1, 

we characterize the structure of Y and, as a consequence, we obtain that dim f 2 ^ = 
where t is the number of distinct prime factors of the discriminant of K. 
In some case {K is called exceptional), there are no Q-curves over H. Replacing H 
by the ring class field of conductor 2, we obtain a similar classification of Q-curves. 

The abelian variety B = Rh/k{E) obtained by restriction of scalars from 
a Q-curve E can be defined over Q. The structure of the endomorphism algebra 
EndQ jB( 8)Q is studied according to this classification. In particular the cohomology 
class c{E) determines EndQ H 0 Q. 

This note is a summary of [4] and also includes a result of [3] . 

Notation. Throughout the note we fix the following notation. 

K: an imaginary quadratic field of discriminant D ^ —3, —4. 
t: the number of distinct primes dividing D. 
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H: the Hilbert class field of K. 

CIk’’ the ideal class group of K. 
p: the complex conjugation. 

Je- the j-invariant of an elliptic curve E. 

Galois cohomology groups i/^(Gal(M/L), A) are denoted by W{M/L, A). We call 
K exceptional if the discriminant D of K is of the form 

D ^ (t>2) 

where pi, . . . ^Pt-i are primes satisfying pi = • • • = pt-i = 1 mod 4 . 



2. Embedding problems associated with the Hilbert class field 

An element 7 of the Galois cohomology group ±1) corresponds to an 

equivalence class of group extensions 

1 ±1 ^ G Gal(/f/Q) 1 . ( 1 ) 

If there exists a quadratic extension k of H such that k/Qis Galois and the natural 
map Gal(A:/Q) ^ Gal(if/Q) corresponds to the epimorphism in ( 1 ), we say that 
an embedding problem {H/Q, ±1, 7) has a solution k. 

Let Y be the set of 7 G ± 1 ) such that {H/Q, il? 7) has a solution. 

We see that y is a F2-subspace of ±1). Write g = Gal(i 7 /A) ^ CIr and 

denote by Ext(0, ± 1 ) the elements of ± 1 ) corresponding to extensions of g 

by {± 1 } that are abelian groups. The vector space over F2 of bilinear alternating 
form on g/g^ is denoted by Alt(g). Then we have an exact sequence 

0 ^ Ext(0, ±1) ^ ±1) Alt(0) ^ 0. 

By [ 2 , § 1 ], dimExt(fl, ±1) = t - 1 , ±1) = t{t - l)/ 2 , since dimg/fl^ = 

t — 1 {t is the number of distinct primes dividing the discriminant of A). 

Let res: ±1) ^ A^(g, ±1) be the restriction map and put Yq = 

{7 G Y\ res(7) G Ext(g, ± 1 )}. Let /c be a solution of {H/Q, ± 1 , 7) with 7 G Lb- 
Then /c is a quadratic extension of H such that k/Qis Galois and k/K is abelian. 

Let p be a rational prime and p a prime ideal of K dividing p. Denote by Gp 
the group of local units for p and put Up = Hpjp ^p- denote by 

Uk = \[Up 

P 

the maximal compact subgroup of the idele group Ir of K and by the 
archimedean part of Ir. Let y = Xk/H be the character of Ir corresponding 
to k/H. Since k/K is abelian, there is a non-trivial character 

Q.UrK^K^ ^ ±1 

such that X = ^^Nr/r and 0{K^K^) = 1; hence 0 is determined by its restriction 
on Ur. Since k/Qis Galois, we have — X l^his means that 6^ = 6. Conversely 




Q-Curves with Complex Multiplication 



183 



for any non- trivial character ^ — » ±1 such that 

0P = e and 0{-l) = 1, 

^ = 0 o Nh/k determines a solution k of {H/Q, ±1,7) for some 7^10- 

Proposition 2.1. If K is exceptional, we have dimlo == i- Otherwise we have 
dimlo = t — 1. 

Proof. Let W be the set of characters 6 : Uk il such that 9^ = 6 and ^(—1) = 
1. Denote by Wq the set of ^ € LL of the form 6 = k o A/'^/q with a quadratic 
Dirichlet character k. Noting that the characters in Wq exactly correspond to the 
trivial cl8LSS in ±1), we obtain Iq = W/Wq. Using the prime divisors 

of the discriminant of AT, we can construct elements of W which form a basis of 
W/Wq. For details, see [4, proof of Prop. 3]. □ 

Theorem 2.1. dim(y/yo) = {t ~ 1)(^ - 2)/2. 

Proof If t < 2, then Alt (9) = (0), so that Y — Yq and our statement holds. 
Assume t > 3. Composing the natural map 

H\S, ±1) ^ H\g, ±1)/ Ext(fl, ±1) ^ Alt(0) 

with the restriction map Y C ±1) ^ ^^(9, ±1), we obtain a linear 

map g : Y ^ Alt (9). Since Ker^ = Yq and dim Alt (9) = (t — l)(t — 2)/2, it 
suffices to show that g is surjective. This is proved as follows. First we construct 
an appropriate basis {fi,j\l<i<j<t-l}oi Alt (9). Then for each fij, we can 
construct a quadratic extension k/H such that /c is a solution of the embedding 
problem {H/Q, ±1, 7) with ^(7) = fij. For details, see [4, proof of Theorem 1]. 

□ 



3. Classification of Q-curves 

Let L be a Galois extension over Q containing H. An elliptic curve E over L 
with complex multiplication by K is called a Q-curve if and E are isogenous 
over L for all a G Gal(L/Q). Let be the Hecke character of the idele group 
II oi L a-ssociated with E. Then E' is a Q-curve if and only ii jpE — i^E 
aGGal(L/Q) (cf. [1, §11]). 

For a Q-curve E over L, choose isogenies E for cr G Gal(L/Q). 

Then 

c(fT, r) = 

defines a two-cocycle and the cohomology class of {c{a, t)} in H^{L/Q,K^) de- 
pends only on the curve E, and not on the isogenies (fa chosen. We will denote 
by c(E) this cohomology class. Let us denote by F ^ the subset of H‘^{L/Q, K^) 
consisting of elements of the form c(E) for all Q-curves E over L. Furthermore, 
we denote by Yl the subspace of E^(L/Q, ±1) consisting of all 7 such that the 
embedding problem (L/Q, ±1, 7) is solvable. 
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Proposition 3.1. I/Tl is not empty, then Yl operates on Fl simply transitively in 
an obvious manner. For Q^-curves E and E' , we have c{E) = c{E') if and only if 
= '^E' • ^ o -^L/Q; where k is a quadratic Dirichlet character. 

Proof. We see that the natural map ±1) — > H^{L/Q,K^) is injective. 

Hence Yl C iF^(L/Q, ±1) operates on H‘^{L/Q, K^) by multiplication. Let E 
and E' be Q-curves over L. If E and E' are not isogenous over L, there exists a 
unique quadratic extension k over L that is Galois over Q, such that the twist of 
E associated with k/L is isogenous to E' over L. The extension k/Q determines 
7 € Then we have c{E) = c{E')^. □ 

In [6] a class of elliptic curves (more generally abelian varieties) with complex 
multiplication whose Hecke characters satisfy a certain condition are studied. We 
recall briefly what we need here. 

For an integer / > 1, let denote the ring class held of K of conductor /. 
Let 

UkJ = {u e Uk\ u{Z + /Ok) = Z-\- fOK}- 
Then P = UkjK^ is the subgroup of Ik corresponding to by class field 
theory. Let E be an elliptic curve over with EndF^ = Z + /ok- Let us consider 
the following condition on the Hecke character 'ipE oi E (see [6, Theorem 4]). 

There exists a Hecke character (j) : UkjK^K^ 
such that xpE = N^if) jK- 

Here (p must satisfy the following conditions: 

4>{K^) = l, (p{y) = y-^ for every t/ € 

(P{Ukj) = il and 0(— 1) = -1 for — 1 G Ukj> 

If xpE satisfies (Sh), then clearly xpE = ^p% for all a G Gal(if^-^V^)* Conversely 
from a character (p : Ukj ±1 with </>(—!) = —1, extending it on P = 
UkjK^K^ by (3), we obtain xp = (p o Neu) /k^ which is a Hecke character of 
an elliptic curve E over Furthermore in this case P is a Q-curve if and only 
if (pp = (p on Ukj (cf. [6, Proposition 9]). 

If K is not exceptional, there exists a character cp : Uk ^ satisfying 

(/>(-!) - -1, r = cp. (5) 

Therefore there exists a Q-curve over P. If P is exceptional, there is no character 
(P'.Uk ^ ±l satisfying (5) (cf. [4, §4]). 

Theorem 3.1. There exist Q-curves over the Hilbert class field H if and only if 
K is not exceptional. If K is exceptional, there exist Q-curves over the ring class 
field P(2), 

Proof. In [1, §11] it is stated that if K is exceptional, there are no Q-curves over 
H (see also [4, Prop. 5]). In case K is exceptional, we can find a character (f) : 
Uk ,2 ±1 such that 4>{—l) = —1 and = 4>. Using this we get a Q-curve over 
(see [4, proof of Theorem 2]). □ 



(SH) 

( 3 ) 

( 4 ) 
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Applying Theorem 2.1, we obtain the following result concerning a classifi- 
cation of Q-curves. 

Theorem 3.2. If K is not exceptional, the cohomology classes c{E) classify isogeny 
classes of Q-curves over H into classes. Among them there are 

classes whose Hecke characters satisfy (Sh). If K is exceptional, take the ring 
class field of K of conductor 2, instead of H. Then exactly the same statements 
hold for isogeny classes of Q-curves over . 



4. Restriction of scalars of Q-curves 

First we briefiy recall a result in [3]. An elliptic curve E over H with complex 
multiplication by K is called a A-curve if E^ is isogenous to E over H for each 
a G Gal{H/K). For an elliptic curve E over H with complex multiplication by K, 
there exists an elliptic curve over H such that Je = Jeq 'ijjEo satisfies (Sh) 
by [6, Prop. 7]. Then Eq is a K-cmve. For a X-curve E over H, let us denote by 
Rh/k{E) the abelian variety obtained from E by restriction of scalars from H to 
AT. It is an abelian variety defined over K of dimension Hk = [H • AT]. 

Theorem 4.1. Let E be a K -curve over H and put B = Rh/k{E) and R = 
End^^ C) Q. If 'ipE satisfies (Sh), R is a field of degree Hk over K. If ipE does 
not satisfy (Sh), then the center Z of R is a field of degree ho over K with hx = 
2^^ho{m >1) and one of the following two cases holds: 

(i) R = M 2 m(Z). In this case, B is isogenous over K to a product of A with itself 
2^ times, where A is K-simple, 2"^ ho -dimensional and Z = EndxA(8)Q. 

(ii) R = M 2 m-i{D), where D is a division quaternion algebra over Z. In this 
case, B is isogenous over K to a product of A with itself 2'^~^ times, where 
A is K-simple, 2^~^^ ho -dimensional and D = End^A <S> Q. 

Proof. For a A"-curve over H, choose Eo and k as stated above, if e satisfies 

(Sh), we can show that A is a field of degree h over K by applying a similar 
argument as in [1, Chap. 4]. \i if e does not satisfy (Sh), then G = Gol{k/K) is 
non-commutative and G/C is an elementary abelian group of order 2^^ where C is 
the center of G. The commutator map GxG e {x,y) ^ [x, y] G {±1} = Gsl{k/H) 
induces a non-degenerate alternating form on G/C x G/C. The proof is completed 
by using this form. For details, see [3, Theorem 3]. □ 

Henceforth we suppose that K is non-exceptional. Let A be a Q-curve over 
H. Clearly A is a A-curve. Since A is defined over Q{jE) (cf. [1, Theorem 10.1.3]), 
we have 

R = Rh/k{E) — R<^{jE)/Q{E) ^ E, 

so that B is defined over Q. Concerning the structure of the endomorphism algebra 
Ro = EndQ(A) 0 Q we obtain 
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Theorem 4.2. The center Zq of Rq = EndQ(5) is a field of degree ho over Q 
and Rq = M 2 m{Zo) or Rq = M 2 m-i[Do), where Do is a division quaternion algebra 
over Zo and h^ = 2‘^'^ho. Ro is commutative if and only if 'ipE satisfies (Sh). 

Since Ro = {a e R\ p{a) = a}, our assertions follow from the above theorem. 

Proposition 4.1. Let E' be Q- curves over H and put: 

B = Rh/k{B)^ B' = Rh/k{B'), Ro = EndQ(B) (8) Q, i^o = EndQ(.B') (8) Q. 

Then if c{E) = c{E'), we have Ro = Rq. Conversely if Ro is commutative and 
Ro = R'o, we have c{E) = c{E'). 

For a proof, see [4, Prop. 6 ]. 

Let us consider the case K = Q(\/— 21). Let p and p' be the prime ideals of K 
such that p^ = (2 + a/-21) and p'^ = (10 -h \/— 21 ). We see that CIk is generated 
by p and p'. Let q be the prime ideal of K with = (3). Let 0o be a character of 
Ik of conductor q such that 

0 o((o!)) = a for every a G , 

where denotes the norm residue symbol. Then (fo satisfies (5) and put = 

(f)o o Nh/k- For p = 3 and 7, we have a unique non- trivial character r]p : Up ±.1. 

Let 772 : t /2 — ^ il be such that Ker r}2 = {u E U2 \ u = 1 mod 2}. Here we view rjp 
as a character oiUx by composing with the projection Uk Up. Then we define: 

^1 = '^3 ^7 O LU2= T]2 0 Nh/K' 

For non-zero integers a, 6 , we denote by (a, b) G Br 2 (Q) = ±1) 

the class of the quaternion algebra over Q generated by two elements /, J with 
P = a, P = 6, JI = —IJ. Since (21,-3) is trivial in Br 2 (Q), there exists a 
T> 4 -extension ko over Q containing Q(^/^, V^). Let x be the character of In 
associated with koH/H. Then by Theorem 2, the equivalence classes of Q-curves 
over H are exactly represented by the Hecke characters 7 /; = a; G (cji, a;2, x)* 
After some computations, we obtain the following table of Ro (cf. [4, §6]). 




Remark. The division quaternion algebras (-14, —42) and (—6, -2) over Q are 
isomorphic because they ramify at the same primes 2 and 00 . The quaternion 
algebras (—6,42) and (—14,2) are isomorphic to M 2 (Q). 
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Abelian Varieties over Q 

with Large Endomorphism Algebras 

and Their Simple Components over Q 

Elisabeth E. Pyle 



Introduction 

This dissertation expands upon the results of K. Ribet in [Ri 1] and [Ri 2] con- 
cerning abelian varieties “of GL 2 -type”. An abelian variety A/Q is said to be of 
GL 2 -type if its algebra of Q-endomorphisms Q (g) EndQ(A) is a number field E of 
degree equal to the dimension of A. 

The study of abelian varieties of GL 2 -type grew out of research surrounding 
the Taniyama-Shimura Conjecture. Recall that the usual statement of the Tani- 
yama-Shimura Conjecture asserts that every elliptic curve over Q is a quotient of 
a modular curve of the form Xq{M). Recent manuscripts circulated by Wiles and 
Taylor-Wiles prove the Taniyama-Shimura Conjecture for a large class of elliptic 
curves over Q. 

It is well known that an equivalent formulation of the Taniyama-Shimura 
Conjecture requires only that every elliptic curve over Q be a quotient of a stan- 
dard modular curve of the form Xi{N). Furthermore, in [Ma], Mazur proved the 
conjecture’s equivalence to yet another seemingly weaker statement: an elliptic 
curve over Q is a quotient over Q of some Xi{N) if and only if it is a quotient 
over Q of some Xi{N)^^. 

Now every map from Xi{N) to an elliptic curve sending oo to O extends 
uniquely to a map from its Jacobian Ji{N) to the elliptic curve. Hence, this line of 
inquiry leads naturally to the (closely related) questions: how may we characterize 
those simple abelian varieties over Q (respectively, over Q) that appear as quotients 
of Ji{N) (respectively, Ji{N)^q) for some AT > 1? We will loosely use the word 
“modular” to refer to such abelian varieties. 

In [Ri 1], Ribet gives a conjectural answer to one of these questions. 

Conjecture. A simple abelian variety A over Q is modular if and only if A is of 
01^2 -type. 

It is known that every simple quotient of Ji{N)/Q is of GL 2 -type. Indeed, 
the primary source of examples of abelian varieties of GL 2 -type is a construction 
resulting from extensive work by Shimura on the subject [Sh 2, Sh 4]. Let / = 
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be a normalized cuspidal eigenform of weight two on ri(A^). Let E be 
the number field Q(. . . , a^, . • .)• Then Shimura constructs, as a quotient of Ji{N), 
an abelian variety Af over Q with the following properties: there is an action 
E — ^ Q(^Endq{Af), and the dimension of A f is equal to [-E:Q]. Moreover, every 
simple quotient of Ji{N)/Q is isogenous to an A/ constructed in this way. 

Thus the conjecture is reduced to: all abelian varieties over Q of GL 2 -type 
are isogenous to some Af. In support of this assertion, Ribet has proved [Ri 1, 
Thm. 4.4] that if one assumes Serre’s conjecture [Se 4, 3.2.4?] about representations 
of Gal(Q/Q), then it follows that all abelian varieties over Q of GL 2 -type are 
modular. (See also [Sh 1].) 

Now in this dissertation, we look at the complete decomposition over Q of 
abelian varieties of GL 2 -type. We determine necessary and sufficient conditions 
for an abelian variety over Q to be a simple component of an abelian variety over Q 
of GL 2 "type; such abelian varieties will be called “building blocks” . These results 
enable us to restate the above conjecture as: a simple abelian variety B over Q is 
modular if and only if B is a building block. 

We would like to emphaisize that the work contained herein deals exclusively 
with the properties of abelian varieties of GL 2 -type, the properties of their com- 
ponent building blocks, and the relationships between these two kinds of abelian 
varieties, without any recourse to their possible “modular” structure. 

In Chapter 1 we define our terminology and review the structure of abelian 
varieties over Q of GL 2 -type. Chapter 2 contains a discussion of the Brauer class 
of the endomorphism algebra of a building block; it culminates in a theorem we 
will apply in Chapter 4. Chapter 3 is a short preparation of a category- theoretic 
construction that we will also use in Chapter 4. 

Chapter 4 contains the bulk of the technical work; it describes the correspon- 
dence between building blocks over Q and abelian varieties over Q of GL 2 -type. 
Then Chapter 5 is a collection of further results, mostly connected to fields of def- 
inition for these abelian varieties and their endomorphisms. In Chapter 6 we illus- 
trate the theory of Chapters 4 and 5 with explicit examples of a one-dimensional 
building block and an associated four-dimensional abelian variety of GL 2 -type. 
Chapter 7 is a brief consideration of some unanswered questions and avenues for 
future work. 

Finally there are two appendices. In the first, we construct a counterexample 
to demonstrate the necessity of a certain condition we impose on building blocks. 
The second is a list of facts we quote from the theory of central simple algebras; 
we apply these theorems to the endomorphism algebras we encounter. 

Notation 

Throughout this dissertation we will work in the category of abelian varieties up 
to isogeny. That is the category whose objects are abelian varieties A, B, . . . with 
morphisms Q(g)Hom(A, B). In other words, we formally invert all isogenies A ^ B. 
In this category, notation is simplified by writing Hom(A, B) for Q (8) Hom(A, B). 
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The endomorphism algebra Hom(A, A) will be denoted End(A), and the fol- 
lowing variants of Horn will also apply to End. 

If A and B are abelian varieties defined over a field A, then Hom(A, B) will 
refer to all morphisms A^-j^ wish to refer to only those morphisms 

defined over K, we will write Hom/^(A, B). 

In some cases, A and B may be equipped with an action of a ring 7^; that 
is, there are fixed maps 7Z — > End(A) and 7Z End{B). A morphism (f : A ^ B 
will be said to “respect 7^” (or “respect the actions of 7^” , or “be compatible with 
7V\ . .) if = r°(f for all r G Tl. The subgroup of morphisms that respect 1Z 
will be denoted Hom^(A, B). 

We will write Z{'JZ) for the center of a ring IZ. 

The sign will designate the equivalence relation of isogeny. 

The symbol Gq will denote the absolute Galois group Gal(Q/Q) with its 
usual profinite topology. 
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1. Abelian varieties over Q of GL 2 -type 

In this first chapter we will recapitulate many of the results from [Ri 1] , on which 
we rely heavily in the remainder of this dissertation. Our approach differs from 
Ribet ’s in that it focuses not on ^-adic representations, but rather on the structure 
of endomorphism algebras as semi-simple Q- algebras. We remind the reader that 
for an abelian variety A, the notation End(A) will always refer to the Q- algebra 
of endomorphisms of A. 

Definition. An abelian variety A/Q is of G'L2~type if EndQ(A), the algebra of 
endomorphisms of A defined over Q, is a number field of degree equal to the 
dimension of A. 

Note that this definition applies only to abelian varieties defined over Q, although 
we may not always say so explicitly; i.e., the phrase “A is of GL 2 -type” will imply 
that A is defined over Q. Also note that abelian varieties of GL 2 -type are always 
simple over Q, which is a modification of the terminology in [Ri 1]. 

Why do we say these abelian varieties are “of GL 2 -type”? If A/Q is an 
abelian variety such that EndQ(A) is a number field E with [E:Q] = dim A, then 
it is well known that for any prime the Tate module Ve{A) is free of rank two 
over E (8)q Thus the action of the absolute Galois group Gal(Q/Q) = Gq on 
Vi{A) defines a representation Gq ^ GL 2 (E Q^). 
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Recall that in general, if a field E acts on an abelian variety A/Q, then 
[E : Q] divides 2 dim A, and if : Q] = 2 dim A, then A is said to have complex 
multiplication by E. [Mu] 

Abelian varieties of GL 2 -type with complex multiplication over Q have a 
particularly simple structure. Indeed, Shimura has proved the following in [Sh 1, 
Prop. 1.5]: 

Proposition 1.1. Let A/Q be an abelian variety of GIj 2 'type. Suppose A^q contains 
a simple abelian subvariety of CM-type. Then A jq is isogenous to a power of a 
CM elliptic curve. 

The theory of elliptic curves with complex multiplication is well understood, 
and requires different techniques from the non-CM case. For these reasons, we 
will focus on abelian varieties with no complex multiplication. Henceforth we will 
consider only abelian varieties of GJj 2 -type with no complex multiplication over Q. 

We begin our analysis with a review of a main result from Ribet [Ri 1]. We 
will use the following terminology from the theory of central simple algebras. (See 
Appendix B for more details.) Let fl be a simple Q- algebra and let F be the 
center of CL . The Schur index of CL is the integer \/dimF where D is a division 
algebra (determined up to isomorphism) such that CL = lS/ln{'D) for some n > 1. A 
subfield of (2 is a Q-subalgebra E of CL such that is a field. A maximal subfield 
of (2 is a subfield that is maximal with respect to inclusion. 

Theorem 1.2. Let A/Q be an abelian variety of G\j 2 ~type with no complex multi- 
pliation overC^. Let E — EndQ(A). Then the full endomorphism algebra End(A) is 
a central simple algebra over a totally real field F C E; the Schur index o/End(A) 
is 1 or 2; and End (A) contains E as a maximal sub field. 

Proof. Thanks to Jordi Quer of the Universitat Politecnica de Catalunya for point- 
ing out an error in my original proof, and suggesting the following revised version. 

First we show that A/Q is isogenous to a power where B/Q is a simple 
abelian variety. A priori we know that A/Q is isogenous to a finite product Y\ B"f " , 
where the are pairwise non- isogenous simple subvarieties of A/Q. Since E C 
End(A) is a field, then E must act on each factor B^\ Thus [E : Q] divides 
2ni dim Bi for each i. On the other hand, [E^ : Q] = dim A = ^n^dimBi, so 
[E^ : Q] > Hi dim Bi for each i. Therefore [E^ : Q] = n^dimB^ or 2ui dim Bi for 
each z, but the latter case corresponds to B^^ having complex multiplication by E, 
which we have ruled out by hypothesis. Thus [E^ : Q] = Ui dim Bi = 
for each z, and now it is clear that there is only such factor. That is, A ~ B^. 

We define V = End(B) a division algebra, F = Z{V) its center, and t = the 
Schur index of V over F. At this point we have shown that End(A) = Mn(E^) is 
a central simple algebra over F of Schur index t. 

The next step is to show that £" is a maximal subfield of End(A). Here it 
suffices to prove that the centralizer C{E) of E in End(A) is a field. Indeed, a 
field is always contained in its centralizer, so if E and C{E) are both fields, then 
by the Double Centralizer Theorem [Pi, Prop. 12.7] they are equal, a condition 
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which is equivalent by [Pi, Prop. 13.1] to E being a maximal subfield of End(A). 
So let G C{E) C End(A) be a non-zero endomorphism. Then the image ^{A) 
is isogenous to for some r < n. Furthermore, E must act on 5^, because (f 
was chosen to commute with the endomorphisms in E. Therefore [E : Q] divides 
2dimB’^, which implies that either r — n or r = n/2. But the case r = n/2 
corresponds to having complex multiplication. Thus we find that r = n, and 
so (f is an isogeny, and so C{E) is a field. 

It follows immediately that the center F of End(A) is contained in E, because 
all maximal subfields of a central simple algebra contain its center. Also, by [Pi, 
Prop. 13.1], we know [E:F] = nt, where t is the Schur index of End(A). Therefore, 
using the relation [.E:Q] = dim A = ndimB, we discover that dimJ5 = t[F:Q]. 

We are now in a position to show that the Schur index t is 1 or 2. Recall 
Albert’s classification (into Types I, II, III, and IV) of possible endomorphism 
algebras of simple abelian varieties, as found for example in [Mu, Chap. IV]. Ac- 
cording to the table in [Mu, p. 202], either t is 1 or 2, or ^[F : Q]t^ divides the 
dimension of B. But from above, we have dimB = t[F:Q], and we conclude that 
t divides 2 in all cases. Let m be defined by = 2. 

To complete the proof of the theorem, it remains to show that F is a totally 
real field. In other words, we need to rule out the possibility that End(F) is a 
Type IV endomorphism algebra, in which case F would be a totally imaginary 
quadratic extension of a totally real field. The key point is that we have shown 
F C E = EndQ A consists of endomorphisms that are all defined over Q. Hence 
we obtain a representation of F on the rational vector space Lie(A/Q), and the 
trace of this representation takes values in Q. (See [Mu, § 11] for a description of 
the space of tangent vectors Lie(A/Q).) 

On the other hand, when we extend coefficients to C, the vector space 
Lie(A/C) decomposes into n copies of Lie(F/C). Following [Sh 3], let X 15 • • • 

Xi , . . . , X^^ be the inequivalent absolutely irreducible complex representations of 
V = End(F). For each i' = 1, . . . , ^, write r,^ and Sj^, respectively, for the multiplic- 
ities of Xi/ and Xu in the representation of V on Lie(F/C). We know = mt = 

2 for each v, but we cannot have = Sy = I for all v, by [Sh 3, Thm. 5(d) (e)]. 
Thus for some i/, we find that Xi/, but not Xy, appears in the representation of V on 
Lie(F/C). Therefore the same is true for the representation of V on Lie(A/C). Re- 
stricting to F C D, we deduce that the trace of its representation on Lie(A/C) can- 
not be fixed by complex conjugation, contradicting our first computation over Q. 

This completes the proof of the theorem. □ 

Thus we see that another way to characterize abelian varieties of GL 2 -type is 
as those abelian varieties that are simple over Q but have a “large” or “maximal” 
number of endomorphisms defined over Q. 

The simple components of A^q 

Let A be an abelian variety of GL 2 -type. We now consider the properties of an 
abelian variety B/Q appearing as a simple component of A ^q. Note that the proof 
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of the above theorem provides us with some information about End{B) as well as 
End(A). In fact, we have already proved the following proposition: 

Proposition 1.3. Let B he a simple component over Q of an abelian variety of 
Glj 2 -type. Then the endomorphism algebra End(^) is a central division algebra 
over a totally real field F; the Schur index t of End(B) is 1 or 2; and ^[F:Q] = 
dim 

Thus like A, also has the property that its endomorphism algebra is max- 
imal, if compared with other simple abelian varieties of the same dimension. We 
remark here that in the case ^ = 2, the condition ^[F : Q] = dimF means that 
End B must be an indefinite quaternion algebra over F. Indeed, the endomorphism 
algebra of a simple abelian variety is always totally definite or totally indefinite, 
and the equality t[F:Q] = dim B can never hold if End(F) is a definite quaternion 
algebra [Sh 3, Prop. 15]. 

It turns out that B has another interesting property. Namely, it is isogenous 
to all of its Galois conjugates. More technically, we say that F is a Q- abelian 
variety, which is defined as follows. 

Definition. An abelian variety X/Q is a Q-abelian variety if for each a G Gal(Q/Q), 
there exists an isogeny ^ X compatible with the endomorphisms of X; 

that is, Ter for all (p G End(X). 

It is easy to see that for each a e Gq, the conjugate ^B must be isogenous 
to B. Indeed, ^B'^ = A ^ B^, because A is defined over Q. Then, by 

the uniqueness of decomposition of abelian varieties up to isogeny, we must have 
~ F. It takes a little more work to show that there is actually an isogeny which 
is compatible with End(F). 

Proposition 1.4. Let B be a simple component over Q of an abelian variety A of 
G\j 2 ~type. Then B is a Q-abelian variety. 

Proof Fix an isogeny A^q ~ F^, or equivalently, an isomorphism End(A) = 
Mn(End(F)). For each a G Gq, we form the cr- twist of this isogeny, ^B^ ~ ^A. 
Let (f G End(F), and write ^ for the endomorphism of A which is (p in each place. 
Then, because A is defined over Q, there are commutative diagrams 

ann ^ aA = A A ^ ^ B 

where ttj is projection onto the jfth place of F^. 

Now End(A) is a central simple algebra, and for each a G Gq, there is 
an automorphism of End(A) given by 'ip ^ Hence by the Skolem-Noether 

Theorem, there exists an invertible o;((j) G End(A) such that '^'ip = a{(j) ° ip ° a{a)~^ 
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for all 'll; G End(A). Therefore we may connect the above diagrams with 

A ^ ' A 



V 

A 



a{a) 1 



<P 



A 



Then the composite map 

‘^B r^'^A = A Ar^ B'^ ^ B 

is a morphism from to B that is compatible with End{B). For some j this 
morphism must be non-zero, hence an isogeny because B is simple. Thus, we have 
found an isogeny : ^B ^ B such that — ^°l^a for all (p G End(.B), and 

so B is a Q-abelian variety. □ 

We now make a definition based on these properties associated with simple 
components of abelian varieties of GL 2 -type. 

Definition. A building block is an abelian variety B/Q such that 

(i) the endomorphism algebra End(B) is a central division algebra over a totally 
real field F with Schur index t = 1 or 2, and t[F:Q] = dimJ5. 

(ii) B is a Q-abelian variety. 

We will show in Proposition 4.5 that every building block appears as a simple 
component of some abelian variety over Q of GL 2 -type. 

The extension E/F 

Let A be an abelian variety of GL 2 -type. Let E = EndQ(A), and let E = 
Z{End{A)) denote the center of End(A). We now look more closely at the field 
extension E/F. In the proof of the above proposition, we saw that for each 
a G Gq, the Skolem-Noether Theorem implies that there exists an invertible 
a{a) G End(A) such that = a{a)°(p°a{a)~^ for all (p G End(A). Notice that 
because E = EndQ(A), the endomorphism 0 !((j) must be contained in the cen- 
tralizer of E in End(A). But E is a maximal subfield of End(A), and hence its 
own centralizer, as F is a number field [Pi, Prop. 13.1]. Therefore a(cr) G E. Fur- 
thermore, each a{a) is determined up to (non-zero) elements of the center F of 
End(A). We now fix a choice o^ a{a) E E for each a G Gq, choosing a((j') = a{a) 
whenever ^ p — for all p G End(A). We may view a as a locally constant 
function Gq — > E* that is a lift of the evident homomorphism Gq ^ E^ /F*. 

Proposition 1.5. The field E is generated over F b'y the a{cr). 

Proof. Let E' = E{. . . , a{a), . . .). Then E' C F, since each a{a) G E. Now let p be 
an endomorphism of A that lies in the centralizer of F'; that is, p°a{a) = a{a)°p 
for all a G Gq. But then ^p = a{a)°p°a{a)~^ = p for all cr, which means that p is 
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defined over Q, and thus lies in E. Therefore the centralizer C{E') of E' is also con- 
tained in E. Now we use the Double Centralizer Theorem [Pi, Thm. 12.7] to count 
dimensions, and we find (dimi^ £^')(dimF(C(E")) = dimi?End(^) = (dimi?E^)^. 
Thus we must have E' = C{E') = E, and so E is generated over F by the collec- 
tion □ 

Now recall that the Rosati involution induced by any polarization of A/Q is 
used to define an involution e i-^ e on which is independent of the polarization. 
This “complex conjugation” fixes F - indeed, any totally real subfield of E. 

Lemma 1.6. For all a G Gq, we have a{a) °a{a) G F. 

Proof. Fix a polarization (over Q) of A and let (p \-^ (p' designate the Rosati 
involution on End(A) induced by the polarization. Fix a G Gq. Now for all p G 
End(A) we have = a{cr) °p°a{a)~^ . Taking the Rosati involution of both sides, 
we find ^^p' = a{a)~^ ° p' ° a{a) for all p' G End(A). Replacing p' with p, we 
find "^p = a{a)~^ °p°a{a) for all p G End(A). So we see that a{a)'^ acts via 
conjugation on End(A) exactly as a{a) does. Therefore a{a)°a{a) lies in the 
center of End(A), which is F. □ 

Proposition 1.7. The field E is an abelian Galois extension of F. 

Proof. Recall that E is generated over F by the a(<j), so it suffices to study the 
extensions F{a{a)). First we write a{a)^ in a more complicated way: 

a{a)^ = (^a{a)/a{cr)^ • ^a(cr) . 

We have seen that a{a) a{a) lies in F. Now we consider the first factor a{a)/a{a). 

Note that by construction, the a{a) satisfy a{a) ° a{T) ° a{ar)~^ G F for all 
cr, r G Gq. Therefore 

a{a) ' a{r) ’ a{(TT)~^ = o;(cr) • o;(r) • o;(crr)“^, 

and rearranging terms, we find 

(^a{a)/a{a)^ • ^o:(r)/Q;(r)^ = a{aT)/a{ar) for all a,r G Gq. 

That is, a a{a)/a{a) is a continuous character on Gq with values in E* . In 
particular, a{a)/a{a) is a root of unity. 

Now we have expressed a{a)‘^ as a product of a root of unity and an element 
of F. Clearly then, a{a) is contained in an abelian Galois extension of F obtained 

by adjoining a{a) a{a) and some number of roots of unity. Therefore F{a{a)) 
is an abelian Galois extension, and this is true for any a. Finally, since E is the 
compositum of the F{a{a)), we see that the field E is also an abelian extension 
of F. □ 
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Some cohomology 

Let A be an abelian variety of GL 2 -type. Let E = EndQ(A) and F = Z(End{A)). 
As in the previous section, let a : Gq — > E’* be a locally constant function such that 
V = for all (p G End(A). Recall that a is well defined modulo F*. 

We note that c{a,r) a{cr)~^a{T)~^a{crT) is a two-cocycle on Gq with 
values in F* (where Gq acts trivially on F*). Moreover, a different choice for a 
leads to a cocycle which is cohomologous to c(cr, r). Thus the abelian variety A of 
GL 2 -type supplies us with a well-defined cohomology class [c] G H^(Gq, F*). 

Lemma 1.8. The class ofc{a^r) has order dividing two in H^(Gq, F*). 



Proof. Since c(cr, r) lies in F* , we have c(cr, r) = c(<j, r) . Hence we may write 
c{a, rf = c((T, r) c{a, r) 



= a{cr )) (a('T) air )) ( a{ar) a{crr)^ 



Thus we have expressed c((j, r)^ as a coboundary, because we have already shown 
that a{a) a{a) G F* for all a G Gq. □ 



Now consider the GQ-module Q <S>q F, where a G Gq acts via a{r (g) /) = 
a{r) (g) /. The natural inclusion F ^ Q (g)^ F induces a map H^(Gq, F*) 
H^(Gq, (Q 0Q F)*) and this latter group is canonically isomorphic to the Brauer 
group Br(F). (The isomorphism will be discussed in detail in Chapter 2.) 

The endomorphism algebra End(A) is a central simple F-algebra, and as such, 
determines a Brauer class in Br(F). The class has order dividing two in Br(F), 
because the Schur index of End(A) is 1 or 2 [Pi, Thm. 18.6]. Furthermore, the field 
F splits End(A) because F is a maximal subfield of End(A) [Pi, Cor. 13.3], and F 
also splits c(<j, r), by definition of the cocycle c. These observations motivate one 
to ask whether there is a connection between the class of End(A) in Br(F) and 
the class of c in H^(Gq, (Q (g)^ F)*). This question is answered by the following 
proposition. 

Proposition 1.9. The image of [c] in H^(Gq, (Q^qF)*) corresponds (under the 
natural isomorphism) to the class of End(A) in Br(F). 

Proof [Ri 1, Thm. 5.6]. □ 



Alternatively, the results of Chapter 2 and Chapter 4 of this dissertation may 
be combined to give a different proof of Proposition 1.9. 



2. The Brauer class of End(B) 

In Chapter 1, we saw how an abelian variety of GL 2 -type decomposes over Q into 
a product F x • • • x F of building blocks F with certain properties. Recall our 
definitions: 
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Definition. An abelian variety 5/Q is a Q- abelian variety if for each a G Gal(Q/Q), 
there exists an isogeny ii^j \ B compatible with the endomorphisms of B\ 

that is, = ^° IJ'a for all (p G End{B). 

Definition. A building block is an abelian variety B/Q such that 

(i) the endomorphism algebra End(5) is a central division algebra over a totally 

real field F with Schur index t = 1 or 2, and t[F:Q] = dim 

(ii) 5 is a Q- abelian variety. 

Our ultimate goal is to show that every building block B appears as a simple 
quotient of some abelian variety A/Q of GL 2 -type. Towards that end, in this 
chapter we will study the class of the endomorphism algebra End(^) in the Brauer 
group Br(F). 

Let Gq be the absolute Galois group Gal(Q/Q) with its usual profinite topol- 
ogy. A building block B/Q may be constructed from a model over a finite extension 
K of Q; by abusing notation we will again call such a model B. Then ^B — ^ B if 
<J, a' G Gq restrict to the same map on K. Now because B is a Q- abelian variety, 
we may fix a collection of isogenies { fi(j \ ^B ^ B respecting End(B) such 

that jia = kia' whenever ^B = ^ B. Define c(cr, r) = l^ar fo^ 

cr, r G Gq. Then c(cr, r) is an element of End(B), as we may see from the diagram 

B ^'^B ^B B. Also, c{a,r)°cp — (p°c{a,r) for all (p G End(B); this 
follows from the compatibility conditions on the /io-- Thus c(< 7 , r) lies in the center 
of End(B), and may be thought of as an non-zero element of the field F. There- 
fore, we may view c as a locally constant two-cocycle on Gq with values in F*, 
and we easily check that a different choice of isogenies ^B B changes c by a 
coboundary. Thus to the abelian variety B we associate a well-defined cohomology 
class [c] G H^(Gq, F*), where Gq acts trivially on F*. 

Next, consider the GQ-module Q(8 )qF, where the action of cr G Gq is defined 
by a{r 0 /) = cr{r) 0 /. The inclusion F ^ Q 0^ F induces a map H^(Gq, F*) 
H^(Gq, (Q0q F)*), and this latter group is canonically isomorphic to the Brauer 
group of F, as we will see. 

Theorem 2.1. The image of [c] in H^(Gq, (Q0qF)*) corresponds to the class of 
End(B) in the Brauer group Br(F). 

Theorem 2.1 is reminiscent of Proposition 1.9, which referred to another 
cohomology class [c] G H^(Gq, F*) attached to an abelian variety of GL 2 -type. In 
Chapter 4 we will justify the use of this notation when we show that every building 
block B appears as a quotient of an abelian variety A over Q of GL 2 -type in such 
a way that the definitions of [c] coincide. Since End(A) and End(B) determine the 
same class in Br(F) whenever A ~ B x • • • x B, it is evident that Theorem 2.1 is 
a necessary condition for this assertion to be valid. 

The proof of the Theorem 2.1 will be postponed until after we have reviewed 
the construction of the isomorphism H^(Gq, (Q 0q F)*) Br(F). 
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The identification of the Brauer group Br(F) with H^(Gal(F/F), F*) 

Let G be a profinite group, and let A, Ai, X 2 , A 3 be discrete (multiplicative) 
groups equipped with a left action of G. We recall the following definitions and 
facts from the theory of non-abelian cohomology. (See [Se 2 , p. 131-134] for more 
details.) 

• H°(G, X) G X : a(x) = x for all aeG}. 

• A one- cocycle on G with values in A is a continuous map G ^ A sending 

a ^ X a- such that x^r = • cr{xr) for all a,r e G. 

• The one-cocycles x^ and are cohomologous if there exists an x G A such 
that ycj = x~^ ' X(j ' a{x) for all a e G. A one-cocycle is a coboundary if it is 
cohomologous to the trivial cocycle cr 1 . 

• H^(G, A) = {one-cocycles}/ {coboundaries}. 

• If 1 Ai — > A 2 A 3 ^ 1 is a short exact sequence of non-abelian G- 
modules then there exists an exact sequence of pointed sets 

1 ^ H°(G, Xi) ^ H°(G, X2) ^ H°(G, X3) 

U\G, Xi) ^ Hi(G, X2) ^ Hi(G, X3). 

Moreover, if Ai is contained in the center of A 2 , the sequence may be ex- 
tended by one more term, with a map to H^(G, Ai). (Recall that the “kernel” 
of a morphism of pointed sets is the inverse image of the distinguished ele- 
ment.) 

In particular, let Gf = Gal(F/F), where F is a number field. Then 
I ^ F* GLn(F) ^ PGLn(F) 1 

is an exact sequence of GF-modules, and the corresponding cohomology sequence 
is 

^ H\Gf, GL„(F)) R\Gf, PGL„(F)) ^ R\Gf, F*). 

A generalization of Hilbert’s Theorem 90 states that H^(Gf, GL^(F)) is trivial 
[Se 2, Prop. X.3], so in fact the map Sn is injective. 

Now H^(Gf, PGLn(F)) classifies the forms of M„(F). That is, there is a 
canonical bijection 

U\Gf, PGL„(F)) ^ Br„(F), (2.2) 

where Br^(F) denotes the set of Brauer classes of F-algebras B such that F0j,B is 
isomorphic to Mn(F) as an F-algebra. This correspondence is described explicitly 
by associating to each one-cocycle cr i— » G PGLn(F) the Brauer class of the 

F-algebra 



B={Xe M„(F) I ■ a{X) ■ = X for all a G Gf } . 




200 



E.E. Pyle 



Now because Br(F) is the union (over n) of the Br„(E), we may define a map 
from Br(F) to F*) by using the inverse of (2.2): 

R^{Gf,F*) --- - Br(F) 



R\Gf, PGLn(F)) , Br„(F) 

This is the desired isomorphism. (See [Se 2, X.5] for the details.) 

Remark. In the above definition of B we have written (t{X) when a e Gf and 
X e Mn(F). Here we are regarding Mn(F) as the ring of F-endomorphisms of the 
vector space with its standard Gi?-module structure. Then cr{X) is defined 
to be the endomorphism cr°X°a~^ on It is useful to note, however, that we 
may also describe cr{X) as the matrix obtained from X G Mn(F) by applying a 
to each entry. 

Co-induced modules 

Let i/ be a closed subgroup of a profinite group G, and let M be a discrete H- 
module (possibly non-abelian) . The co-induced G- module Coind^ M is defined to 
be the set of continuous functions 0 : G M such that 0{rjx) = rj{9{x)) for all 
X e G and rj e H. The group structure on Coind^ M is defined by pointwise 
multiplication, and the action of <j G G is defined by {^0){x) = 6{xa). 

In the case M = Q, which we consider below, it will be helpful to put a 
Q- vector space structure on Coind^ Q. This is achieved by defining (r0)(x) = 
x(r) • 9(x) for r e Q, 0 e Coind^ Q, and x G Gq. 

Now we return to the situation G = Gq to study the GQ-module Q (8 )q F. 
Consider the finite set of field embeddings {t : F ^ Q}. The group Gq acts (on 
the left) on this set in the usual manner; that is to say, if t is an embedding of F 
into Q and a is an element of G, then cr ° is another such embedding. We now fix 
an embedding Lq, let H = Gal(Q/^o(^)), and view Q as an i/-module. 

Proposition 2.3. There is a Q-linear isomorphism of Gq-modules 

Q®^F^ Coindg Q, (2.3) 

in which f is sent to the function 6 f : x to{f) . 

Proof Note that Of e Coind^ Q because H fixes io{F) by definition. Also, one 
may check that ^{rO) = a{ry0, and use this formula to verify that (2.3) is a 
GQ-module homomorphism. 

Now we want to show that this homomorphism is injective. Recall that we 
may write Q0 qF Q via the map r(g)/ {r-i{f))i^. We use this isomorphism 

of Q-algebr£LS to factor (2.3) through the product; the element (r G then 
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mapped to the function x i— > x(r^-i^Q) in Coind^ Q. This correspondence is clearly 
injective. 

Finally we note that a function 0 G Coind^ Q is determined by its values 
on any set of right coset representatives of H in Gq. Thus the Q-dimension of 
Coind^ Q must be [Gq :H] = [F : Q] , which is the same as the Q-dimension of Q(8)q 
F. But (2.3) is already injective, hence it must actually be an isomorphism. □ 

Proposition 2.4. We obtain the following isomorphisms in an analogous manner. 
1- {Q^qF)* ^ CoindgQ*. _ 

2. — Coind^ Mn(Q)- 

3. GL„(Q®^F) ^ Coindg GL„(Q)^ 

4. PGL„(Q®^F) ^ Coindg PGL„(Q). 

Proof. 

1. Follows directly from above because the GQ-action on Q (g)^ F respects the 
multiplicative structure as well as the additive structure. 

2. We can see from the definition of “Coind^” that Mn(Coind^ Q) is isomorphic 
to Coind^ Mn(Q). 

3. The action of Gq still respects the multiplicative structure of the matrix 
algebra. 

4. Follows from (1) and (3), and the fact that the functor Coind^ commutes 

with the formation of quotient modules. □ 

Remark. By using the isomorphism Q(^qF ^ described in the proposition, 

we may similarly write any of the above GQ-modules as a product over the set of 
embeddings {t}. The action of cr G Gq on such a product sends the ^.-place to the 
(j“^^-place via a. 

Cohomology of co-induced modules 

Let G be a profinite group, H a closed subgroup of G, M a discrete F-module, and 
Coind^ M the associated co-induced G-module. In the usual case, where M is an 
abelian group, Shapiro’s Lemma states that the G-cohomology of Coind^ M may 
be identified with the F-cohomology of M. See for example [Br, Prop. III.6.2]. 
This fact is also well known for non-abelian modules [Se 1, §5. 8b], but for the 
convenience of the reader we include an explicit proof. 

Proposition 2.5 (‘‘Non- Abelian Shapiro’s Lemma”). There is a natural bijection 
of pointed sets H^(G, Coind^ M) H^(F, M). 

Proof First note that the projection tt : Coind^ M M defined by ^ i-^ 0(1) is 
compatible with the inclusion F C G, in the sense that 7 t(^ 0) = ry(7r(0)) for 77 G if 
and 6 G Coind^ M. Therefore there exists an induced map H^(G, Coind^ M) 
H^(if, M), given by sending the one-cocycle a 9 ^ to the cocycle ry 07 ^( 1 ). 

To show that this map is one-to-one, suppose that 77 0t^( 1) is a coboundary, 
i.e., that there is a fixed tr G M such that 0r;(l) = rn~^ • 77 ( 777 ) for all 77 G if. 
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One defines 'ip{x) = m • 0x{l) for x G G, and checks that G Coind^ M. Then 
Oa = for all cr G G, so 0^ is also a coboundary. Thus we have an injective 

map H^(G, CoindgM) M). 

In order to show this map is surjective, let rj ^ nrir^ be a one-cocycle on 
H with values in M. Fix a set of right coset representatives of iJ in G, with the 
representative for H being 1. Now for each x G G, define hx to be the element of H 
such that h~^x is the chosen coset representative of Hx. Clearly for rj e H we have 
hrj = rj, and more generally hj^x = for all x G G. Define 0a{x) = 

One verifies 

• 0 a ^ Coind^ M, 

• a ^ Oa is a, one-cocycle on G, and 

• ^ 77 ( 1 ) = for 77 G i/ 

to finish the proof of surjectivity. □ 



The bijection between H^(Gq, PGLn(Q 0 q F)) and BTn{F) 

Again we return to the specific case G = Gq and H = Gal(Q/F), where we 
have identified F with io{F) C Q for some fixed embedding Lq. Shapiro’s Lemma, 
together with our proof that (Q <S>q F)* = Coind^ Q*, has already given us an 
isomorphism of the group H^(Gq, (Q (8)q F)*) with Q*) = Br(F). We 

will need a more precise description of the correspondence, however. We have the 
following commutative diagram for each n: 



i<Q%Fr) 



h1(Gq, PGLn{Q% F)) 



( 2 . 5 ) 



E\H, Q*) 



E^(H, PGLniQ)) 



( 2 . 2 ) 



Br(F) 



- Br„(F) 



Here the Sn are the connecting homomorphisms from the cohomology sequences 
derived from the two short exact sequences: 

1 ^ (Q F)* ^ GL„(Q F) PGL„(Q %F)-^1 (coind. GQ-modules) 

1 ^ Q* ^ GL„(Q) PGL„(Q) 1 (i/-modules). 

Note that Proposition 2.5 allows us to identify the two corresponding cohomology 
sequences. In particular, the map (2.5) is a bijection for which we may find an 
explicit formula. First write PGLn(Q -F) as the product f|^PGLn(Q). Let 
a 1 -^ represent a cohomology class in H^(Gq, PGLn(Q Gq F)). Then the 

image under (2.5) of this class is the class of r/ 1 -^ F^^o^ry in H^(iL, PGL^(Q)). 

Now the image of the class of this latter cocycle under bijection (2.2) is the 
Brauer class of the algebra 

B={Xe M„(Q) I • T]{X) ■ = X for all r? € H } . 
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But there is an alternate description of this algebra. Consider the parallel con- 
struction 

B' = {(XO, e I = (X,), all e Gq } . ( 2 . 6 ) 

It is clear that B' is also an F-algebra, and that there is an F-algebra homo- 
morphism B' ^ B given by In fact this map is an isomorphism. 

Indeed, if we fix left coset representatives of H in G, then X i-^ (^^(A))^ 
is the inverse isomorphism (assuming that [Pi^a)i is constructed from as in 
Proposition 2.5). The verification, however, is tedious and we leave it to the reader. 

Now we see that B and B' determine the same class in Bvn{F). Observe, how- 
ever, that the construction of B' avoids the choice of the embedding ^ ^ Q- 
Therefore, even though bisections (2.5) and (2.2) depend on 6 q, their composition is 
independent of this choice, and thus the isomorphism H^(Gq, (QOqP)*) = Br(P) 
is completely canonical. 

The proof of Theorem 2.1 

Let P be a building block, and let c(cr, r) be the associated two-cocycle on Gq with 
values in P*. Now that we have established the isomorphism H^(Gq, (Q (8)q P)*) 
= Br(P), we aim to show that the image in H^(Gq, (Q(8)qP)*) of the cohomology 
class [c] corresponds to the class of End(P) in Br(P). Note that the Brauer class 
of End(P) lies in Br^(P) where t = 1 or 2, since by hypothesis, End(P) is a central 
division algebra over P with Schur index t = 1 or 2. Thus from the commutative di- 
agram of the previous section we see it will suffice to find a one-cocycle with values 
in PGLt(Q(g)QP) whose class maps to both the image of [c] in H^(Gq, (Q (8)^ P)*) 
and the Brauer class of End(P) in Br^(P). 

First, we consider the Lie algebra LieP. Recall that the space of tangent 
vectors LieP is a Q- vector space canonically attached to the abelian variety P, 
whose dimension over Q is equal to the dimension of P. (See, e.g., [Mu, §11].) 

Also, LieP has the property that Lie^^P = "^(LieP) Q^^LieB, where the map 
from the base Q to the base extension Q is given by a. Furthermore, the action of 
F on B induces an P- vector space structure on LieP, and it is well known that 
since P is totally real. Lie P is free of rank t over Q (8 )q P. (Here is where we use 
the condition that the dimension of P is exactly t[P:Q|.) 

Now each (jl^ ' ^B ^ B induces an isomorphism of Q- vector spaces : 

Lie^P — > LieP, and the relation (icrr implies that = 

c(a, r) Ao-r by functoriality. Here is the map 1 (8> A^ : '^(Lie'^P) ^ "^(LieP). Fix 
a basis {ei}\^^ for Lie P over Q (8)^ P. Then for each a G Gq, {1 (8> ^iYi=\ is a basis 
for the <7- twist "^(Lie P) = Lie ^B. We may use this collection of bases to express the 
maps Ao- as matrices A<j G GLt(Q (8 q P), and the identity = c(cr, r) A^-r 

translates into • "^Ar = c(cr, r ) A^t • At this point one easily verifies that the 
matrix ^Ar describing the map ^Xr is the matrix A^- with its entries twisted by cr, 
i.e., exactly a(Ar). 
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We are now provided with a one-cocycle with values in PGL^ (Q(8)qF), namely 
(T^ K mod (Q (8)q py. 

Proposition 2 . 7 . The class of mod (Q F)* in H^(Gq, PGLt(Q <S>q F)) is 
independent of the choice of basis for LieB. 

Proof. A different choice of basis for Lie B is described by a change-of-basis matrix 
P G GLt{Q (S)q F). The corresponding change of basis on Lie^^ ^ %LieB) will 
be given by ^P. Thus the new matrix for the map : Lie^J5 ^ Lie 5 will be 
P ' K(j • ^P~^, and the cocycle cr P • • ^P~^ is cohomologous to a A^. □ 

It remains to show that the class of the cocycle a mod (Q (8)^ P)* 

corresponds to both the image of [c] and the Brauer class of End(P), as desired. 

Proposition 2.8. The class of mod (Q(8 qP)* in H^(Gq, PGLt(Q(g)Q P)) maps 
to the image of [c] in H^(Gq, (Q8)qP)*). 

Proof The connecting homomorphism which supplies the inclusion 
H'(Gq, PGLi(Q®,F)) m^FY) 

is defined by the following procedure. First, choose a one-cocycle to represent the 
given cohomology class. In our case we take A^- mod (Q(8 )qP)* . Then lift the chosen 
cocycle to a map Gq QJjt{Q^^F); we choose a A^- for our application. Then 
Aa • o-{Ar) ■ A~f is a two-cocycle with values in (Q <S)qF)*, and the class of this 
two-cocycle in H^(Gq, (Q<8)qP)*) is independent of all the choices we made. In our 
situation, Aa- • cr(Ar) • A~f = c(cr, r), which is exactly what we wished to show. □ 

Proposition 2 . 9 . The class of A^ mod (Q 0q P)* in H^(Gq, Q 8)q P) corresponds 
to the class of End(P) in Brt(P). 

Proof. By applying Equation 2.6, we find the Brauer class of P-algebras corre- 
sponding to the cocycle A^- mod (Q P)* is represented by the algebra 

B = {XeMt{Q%F)\A^-a{X)-A-^ = XiovallaeGy. 

On the other hand, by the functoriality of “Lie” , there is a ring homomor- 
phism End(P) End(LieP). In fact this map is an injection, because End(P) is 
a division algebra. Then by using our fixed basis of LieP, we have 

End(P) End(LieP) ^ Mt{Q^^F). 

We claim that under these maps, the image of End(P) lands in B. Indeed, 
for ip G End(P), let ^ G Mt(Q P) be the corresponding matrix. Recall that 
the original satisfied if ° Ida- = Hence by functoriality again, we have 

^ ■ Ao- = A^ • cr(^) for all a. Thus A^r • <^(^) * A~^ = $ for all a G Gq, which means 

$gB. 

Finally we see that both End(P) and B are t^-dimensional over P, so the 
inclusion must in fact be an isomorphism End(P) B. □ 

This proves Theorem 2.1. 
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3. The tensor product of a module with an Abelian variety 

Here we prepare some “abstract nonsense” we will need for our construction of the 
correspondence between building blocks and abelian varieties of GL 2 -type. The 
results in this chapter, however, are valid for arbitrary abelian varieties. 

Let A be an abelian variety up to isogeny, let 7^ be a ring with a map 
7Z End(A), and let M be a finitely generated right 7?.- module. By abusing 
notation, we will identify 7Z with its image in End(A), and say that A is an abelian 
variety with an action of 7Z. 

Theorem 3.1. Let C be the category of abelian varieties up to isogeny, and let 21 
be the category of abelian groups. Let T : € ^ be the covariant functor defined 

by T{X) = Hom 7 ^(M, Hom(A, A)). Then T is representable. 

Proof [Mit, Thm. VI.3.1]. □ 



We will denote the object representing the functor T os M A, and devote 
this chapter to summarizing some properties of this “tensor product”. First, we 
may reformulate the above theorem as an assertion of the existence of an abelian 
variety M (8)^ A characterized by the following universal property: 



M a is an abelian variety together with a homomorphism of right 
7^- modules A : M — > Hom(A, M (g)^ A), which, for an abelian variety 
A, induces an isomorphism of abelian groups Hom(M A, A) ^ 
Hom 7 ^(M, Hom(A, A)) via {m\-^ 



(3.2) 



Next, standard procedures produce the following facts. In the list below, it is 
understood that each tensor product is equipped with the evident homomorphism 
A, and that the symbol “ = ” designates a natural equivalence that respects these 
homomor phisms . 



Elementary Properties of M A: 

(i) If A is an abelian variety with an action of TZ, then 7Z A = A. 

(ii) If M is a right 7^-module, N is an 7?.-5-bimodule, and A is an abelian variety 
with an action of S, then M {N (g)^ A) = (M (g).^ N) (g)^ A. 

(iii) If {Mi} is a finite collection of right 7^- modules, and A is an abelian variety 
with an action of TZ, then ( 0 Mi) (g).^ A = Y\{Mi (g).^ A). 

(iv) If M is a right 7^- module and {Ai} is a finite collection of abelian varieties, 

each with a map 1Z — > End(Ai), then M (g).^ ^0- 

(v) M 0^ A is functorial in each variable separately. More explicitly, let Mi and 

M 2 be right 7?.- modules and / G Hom 7 ^(Mi, M 2 ). Let Ai and A 2 be abelian 
varieties with actions of 1Z and suppose (/? : Ai ^ A 2 is a morphism of 
abelian varieties that respects 7^; i.e., r ° (p = (p ° r ^or all r ^ 7Z. We write p G 
Hom^(Ai, A 2 ). Then m ^ is a homomorphism of right 7^-modules 

Ml Hom(Ai, M 2 (g).^ A 2 ). Hence by (3.2), there exists a unique morphism 
/ (g) (/? G Hom(Mi (g)^ Ai, M 2 (g).^ A 2 ) such that (/ (g> p)°Am = Aj(^) for 
all m e M. Moreover, it is easy to check that if g : M 2 ^ M 3 is another 
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7^-module homomorphism and : A2 another morphism of abelian 

varieties respecting IZ, then {g ^ = { 9 ° f) ^ 

If we apply property (v) in the particular caise Ai = A 2 = A and Mi = M 2 = 
M, we have ring homomorphisms 

End7^M End(M (8)^ A) End^(yl) End{M A) 

/i-^/(8)l ip 1 ^ (p 

whose images commute. Note that the center Z{7Z) C End^(74), and that we may 
also map Z{71) — > EndT^M via r ^ pr = right multiplication by r on M. (The 
condition r G Z{1Z) makes pr a homomorphism of right 7?.- modules.) 

Proposition 3.3. The two maps Z{7Z) End(M A) coincide. Specifically, 
l^r = pr^l^ End(M <g)^ A ) . 

Proof. By (3.2), it suffices to show that {pr ^ 1) ° A^n = (1 (8)r) ° for all m e M. 
But this plainly follows from the definitions: {pr 8) l)°Am = ^pr{m) — A^r = 
Am°r = (1 8r)°A^. □ 

Thus we obtain a homomorphism of Z( 7^) -algebras 

EndTe M 8^^^) End^(A) End^^^^(M 8^ A). (3.4) 

Now suppose M is an «S-7^-bimodule. Then we may map S End7^ M via 

s Xs — left multiplication by s on M. By composing this map with EndT^ M 
End{M ^.j^A) from above, we find that we have an action of S on M8 t^ A. Again, 
we will usually identify S with its image in End(M 8^^ A). We now reconsider the 
defining property (3.2) of M 8^ A. 

Proposition 3.5. Let M he an S-lZ-bimodule, and let A he an ahelian variety with 
an action of TZ. Suppose X is an ahelian variety with an action of S. Then A 
induces an isomorphism Hom'^(M 87^ A, X) Hom5-7^(M, Hom(A, W)). 

Proof. It is clear that if '0 : M 87^ A X respects 5, then m ^ is a 

homomorphism of <S-7^-bimodules. On the other hand, suppose m 1-^ iprn is an 
element of Eoms-n{^i Hom(A,X)). Then there exists a morphism of abelian 
varieties (p G Hom(M 87 ^ A, X) such that pm = p°Xm for all m G M. We 
have to show that p respects S, i.e., that s°p = for all s G S. As usual, 
by (3.2) it suffices to show that s°p°Am = P°s°Am for all 5 G and m G M, 
and this follows directly from the relevant definitions: s°p°Am = s°pm = Tsm = 
T°^sm ~ P ° ^ ° Am- ^ 

Finally, if M = is a ring, then it is an <S-7^-bimodule and the above results 
hold. Also, we have a ring homomorphism TZ ^ S via r 1-^ 1 • r, so an abelian 
variety X with an action of <S also has an action of IZ. With the extra structure 
in this case, we find an isomorphism Hom^- n{S, Hom(4X)) ^ Hom^(^,X), 
by taking the element 5 1— > of YLoms-n{^ ^ Hom(A, A)) to p\. The reason that 
Pi : A X respects TZ is because TZ commutes with 1 e S. Thus we may now 
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rephrase the defining property of S A in the category of abelian varieties up 
to isogeny: 

Let A be an abelian variety with an action of 7^, and let <S be a ring 
which is also a right 77--module. Then S A is an abelian variety with 
an action of <S, together with a morphism Ai : A ^ 5 A respecting 
7^, which satisfies the following universal property: given an abelian 
variety X with an action of 5, and a morphism ip : A ^ X respecting 
there exists a unique morphism (p : S 0 ^ A X respecting S such 
that (p — if °Ai. 

Galois action 

Now suppose that A is defined over Q; let us consider the effect of twisting by 
a G Gal(Q/Q) = Gq on the tensor product construction. Note that if A is an 
abelian variety with an action of 7Z, then so is for each a G Gq; we may map 
IZ End(A) — > End(^A) via the usual “twist-by-a” . 

Lemma 3.6. Let A, Ai, A 2 be abelian varieties over Q with actions oflZ, and let 
M, Ml, M2 be right IZ-modules. 

1. For each a G Gq, we have %M A) ^ M (8)^ ^A. 

2. Let f G Hom7^(Mi, M2), let cp G Hom^(Ai, A2), and let f ^(p be the induced 

map Ml Ai — » M2 8)7^ A2 defined by property (v) above. Then for each 
a G Gq, we have ^(/ = 

Proof. 

1. Fix a G Gq. We will demonstrate that %M 8)^ A) satisfies the defining prop- 
erty (3.2) of M ^A. First construct M A and A : M ^ Hom(A, M 8 >t^ 
A). Then for an abelian variety X/Q, the map A induces an isomorphism 
Hom(M 8)7^ A, X) Hom7^(M, Hom(A, X)). Now if one defines ^A : M ^ 

HomT^C^A, ^{M(S>-j^A)) as ("^A)^ =^"^(Am), then ^A induces an isomorphism 
HomC^(M87^A), "^X) ^ Hom7^(M, Hom("^A, ‘^X)). But of course any abelian 
variety may be written as ^X for some X, so ^(M 8)7^ A) and ^A do satisfy 
the characteristic property of M 8)7^ ^A. 

2 . The map f^p is defined to be the unique morphism Mi 8)7^ Ai ^ M2 8)7^ A2 

such that {f ^p)° Am = A f(^m) ° T ^ ^ • Appfyii^g ^ both sides, 

we find %f 8) p)°"^Am = °^p = {f ^ '^p)°'^Am for all m G Mi, which 

implies that ^(/ ^ p) = f ^"^p. □ 



4. Descent from Q to Q 

In this chapter we will show how to construct, from a given building block B, 
an abelian variety A/Q of GL2-type with B as a simple quotient over Q. We 
will then describe a precise correspondence between these two types of abelian 
varieties. Recall the following definitions. 
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Definition. An abelian variety 5/Q is a Q-abelian variety if for each a G Gal(Q/Q), 
there exists an isogeny ^ B compatible with the endomorphisms of B; 

that is, V = for all ip G End(B). 

Definition. A building block is an abelian variety B/Q such that 

(i) the endomorphism algebra End{B) is a central division algebra over a totally 
real field F with Schur index ^ = 1 or 2, and ^[F:Q] = dimB. 

(ii) B is a Q-abelian variety. 

Definition. An abelian variety A/Q is of GL 2 -type if EndQ(A), the algebra of 
endomorphisms of A defined over Q, is a number field of degree equal to the 
dimension of A. 

Construction of an Abelian variety of GL 2 -type 

We write Gq for the absolute Galois group Gal(Q/Q) with its usual profinite 
topology. Let 5 be a building block. Then, by definition, is a Q-abelian variety. 
We have seen in Ghapter 2 how to fix for each a G Gq a choice oi per ‘ ^B ^ B 
respecting End{B) such that c(cr, r) = ficr°^PT° a locally constant two- 

cocycle on Gq with values in F* (a GQ-module with trivial action). The class 
[c] G H^(Gq, F*) is independent of our choices for 

Now consider the cohomology group H^(Gq, F*), where Gq acts trivially 
on F*. By a theorem of Tate [Se 3, Thm. 4], this group is trivial. Therefore the 
image of [c] in H^(Gq, F*) is a coboundary; that is, there exists a locally constant 
function f3 : Gq F* such that c(a, r) = j3{a) • (3{t) ■ /3{ar)~^ for all <j, r G Gq. 
Fix such a function f3. Let E be the field extension of F obtained by adjoining all 
the values Then F is a finite extension of F (as /3 is locally constant); set 
d= [F:F]. 

Consider the abelian variety E B. Prom Equation 3.4 there is a map 

EndF E (g)^ End(F) ^ End(F B). (4.1) 

We claim this map is an isomorphism of F- algebras. Indeed, fix a basis of E over 
F. Then we see that Endp E is isomorphic to the matrix algebra ’M.d(F)^ and so 
the image of End^ F(g)^End(F) in End(F0^F) is isomorphic to M^f(End(F)). On 
the other hand, the same choice of basis for E/F gives us ~ (0^ F)(g)^F ~ 

B^ so the endomorphism algebra End(F (g)^ B) must itself be isomorphic 
to 'Md{End{B)). From now on we will frequently identify End(F (g>^ B) with 
EndFF(g)^ End(F). 

Now we claim that we may descend the abelian variety E (g)^ B to Q. 

For each a G Gq, define ^ fia ^ Hom(F (g)^ E (g)^ F), using 

our fixed (3{a) and /icr- Recall that by Lemma 3.6, we have E (g)^ "^F F); 

therefore may be viewed as an isogeny ^{E (S>j, B) ^ E (g)^ F. 

Proposition 4.2. There exists an abelian variety Aq over Q and an isogeny (overQ) 
K : E (S)jr B Aq such that for all a G Gq. 
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Proof. First, we see that for all cr, r G Gq. Indeed, by using the 

definitions of c(<j, r) and /?(<j), and the properties of the tensor product from 
Chapter 3, we have 

= /3(<Tr)“^c((7,r)“^ ®c((T, T)|iCTT 

/?((TT ) I^CTT 

— ^ar • 

Therefore, we may apply the method of [Ri 1, Thm. 8.2] to construct Aq. 
More explicitly, let K be a finite Galois extension of Q such that E^j,B is defined 
over K and all Ucj are defined over K. Let X be the abelian variety Resx/q{E^p,B), 
where “Res” denotes Weil’s “restriction of scalars” functor. (See [We, §1.3].) Then 
X is defined over Q and Xjj^ = Yig^^ where the product runs over 

g G Gal(i^/Q). We now define k = {^g^)g : E B Xjj^. Lastly, write Aq for 
the image of k (or technically, the image of a suitable multiple of n). 

A direct (if tiresome) computation yields the formula □ 

Next we ask which endomorphisms of Aq are defined over Q? Or more gen- 
erally, how does cr G Gq act on End(Ao)? 

Proposition 4.3. For each a G Gq, the automorphism (f ^(p of End(Ao) is equal 
to conjugation by G E. (Here the action of E on Aq is induced by n.) 

Proof The isogeny k induces an isomorphism End(Ao) End(£' (8)^ B) via 
(p 1 -^ Thus, the automorphism p on End(Ao) translates into the 

automorphism °p°K i— > °^poK on End{E B). Now we may write 

= 8) 1)°(1 8 °(p°/^)°(l 8/i“^)°(/3(o-) 8 1) 

= (/3(cr)“^ 8 1) ° (/^“^ °p°k)° (l3{a) 8 1). 

The last equality follows because for all 'ip G End(E8p B), we have (1 8 = 

i/j® (l8/icr)- Indeed, write ?/? as an element of the tensor product Endp E(S>pEnd{B) 
and use the fact that each was originally chosen to be compatible with End(5). 
Finally, translating back to End(Ao), we see V = °p°P{a). □ 

Proposition 4.4. Under the isomorphism End(Ao) Endi? E^j,End{B) induced 
by the isogeny k, we have EndQ(Ao) = E 8^ End(5). 

Proof By applying the above proposition we find that the endomorphisms of Aq 
which are fixed by all a G Gq are exactly those which commute with all /3(cr). Thus 
EndQ(Ao) is an F-subalgebraof End(Ao); in fact, EndQ(Ao) is the centralizer C{E) 
of E in End(Ao), since E was defined to be the field generated over F by the 

Now it is clear that C{E) is contained in E 8^ End(j5), so it suffices to 
show that these subalgebras have the same dimension over F. Recall that we 
have written d = [E : F] and ^ = 1 or 2 = Schur index of End{B). Then 
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dimp E ' dim f{E ^ p,End{B)) = d{dt^) = dinii? End(Ao). Therefore, by the Double 
Centralizer Theorem [Pi, Thm. 12.7], dimp C{E) = dimir(E^ (8)^ End{B)). □ 

Proposition 4.5. There exists an abelian variety A/Q of GL 2 ~type containing B 
as a simple component. 

Proof. We have seen by Theorem 2.1 that if we send the class of the cocycle c(cr, r), 
[c] e H^(Gq, F*) H^(Gq, (Q (8)q F)*) Br(F) via the natural maps, then 
its image in the Brauer group is the class of End(F). Now consider what happens 
upon extending to the field E. There is a commutative diagram: 

h2(Gq, F‘) h2(Gq, (Q®^F)*) ^ Br(F) 



h2(Gq, F*) ► h2(Gq, (Q®^F)*) ^ Br(F) 

On the one hand, [c] € H^(Gq, F*) maps to the class of End(B) in Br(F), 
which maps to the class of E<S)p End(F) in Br(F). But on the other hand, c splits 
when taking values in F; in fact, this is how F was originally defined. In other 
words, the image of [c] is trivial in H^(Gq, F*), and hence maps to the trivial 
class in Br(F). Therefore F(g)^ End(F) must be isomorphic to the matrix algebra 
Mt(F), where ^ = 1 or 2 is the Schur index of End(F). 

Fix an isomorphism F 0^ End(F) Mt{E). Then by the previous propo- 
sition, we have EndQ(Ao) Mt(F). This isomorphism implies that Aq must be 
isogenous over Q to where A is an abelian variety over Q with EndQ(A) = F. 
(For instance, we may define A to be the image of the endomorphism of Aq corre- 
sponding to the matrix that has a 1 in the upper left corner and zeroes elsewhere.) 

Now remember that F0^ B is isogenous to a product of d copies of F, where 
d = [F : Fj. It follows that ~ F^, and therefore ~ F^/^ Thus F is a 

simple component of A. We have already seen that EndQ(>l) = F, so to complete 
the proof we need only calculate the dimension of A in order to show that A is of 
GL 2 -type. Recall that because F is a building block, we have dimF = t[F : Q]. 
Thus the dimension of ^ is | dim F = d[F : Q] = [F : Q], and we see that A is of 
GL 2 -type, as desired. □ 

A more precise correspondence 

Notice that it was necessary to make several choices in our construction of an 
abelian variety A/Q of GL 2 -type from a building block F. We now ask if there is 
any way to make the correspondence between these two types of abelian varieties 
more precise. If we start with an A/Q of GL 2 -type and decompose it into building 
blocks, what information must we record in order to recover the “same” A/Q via 
the above procedure? The main idea is to keep track of the “descent data” - the 
Ua - which provide the isogeny from B x • • x B (defined over Q) to A (defined 
over Q). 
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First, however, we must say what it means for two abelian varieties of GL 2 - 
type to be the “same” . 

Definition. A Glj 2 -type pair is a pair (A,i) where A is an abelian variety over Q 
of GL 2 "type and i is an injection EndQ(A) ^ Q. 

Definition. Two GL 2 -type pairs (A,i) and (A', 2 ') are equivalent if there exists an 
isogeny a : A ^ A' that is defined over Q and satisfies i\a°(f°a~^) = i{ip) for all 
(f e EndQ(A). 

We make similar definitions for building blocks. 

Definition. A building block triple is a triple (B,j, {i/ctIctgGq) where 

• B is a building block, and we write B = End{B)] 

• j is an injection of the center Z{End{B)) ^ Q, and we write F for the image 

of i; _ 

• for each a G Gq, i^a is a non-zero element of B) such that the 

family {I'a} is locally constant and satisfies for all a, r G Gq. 

Definition. Two building block triples (5, jf, {va}) and {B ' {^'^}) are equivalent 
if there exists an isogeny b : B ^ B' such that j'{b°(p°b~^) = j{(p) for all Lp G 
Z(End(B)), and = b°Vcr°^~^ for all a G Gq. 

Suppose we are given a building block triple {B,j^ {^a})- Note that for each <j, 
B.om^{^B, B) is a one-dimensional F-vector space; the choice of an isogeny : 
^B ^ B respecting B then determines f3{a) G Q* such that may be written as 
(8) /2 (t- Let F C Q be the field that is generated over F by the values P{a); 
then because each /3(cr) is well defined modulo F*, we see that F depends only 
on the i/aj and not on our choices for The field F is a finite extension of F 
because the collection {I'a} is locally constant. Now we may view each as an 
element of Hom(F 0^ ^F, F 0^ B) and construct an abelian variety of GL 2 -type 
using the procedure described in the previous section. 

We claim there is the following relationship between building block triples 
and GL 2 "type pairs. 

Theorem 4.6. The above construction, which associates a Q\j 2 -type pair (A, i) to 
a building block triple (F,j, {z/^}), induces a bijection on equivalence classes. 

We break the proof into several steps. 

Step 1. The correspondence (F,j, {z^cr}) ^ (A, 2 ) defined on equivalence 

classes. 

Suppose the triple (F,j, {z/^^}) is equivalent to (F', j', {z/^}). Fix an isogeny 
b : B ^ B' satisfying the stated conditions for equivalence. Our first observation is 
that the image of j' is equal to the image of j; we will call their common image F 
and identify Z{B) and Z{B') with F. Also, the isogeny b induces an isomorphism 
End(F) = End(F'), and in particular, we note that End(F) and End(F') have 
the same Schur index t = 1 or 2 as central simple F-algebras. 
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Next, for each a G Gq, pick B) and write 

Then y'^ = b°ycr° ^ implies that we may write y'^ = (3 (a) 0 {b° fia° • Thus 
the subfield of Q generated over F by the coefficients of the y'^ is the same as the 
one generated by the coefficients of the y^^ Call this field E. Now our construction 
yields isogenies k : E B and k,' : E B' A'^ where A and A' are 

abelian varieties over Q of GL 2 -type with E EndQ(yl) and E — > EndQ(yl'). 
These actions of E* on ^ and A' define the pairs {A,i) and respectively. 

Now a = (1 (g) is an isogeny A^ A'^. We claim it is an isogeny 

defined over Q. Indeed, for any a G Gq we have: 

= k' ° y'^°{l ° 

= k' b)°ya°ya^ 

= k' °{l(^b)°K~^. 

Moreover, I <S>b and k' all respect the action of E(g)p B. (Here we are using 
the isomorphism B' = B induced by b to define the action of E (g)^ H on E B' 
and A'^) Therefore, a respects the action of E (g)^ E = Mt(E). But it is easy to 
see that the natural map {A, A') — > is an isomorphism, 

so in fact we may regard a as a morphism A ^ A' . Then a is an isogeny defined 
over Q that respects E; that is, a defines an equivalence of pairs {A, i) and (^', i'), 
as desired. 

Step 2. Define the inverse correspondence from pairs (AA) to triples {B^j, {^a})- 

Let (A, i) be a GL 2 -type pair. Write CL for the full endomorphism algebra 
End(A), E for the image of i, and F = i{Z{CL)). By our usual abuse of notation, 
we will use i to identify E and E with the corresponding subalgebras of CL . Recall 
that (2 is a central simple algebra over E, by Theorem 1.2. Thus CL has a unique 
(up to isomorphism) simple right (2 -module. Fix such a simple module M. 

Let B = M <S) a We claim that E is a building block. By Propositions 1.3 
and 1.4, it suffices to show that E is a simple component of A. Now because CL is 

a simple algebra, for some n we have CL = 0^^ M as right (2 -modules. Fix such 

an isomorphism. Then 

A = ^ - [ 1 " 

Thus E is a subvariety of A. It remains to show that E is simple. 

By [Pi, Cor. 3.5a], CL is isomorphic to Mn(E), where B End^M is a 
central division algebra over E. But the above isogeny A ~ ^ implies that 

CL = Mn(End(E)). Therefore we must have that End(E) = E is a division algebra, 
and so E is simple. 

We remark that in fact we have an explicit isomorphism B End(E), namely 
the one arising from the general map (3.4): 

Enda M (g)^End^(^) ^ End(E) 

B^^F ^ End(E). ^ ^ 
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This map induces an isomorphism F Z{End{B)), whose inverse provides us 
with the definition of j in the building block triple we will associate with B. 

For future reference, we write t for the common Schur index of End(A) and 
End{B) (remember ^ = 1 or 2), and note that [E:F] = nt, because EJ is a maximal 
subfield of Qj by Theorem 1.2. 

Now we need to define U(j for each a € Gq. We will do so by constructing 
an isogeny k : E B ^ A^. Because B = M A, we will view E B as 
{E <S>j, M) 0a A. 

Note that E M \s an [E 0^ B)-fl-bimodule. Furthermore, we know that 
E splits B (because £* is a maximal subfield of ) , so we may fix an isomorphism 

E®^B ^ Mt{E) ^ EndQ(A'). 

In this way we obtain an action of 0^ B on A*, and so, a left action of £* 0^ B 
on Hom(A, A^). Now choose an isomorphism of {E 0^ B)- (2 -bimodules E M 
Hom(A, A^). (They are abstractly isomorphic because they have the same di- 
mension - - over F [Pi, Cor. 3.3b].) Then by the defining property of the 

tensor product (3.2), there is a morphism k : {E M) 0 ^ A ^ A ^ that respects 
the actions oi E (Proposition 3.5). 

We claim this morphism is an isogeny. Indeed, the image of is a subvariety 
of A^ with an action of E 0^ B = Mt(£'). But the only subvarieties of A^ mapped 
into themselves by ’M.t(E) are the zero subvariety and all of AL Now k cannot 
be the zero morphism, because the homomorphism of modules used to define k 
was non-zero. Therefore the image of k, must be AL Now we note that as right 
fl-modules, E M = 0^^^ M = 0* CL, so the dimension of {E 0^, M) 0^ A is 
equal to the dimension of AL Thus k is an isogeny. 

We are now able to define the i^cr- Consider : E ^p^B E <Z>p B, 

which is an isogeny respecting E ^pB. The fact that 

Eom^®^{E®p^B, E0pB) ^ E ^pRom^{^B, B) 

follows from End^®^ {E 0^ B) = E (which we know from the proof of Propo- 
sition 4.4). Hence we may write G E 0^ Hom^(^B,B). Plainly, 

° as desircd. 

Lastly we must check that the I'a do not depend on the various module 
isomorphisms chosen above. Suppose we make different choices and construct k' : 
E 0p B respecting E 0^ B. Then k' : A^ ^ A^ is an isogeny respecting 

E<S)pB = M.t{E). But the only endomorphisms of A^ that respect M.t{E) lie in E, 
and are therefore defined over Q. Hence for all a G Gq, and 

we see is independent of our choices. 

Thus to the GL 2 -type pair (A,z) we associate the triple {B,j, {i^cr})- 

Step 3. The correspondence defined in Step 2 is well defined on equivalence classes. 

Suppose (A',i') is a pair that is equivalent to (A,i). Write CL = End(A) 
and CL' = End(A'). Let a : A ^ A' be an isogeny which satisfies the stated 
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conditions for the equivalence of pairs. Then a induces an isomorphism CL CL' 
via (f I— > 

First notice that the image of i' is the same as the image of z; we will call their 
common image E. Also i'{Z{CL')) — z(Z(fl)), which we will call F. Henceforth 
we will identify E and F with these subalgebras of the endomorphism algebras. 

Now let M be a simple right tl-module, and M' a simple right (2 '-module. 
Form B = and B' = M'(^a'A\ and the accompanying data z^cr, and 

as above. Now we use the isomorphism CL CL' to view A' as an abelian variety 
with an action of CL, and M' as an (2 -module. Then we may write B' = M' A'. 

Because CL has a unique simple right module, there must be an isomorphism 
of (2 -modules f : M ^ M' . Define b : B ^ B' to he the morphism f (S> a : 

M ^ g A ^ M' <^g A', Then b is an isogeny because both / and a are invertible, 

and b respects the action of F, because F commutes with everything in sight. 

It remains to show that z^^ = for each a G Gq. Remember that 

Ucr is defined as where k, is an isogeny E (S>p B ^ A^ respecting E <S>p B, 

and similarly is defined in terms ot k' : E B' — > Now notice that 

(g) b)°K~^ is an endomorphism of respecting E B = Mt(F^). 
But the only such endomorphisms are elements of E, which are endomorphisms 
defined over Q. Therefore ° (1 g) 6) ° is defined over Q, so ° (1 g 6) ° ac“^) = 

(1 g b)° for all a G Gq, and it follows that = 6°z/^ 

Step 4. The above correspondences are inverse to each other. 

Suppose we start with a GL 2 -type pair {A,i), and use it to construct a 
building block triple {B,j, {I'a})- Then from the map (4.7) we have Z(End(A)) 
Z(End(B)), so the field F is the same from both viewpoints. Next, we need to 
show the field E = image of i is the same as the field E generated over F by the 
coefficients of the z/^-. Write z/^ = g and remember these z/^ are defined 

by an isogeny k : E g^ B A', where i = 1 or 2. Then by Proposition 4.3 we 
find that for (p G End(A^) and a G Gq, we have = /3{a)~^ °p° /3{a). Hence 
the same relationship holds for p G End(A). In other words, these /3((j)“^ are 
the same (up to F*) as the a{a) appearing in Chapter 1, and we have seen there 
(Proposition 1.5) that these elements do indeed generate EndQ(A) over F. 

Now clearly when we construct E B and descend it to Q via the map n 
defined by the z/^-, we are just recovering the map : E g^ (M g^ A) ^ we 
used to define the Ucr to begin with. Therefore the map from pairs to triples and 
back to pairs is the identity on equivalence classes. 

On the other hand, what happens when we start with a triple (J5, j, {z/cr}) 
and construct a pair (A,i)? From (4.1) we have Z{End{B)) Z(End(A^)) = 
Z(End(A)), and so again we may write F with no confusion. Now we want to 
show that the building block triple constructed from (A,z) is equivalent to the 
triple {B,j,{iy^}). 

Let M be a simple right (2-module; we may view it as an F- (2 -bimodule. 
Choose an isomorphism of F- (2 -bimodules M Hom(A, F); they are isomorphic 
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because they have the same F-dimension. Then by the defining property of the 
tensor product (3.2), there is a morphism M A B respecting F, This mor- 
phism is an isogeny because it is non- zero by construction and because M A 
and B are simple abelian varieties. Call the inverse of this map b. 

Finally, we have to show that the defined by (A,i) above are equal to 
for the original I'a associated with B. Let k \ E ® ^ B A^ he defined 
by the original Then k' = /^°(1 (g) b)~^ is an isogeny E (8)^ (M 8)^ A) — > A* 
respecting E 8^ End(F), where the action of End(F) on M 8^ A is induced by b. 
We have already seen that any such isogeny is valid for defining the and so 
— k' ^ = (1 8 b)°K~^ 8 . 

This proves Theorem 4.6. □ 

Summary 

Let {B,j, {I'a}) be a building block triple; we will write i^a- = /3(cr)“^ 8/icr with the 
understanding that the following formulas are independent of the transcriptions 
chosen. Let (A, z) be a GL 2 -type pair corresponding to (F,j, under Theo- 

rem 4.6. The chart below summarizes how to define, from either perspective, the 
most frequently used constructs associated to this situation. 



Construct 


GL 2 -type pair 

(A,i) 


Building block triple 

{B, J, {l^a}aeG^) 


number field 
F 


t(Z(End(^))) 


j{Z{End{B))) 


number field 
E 


r(EndQ(^)) 


extension of F 
gen. by { (3{a) : ct G Gq } 


(well-defined mod E*) 


for all (p e End(A) 


r' 


[c] G H^(Gq, E*) 


class of c((j, r) = 
a{ar) a{a)~~^ a{r)~^ \ 


class of c(<7, r) = 



5. Fields of definition for building blocks 

In this chapter we generalize results of Shimura and Ribet concerning various 
properties of building blocks, in particular, regarding their fields of definition. 
Recall that a (finite) compositum of quadratic extensions of a field is said to be a 
(2, . . . , 2)-extension, and that such an extension is Galois with group (Z/2Z)^ for 
some r. 

Theorem 5.1. Let B/Q be a building block. Then B is isogenous over Q to an 
abelian variety defined over a ( 2 , . . . , 2)-extension of Q. 
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Elkies first proved this in the case when B is an elliptic curve [El]. Ribet 
generalized the result to the case of a building block with End(.B) a totally real 
field [Ri 2, Thm. 1.2]. In fact, similar arguments apply to the general case, and we 
follow his approach as we outline the proof below. 

Remember that to a building block B we have associated a well-defined 
cohomology class [c] € H^(Gq, F*) (where Gq acts trivially on F*) by choos- 
ing isogenies : ^B ^ B which respect End{B) and defining a two-cocycle 
c(<j, r) = !Jia° ^IJ'T ° fJ'ar ' ^e will see that the class [c] provides certain information 
about a field of definition for B. 

Definition. Let R" be a number field. A building block over K is an abelian variety 
B over K such that is a building block and all endomorphisms of B are defined 
over K. 

Proposition 5.2. Let K be a number field. Let B be a building block and [c] its 
associated cohomology class. Then B is isogenous over Q to a building block Bq 
over K if and only if [c] lies in the kernel of the restriction map H^(Gq, F*) — » 
H2(Gal(Q/iC), F*). 

Proof. Suppose Bq is an abelian variety over K that is isogenous to B. Fix an 
isogeny k : B ^ Bq. Then for each a G Gal(Q/A), define \^B B\ 

these isogenies respect End(B) because by hypothesis all endomorphisms of Bq 
are defined over K. Clearly now c(cr, r) = 1 for all a,r G Gal(Q/A), and so 
[c] = 1 G H"(Gal(Q/R:), F*). 

Conversely, suppose [c] is trivial in H^(Gal(Q/F), F*). Choose a collection 
{/Xcr} as usual to define the two-cocycle c(cr, r). Then for a,r G Gal(Q/F), we 
may write c(cr, r) as a coboundary; i.e., c(<j, r) = /3{a) • f3{r) • P{ar)~^ where 
f3 : Gal(Q/K) F* is a locally constant function. Now replace each with 
which is again an isogeny "^B ^ B respecting End(F). The new family 
{/acr} satisfies = i^ar for all a,r G Gal(Q/F). Therefore we may apply 

[Ri 1, Thm. 8.2] to construct B^jK and an isogeny k : B ^ -^o/q* 

Finally, we need to check that all endomorphisms of Bq are defined over F, 
but this follows easily from the facts that the pa are compatible with End(F) 
and that /i^- = by construction of k. Indeed, for (p G End(Fo), we have 

G End(F), so for all a G Gal(Q/F). 

We may rewrite this as and therefore = p. Since this 

holds for all a G Gal(Q/F), we see that p G End(Fo) is defined over K. □ 

Note that [c] has order dividing two in H^(Gq, F*). Indeed, we know from 
Chapter 4 that there exists an abelian variety A of GL 2 -type containing the build- 
ing block F as a simple component, and that the class of the cocycle c(a, r) as- 
sociated to B is exactly that of the cocycle we associated to A in Chapter 1. We 
saw there (Lemma 1.8) that the class of this cocycle has order one or two. 

Write H^(Gq, F*)[2] for the group of elements of the cohomology group 
H^(Gq, F*) of order dividing two. 
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Proposition 5.3. Let F be a totally real field and define P = Then 

H^(Gq, F*)[2] is abstractly isomorphic to H^(Gq, {il}) x Hom(GQ, PfP‘^). 

Proof. (Ribet) We follow the procedure described in [Ri 2, Thm. 3.3]. 

Consider the exact sequence of trivial GQ-modules 

1 {il} F* ^ P ^ 1. 

This sequence is split because P is a free group [Ri 2, Lemma 3.5]. Thus we may 
write F* = {±1} X P. We note that this isomorphism is in general non-canonical 
(although when [F : Q] is odd, we may embed P ^ F* as the group of elements 
of F* of positive norm). In any case, there is an isomorphism 

h2(Gq, F*)[2] ^ H^(Gq, {±1})[2] X H^(Gq, P)[2]. 

Clearly all elements of H^(Gq, {±1}) are of order dividing two, so H^(Gq, {ibl})[2] 

= H^(Gq, {±1}). 

We claim that there is an isomorphism Hom(GQ, P/P^) H^(Gq, P)[2]. 
Indeed, note that the squaring map x ^ is an injective map P ^ P, because 
P is torsion- free. Now look at the exact sequence 

1 — > p F — > p/p2 — , 1. 

The corresponding long exact cohomology sequence is 

. h1(Gq, P) H1(Gq, P/P^) h2(Gq, P) ^ H2(Gq, P). 

Now Gq is acting trivially, so we may regard each as a Horn. Furthermore, P is 
torsion-free, so H^(Gq, P) = Hom(GQ, P) = 1. Also, the image of H^(Gq, P/P^) 
in H^(Gq, P) is the kernel of the squaring map H^(Gq, P) H^(Gq, P), which 
consists exactly of the subgroup of elements of order dividing two. Therefore we 
may rewrite the cohomology sequence as 

1 ^ Hom(GQ, P/P2) h2(Gq, P)[2]. 

Hence Hom(GQ, P/P^) is isomorphic to H^(Gq, P)[2], proving the proposition. 

□ 



We are now ready to prove Theorem 5.1. 

Proof. By the previous propositions, it suffices to show that the images of the 
cohomology class [c] in H^(Gq, {±1}) and Hom(GQ, P/P^) under the isomor- 
phism of Proposition 5.3 are trivialized by restriction to Gal(Q/F) where F is a 
(2, . . . , 2)-extension of Q. 

Recall that H^(Gq, {±1}) may be identified with Br(Q)[2] = {Brauer classes 
of quaternion algebras over Q}. A quaternion algebra over Q may always be split 
by a quadratic extension; therefore the image of [c] in H^(Gq, {il}) is trivial 
under restriction to some quadratic extension K± of Q. 

The other “piece” of [c] lies in Hom(GQ, PjP"^). Since the image of any 
continuous homomorphism Gq Pj P^ is a finite elementary 2-group, the kernel 
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of the homomorphism corresponding to the image of [c] is Gal(Q/Xp), where Kp 
is a (2, , 2)-extension of Q. 

Now let K be the composite of the fields K± and Kp. Then K is a (2 , . . . , 2)- 
extension such that [c] is in the kernel of the restriction map H^(Gq, F*) ^ 
H^(Gal(Q/i^), F*). □ 

Elkies’s proof of the theorem for elliptic curves shows that the field Kp 
already trivializes [c] in that case. Ribet’s method demonstrates this interesting 
fact to be true whenever [F : Q] is odd [Ri 2, Cor. 4.5]; it is unknown, however, 
whether it is true in general. In any case, the field Kp is a, significant part of 
the (2, . . . , 2)-extension F, and in order to determine Fp, we will now discuss an 
explicit description of the image of [c] in Hom(GQ, PjP^). 

The ‘‘degree” of \ia 

Let B\ and B2 be isogenous building blocks, and fix polarizations 61 \ B\ ^ B\ 
and 62 '• B2 ^ B2. We will say an isogeny fi : B\ ^ B2 is Rosati compatible if 
the isomorphism End(Fi) = End(F2) induced by // is compatible with the Rosati 
involutions defined by 61 and O2. For such an isogeny, we define the “degree” 5 { ijl ) = 
€ Z(End(F2)). Note that J(/x) depends on the chosen polarizations 
0 \ , 62 (much as the Rosati involution of an endomorphism algebra depends on a 
choice of polarization). 

The following properties of 5 are elementary. If (/p : F2 F2, then 5 {(p) — 

^ where (/?' is the Rosati involution of (f with respect to the polarization 62- 
Also, S is multiplicative in the following sense: if A : F2 — > F3 is another isogeny 
that is Rosati compatible, then 6{X°p) = {X°S{p )° (assuming we use a 
fixed set of polarizations to calculate the degrees). In particular, if each building 
block is equipped with an action F Z{End{Bi)), and A and p respect F, then 
we may write S{X°ii) = J(A) • 6{ia) as elements of F. 

Proposition 5.4. Let B\, B2 he building blocks with polarizations 61, 62, respec- 
tively, and let ji : B\ B2 be an isogeny that is Rosati compatible. Then the 
degree S{fi) is a totally positive element of the totally real field F. 

Proof. We will regard the isogeny /x : Fi F2 as an element of End(Fi x F2), 
and use the properties of the Rosati involution on this endomorphism algebra to 
prove the proposition. 

First define an isomorphism 

M2(End(F2)) — ^ End(Fi x B2) 

{ Vll </?12 \ I ^ \ 

\ T21 T22 ) \ T2\°P- T22 ) 

Now the polarizations 61, 62 define a polarization 6\ x O2 on End(Fi x B2) which, 
in turn, induces a Rosati involution on End(Fi x F2). Pulling back this involution 
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to M2(End(^2)), we find it is given by the formula 



f ‘Pn V512 ¥>ii ^ 

V <^21 P>22 ) V ‘P'i2°KIJ)~^ 'P'22 } 



where (p 1-^ (/?' is the Rosati involution on End(J52) coming from ^2- 

Now the Rosati involution is a positive involution; that is, for a non-zero en- 
domorphism the trace Tr($$') G Q is positive [Mu, §21 Thm. 1]. In particular, 

consider ^ G End(^i x B2) of the form Then 






0 S{fx)oip' \ 

0 0 J 



and 






0 0 

0 6{iJ.)°(p°(p' 



Therefore Tr(^^') = Tr { 5 {jj) °(p°ip') > 0 for all cp G End(R2)- 

We now claim the fact that this inequality holds for all p implies that S{p) 
must be totally positive. Indeed, let / be the finite set of embeddings {t : F ^R}. 
Suppose some embedding, call it Lq, is such that Lo{S{p)) < 0. Now by the Strong 
Approximation Theorem, we may choose p £ F such that \io{p))\‘^ is large, say 
greater than #7 /|^o(<^(m))|, but \t{p)\‘^ is small, say less than 1/ maXt^^,o{|^((^(yu))|} 
for all L ^ to . 

Now by [Mu, p. 182], Tr{S{p)°p°p') is a positive multiple oiTrF/Q{S{i2)-p‘^), 
which we may calculate as 



= LoiSini) ■ 

< -*i + E.^.oi 

< 0 



because we chose p carefully. 

This contradicts the fact that Tr{ 5 {iJ,)°p°p') is positive for all p. Therefore 
t{S{fx)) must be positive for all embeddings {t : F ^ R}. □ 



Next, we look at the relationship between 6{p) and the standard degree 
deg /i G Q. 

Proposition 5.5. Let 5 {p) be the ‘^degree’’ of an isogeny of building blocks 11 : 
B\ B2 defined in terms of polarizations 61 and 62 with deg^i = deg ^2- Then 
deg// = Ng/Q(^(/^)); where N^/q is the canonical reduced norm of B — End(^2) 
over Q. 

Proof Write t = \/dimi? B {= 1 or 2) as usual. First, because B2 is simple, we know 
deg6{p) = (N^/q(J(//)))'^ for some n > 1 [Mu, p. 182]. But “deg” is a polynomial 
function of degree 2 dim B2, and A^^/q is a polynomial function of degree t[F : Q] = 
dim ^2 (since B2 is a building block). Thus n = 2 and degS{p) = • 

On the other hand, 5 {p) = ° fi°62 means that 

deg<5(^) = (deg/i)(deg6»i)““(deg/i)(deg^2) = {deg^if, 
because deg ft = deg//, and deg^i = deg ^2 by hypothesis. 




220 



E.E. Pyle 



Therefore, (deg/i)^ = (N^/q(^(a^))^, and it follows that deg // = ±Njg^q{5{fi)) 
= jr^q{S{fi))Y ^ because 5{ijl) lies in F. Now we have seen that S{ij) is totally 
positive; thus Of course, deg/i is also positive, and so we must 

have deg/x = + N^/q((5(/x)). □ 



Now let B be a building block and fix a collection {/j^a ' ^ B} respecting 

End(B), as usual. Let ^ B ^ .B be a polarization of B. Then for each a G Gq, 
the isogeny ^0 : ^B ^ ^B is a polarization of ^B and we define, as above, the 
degree (5(/x^r) = ° jlcr °0. It is easy to check that the isogenies {i^a} are 

Rosati compatible, because each was chosen to be compatible with End(B). 
Note, however, that by requiring the polarization of ^B to be now 5(/Xa) ^ B 
is independent of the chosen polarization 0. 

Moreover, the are well defined modulo F*, and therefore 5{na) mod F*^ 
depends only on the building block B and not on the choices for Hcr or the polariza- 
tion defining 6. Also, ° l^ar ^ B* implies S{iJ,a) • S{i2r) ’ S{/j.ar)~^ ^ B*“^, and 

hence a i— > S{^a) mod F*^ is a locally constant homomorphism Gq ^ i^*/F*^. 

Recall from the previous section the two-cocycle c(<j, r) = /j,a° ° l^ar asso- 

ciated to the building block B. We have seen there is an isomorphism H^(Gq, F*)[2] 
^ H^(Gq, {±1}) X Hom(GQ, F/P2), where P is defined to be F*/{±1}, and we 
are interested in the image of [c] in Hom(GQ, PfP‘^). 

Proposition 5.6. The image of [c] in Hom(GQ, F/F^) is exactly the homomor- 
phism a 1 -^ S{p(r) mod {±1}F*^. 

Proof. The projection map H^(Gq, F*)[2] — ^ Hom(GQ, F/F^) is broken into 
two parts: first, the map H^(Gq, F*)[2] — > H^(Gq, F)[2] induced by F* ^ 
F*/{±1} = F, followed by the inverse of the isomorphism Hom(GQ, F/F^) — ^ 
H^(Gq, F)[2] coming from the exact sequence 1 — > F F — > F/F^ ^ 1. Thus 

we have to show that the image of the homomorphism a y-^ S{pa) mod {±1}F*^ 
in H^(Gq, F)[2] is the same as the image of [c] in this group. 

The isomorphism Hom(GQ, F/F^) H^(Gq, F)[2] maps the homomor- 
phism a 1 -^ mod {ibl}F*^ to a cohomology class as follows: Lift the ho- 
momorphism to a map Gq F, for example, a ^ mod {±1}. Then 

the element S{fia) • ■ S{/j,crr)~^ mod {±1} is a square in F, and cr, r 

yj6{iicj) • mod {=1=1} is the two-cocycle that defines the image in 

H2(Gq, P)[2]. 

On the other hand, c(a, r) = , and taking the degree 8 of both 

sides we find c{a,T)‘^ = 5{fXa) * • <5(/Xo-r)~^- Hence c(a, r) mod {=tl} gives 

the same class in H^(Gq, F)[2] that the homomorphism a i-^ mod {±1}F*^ 

does. n 
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Some characters 

Let be a building block. As we have seen in Chapter 4, we form a building block 
triple {B,j, {z^a}) by attaching some extra data to B: namely, j : Z(End(J5)) ^ Q, 
whose image we call F, and for all a G Gq, a non-zero G QC>pHom^(^jB, B) such 
that Bccausc Hom^('^F, B) is a one-dimensional F- vector space, we 

can, and do, write V(j = C) /i^ for some : "^B ^ B respecting End(F) 

and some p{a) G Q*. Let E be the field extension of F generated by the P{cr). 

Now let (A, z) be a pair of GL 2 -type corresponding to (F,j, {z/cr}) under 
Theorem 4.6. Then i is an isomorphism of EndQ(A) onto the field F that maps 
Z(End(A)) onto the field F. Recall that F is a Galois extension of F. In [Ri 1], 
Ribet associates a character ^ : Gq ^ E* to the abelian variety A. Our goal in 
this section is to recover e directly from the triple {B,j, {^a})- 

The condition ° = z/^rr tells us that 

= c{a,T) = f3{a) ■ 0 {t) ■ P{aT)~'^ e F*, 

and therefore, if 5 is the degree map defined in the previous section, 

6{ll.a) ■ 6{lJ,r) ■ 5{y.ar)~^ = (5(c(<T, t)) = c((T, tf = 0{(Tf ■ /3(t)^ • P{aT)~'^ . 

Hence we see that a i-^ S{/ia)/ 0{o’)^ is a continuous character Gq ^ F*. Note 
that this character depends only on the triple (F, j, and not on our choices 
for we claim that it is in fact equal to the character e. 

In order to define e and to prove our claim, we need to study the “A-adic” 
representations of Gq provided by the abelian variety A of GL 2 -type. 

Let ^ be a prime number and let Vi = Vi{A) be the Tate module associated 
to A. Because A is of GL 2 -type, V^(A) is free of rank two over E^^Qe. Let {A} be 
the set of primes of F lying over i, and for each A, write E\ for the completion of F 
at A; then E^^Qi = 0;^|^ E\. Now define V\ = E\ immediately 

that each V\ is a two-dimensional FA-vector space, and that Ve = 0a|£ ^a- Each 
Va is still also a GQ-module, since the action of Gq on Ve commutes with E^^Qe. 

Our starting point for studying the Va will be the following result of Faltings. 

Theorem 5.7. Let K he a finite Galois extension of Q such that all endomorphisms 
of A are defined over K , and let H = Gal(Q/F). Then 

End(A) (8 )q ^ EndQ^jH] Vi 

is an isomorphism of Q_i[G,^-modules. 

The GQ-module structure on Vi induces an action of Gq on EndQ^ Vi via 
V = cr°f°a~^. Now EndQ^[//] Vi is the submodule of EndQ^ Vi fixed by F; it is 
still a GQ-submodule because F is a normal subgroup. This defines the action of 
Gq on EndQ^[//] Vi in the theorem. Of course, the action of Gq on End(A) (8 )q 
comes from the natural action of Gq on End(A). 

Corollary 5.8. Let H C Gq he a normal subgroup of finite index with the properties 
described in the above theorem. Then End^^[/f] Va — B\ for all A | i. 
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Proof. Recall that E is its own centralizer in End(A). Therefore the centralizer of 
E in End(A) is £* (g)^ Q^. Applying the isomorphism in the theorem, 

we find that the centralizer of in EndQ^[/z] is again E Therefore, 

End(£;(g)Q)[//j Vi = E Qi 

0 AKEnd£^[/^] Fa = 0 a|^-®a 

Fa = E \. □ 

Corollary 5.9. Let i be a prime that splits completely in E. Then HomQ^[//] (Va, V\') 
is non-zero if and only if X' = 7 (A) for some 7 G Gal(E^/F). 

Proof. Regard the isomorphisms 

End(A)(g)QQ^ — EndQ^[//j HomQ^[/f](yA5 Vx') 

as isomorphisms of {F (g)^ Q£)-modules. Because F (g)^ is the center of the alge- 

bra End(A) 0Q Q^, every non-zero / G Hom^^f^] (Va, must be an {F (g)^ Q^)- 
isomorphism. But it is clear that Va — Vy as {F (g)^ Q£)-modules if and only if 
E\ = E\t as F-modules, which is equivalent to the condition A' = 7 (A) for some 
7 G Gal{ElF). In other words, if A' ^ 7 (A), then HomQ^[/f](Vx, Va') = 0. 

Now because ^ splits completely in E’, there are [E:Q] primes A lying over 
and we have E\ = for each A. By the previous corollary, EndQ^[/^] V\ = Qe. 
Therefore, the Q^-dimension of HomQ^[//] (Va, ^(A)) must be zero or one. Hence the 
Q^-dimension of 0^ 0^^ HomQ^ [//] {V\ , 1^(a) ) is less than or equal to [E : E] [E : Q] , 
with equality holding if and only if each HomQ^[//j(VA, V^(a)) is one-dimensional. 
On the other hand, the Q^-dimension of End(A) (g^ is [E : E]^ • [E : Q], which 
forces equality above. □ 

Now consider the action of Gq on End(A) <S>q Recall for each a G Gq we 
have defined a{a) G E* to be an element of End(A) such that ^(p = a{a) °(p°a{a)~^ . 
That is to say, a G Gq acts on End(A) via conjugation by a{a), where a{a) G E* 
is well defined modulo E*. We fix a choice of a{cr) for each a; these a(^j) satisfy 
a{a) • a{r) • a{ar)~^ G E*, as always. Therefore, for each 7 G Gal(E/E), we 
may define a character ■ Gq ^ E* by Xj{^) = Note that these 

characters depend only on the abelian variety A. 

Notation: Let ^ be a prime which splits completely in E, and let A be a prime of 
E dividing i. Then E\ will denote Qi with the map E ^ induced by A, and 
the image in of an element e G E will be written ca- 

Lemma 5.10. Let £ be a prime which splits completely in E. Let 7 G Gal(E/E). 
Then the Q_i[G(^-module V\ is isomorphic to ^^(a) gX~A* 

Proof. We know that Va and Ey(A) are isomorphic Q^[E]-modules for some nor- 
mal subgroup H of Gq of finite index. Let / G HomQ^[//](VA, Ey(A)) be an isomor- 
phism. Now End(A) (g^ is GQ-isomorphic to EndQ^[//] V^, and we know a acts 
on End(A) via conjugation by a{a). Also, a{a) G E acts on V\ as a{a)\ for 
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each A. Thus we may write = q;((t)^(a) • / • a{<r)^ ^ in HomQ^[//](VA, L"^(a))- Now 
becanse E\ = Qe, we have 



a{a)x V 



• / = X7,aM • /• 
A 



Hence for all a e Gq and v E V\, we have a{f{v)) = X7,a(ct) • and we see 

that / is an isomorphism of Q^[Gq] - modules V\ ^ ^ D 



Now what is the character el The action of Gq on V\ defines a representation 
p\ : Gq AutVA- By [Ri 1, Lemma 3.1] there exists a character of finite order 
e : Gq ^ such that for each prime A | £ of we have det pA = ^ 
where Xi • Gq Q| is the £-adic cyclotomic character. As we will soon see, e is 
equal to the character X^onj.’ where “conj.” E Ga\{E/F) is the canonical complex 
conjugation e e on 



Lemma 5.11. Let I he a prime that splits completely in E. Then the Gq-module 
V\ is isomorphic to e^. 

Proof. (Ribet) Let ( , ) : x ^ Q^(l) be the Weil pairing on Vi{A) in- 

duced by a fixed polarization of A/Q. Here Q^(l) denotes the ^-adic Tate module 
(8)^^ lim fjL^rt of ^-power roots of unity in Q. Recall that the Weil pairing is 
non-degenerate and Galois invariant; that is, for a E Gq and v^w E Vi we have 
^{v^w) = {a{v) , a{w)) . Thus we obtain an isomorphism of GQ-modules 

y^^HomQ,(F,,Q,(l)). 

By writing as the direct sum of the V\, we then have 

0V,^0HomQ,(VA,Q,(l)). {*) 

x\i x\e 

We claim that under this isomorphism, the A-component on the left-hand side cor- 
responds to the A-component on the right-hand side. Indeed, recall that if p i-> p' 
is the Rosati involution on End(A) coming from our fixed polarization, then p and 
(p' are adjoint with respect to the Weil pairing; in particular, (ev^w) = (v^ew) for 
e ^ E and v,w E Ve. Now we may extend the automorphism “conj.” to E 0^ Q^; 
it is simply the map which permutes the components of 0 a|^ Ex by taking the 

A-component to the A-component. The new “conj.” still has the same property 
with respect to ( , ). 

Now let be a set of orthogonal idempotents for E 0^ Q^, so that Va = 
7T;^V£. Note that = tt-. By using (n^v^w) — {v, 7 i\w), it is easy to verify 
that ii V = TT^v E Va, then under (*) the corresponding homomorphism fy is 
fv^TTj e HomQ^(Vy, Q^(l)). This proves the claim, and we have 

Tfy^HomQ,(l/A,Qfyl)). 
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On the other hand, V\ is a two-dimensional -vector space. Therefore the 
determinant gives a pairing Va x Va E\ which, by definition of e, defines an 
isomorphism of [Gq] -modules 

Fa = HomQ,(FA, - HomQ,(Fx,Q£(l)) 0 £a- 

Combining this with the previous isomorphism, we see Vx = Vj (S> □ 

Theorem 5.12. Let {I'a}) be a building block triple, and let (A,i) be a pair of 
G\j 2 -type corresponding to the triple under Theorem 4 . 6 . Then the character a ^ 
5{ijL(j)/l3{a)‘^ defined by is equal to the character e defined by (A,i). 

Proof Let ^ be a prime that splits completely in E. Together, the previous two 
lemmas imply that = X^onj ,a dividing and so e = Xconi. • ^ 

That is, we may write e(cr) = a{a)/a{a) for the usual collection {o;(cr)}o-6GQ 
defined by A. 

On the other hand, we know that under the correspondence {B,j, {i^cr}) ^ 
(A,i), we may take a{a) = /3{a)~^ . Thus e{a) = !3 {cf) / (3{cf) . 

Now we compare our two characters by taking their quotient; we find a new 
character a 1 -^ • S{pa) / P{cr)^ = S{/aa)/ P{cr)l3{a), which takes values in F* . 

Therefore 6 {p(j)/ (3{a)P{a) G {±1} for all a G Gq, because F is a totally real 
field. But S{/a(j) and P{cr)P{a) are both totally positive elements of F*, so their 
quotient must be +1. Hence we have S{p,cr) == /3{cr)P{cT) for all a, and e{a) = 

□ 

This theorem has some interesting consequences. First, recall our discussion 
of fields of definition for building blocks. We found that a building block B is always 
isogenous to a building block Bq over a (2, ... , 2)-extension K of Q. Furthermore, 
that extension may frequently be taken to be the fixed field Fp of the subgroup 
[a : 5(/ia) ^ {±1}F*^ } C Gq, and in all cases, a quadratic extension of Kp 
suffices. Now if A is an abelian variety of GL 2 -type corresponding to B, this 
information translates into the knowledge of a field K where A breaks up into its 
simple components, i.e., A/p ~ Fq x • • • x Fq. The theorem lets us compute the 
field Kp from data associated with A only. 

Corollary 5.13. Let denote the group of roots of unity in F* . Then the field 
Kp is the fixed field of {a \ a{a) G /x^F* } C Gq. 

Proof Fix a G Gq. It suffices to show that 6 {pia) ^ {±1}F*^ if and only if 
a{a) G /i£.F*. Suppose that S{/ 2 (j) G {±1}F*^. Then by the theorem, = 

s{cr)/S{pa) ^ which implies that a{a) G //£;F*. Conversely, suppose that 

a{a) G m^F*. Then 5{p^) = e{a)/a(af G f1 F*)F*^ = {=hl}F*^ □ 

Finally, we may formulate a criterion to determine when, given a building 
block, we may construct from it an abelian variety A of GL 2 -type with e = 1. 
This question is motivated by the discussion in the introduction of a possible 
“modular” structure on A. Recall that A is “modular” if it appears as a quotient 
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of the Jacobian Ji{N) for some N. In this event, A is isogenous to an abelian 
variety Aj, where / is a normalized cuspidal eigenform of weight two on ri(AT). 
(Conjecturally, all abelian varieties of GL 2 -type may be constructed in this way.) 
Now when A is modular, the character e is exactly the character of the modular 
form / on Tq{N) [Ri 1 , Lemma 4.3]. Thus the case ^ = 1 is especially interesting 
because the morphism Ji{N) A then factors through Jq{N). 

The previous theorem tells us e depends on our choice of — /3{cr)~^ 0 

Corollary 5.14. Let B he a building block, and [c] its associated cohomology class. 
Then the following are equivalent: 

(i) There exists a choice of [vcj] such that the character e is trivial 

(ii) The class [c] lies in the kernel of the natural map 

H2(Gq, F*) -> E\Gq, F(. . . , . . .)). 

Proof First note that the field extension Fi F{. . . , . . .) is independent 

of our choices for fia, because S{pcr) is well defined modulo Furthermore, since 
all S{fT) are totally positive elements of F*, we see that the field Fi is totally real. 

Now suppose 6 = 1. Then by the theorem, 0{a)^ = S{/j,a) for all a G Gq. 
Thus /3(cr) G F{y/6{/2(j)), and so c(c 7 , r) splits in Fi. 

On the other hand, if c splits in Fi, then we may choose all /3{a) in this 
totally real field. Therefore j3{a) = P{a) for all a, and so e = 1 . □ 

6. An example of a Q-curve 

In this chapter we give a concrete example of a building block of dimension one, and 
we calculate many of the associated functions and characters that were discussed 
in the previous chapter. 

We see from its definition that a building block of dimension one is simply 
an elliptic curve over Q without complex multiplication that is isogenous to all of 
its Galois conjugates. The following example of such a Q-curve was suggested by 
N. Elkies of Harvard University. 

Let B be the elliptic curve over Q{y/-^) defined by the equation 
B : y‘^ = 2x^ -h bx, where b G Q(\/^) is an algebraic integer of trace 1. 

Proposition 6.1. The curve B does not have complex multiplication. 

Proof. Let a; be a primitive cube root of unity in Q(\/^), and let p = (1 — a;) be 
the unique prime of Q(v^^) lying over 3. We claim that b = —1 mod p, because 
b has trace 1. Indeed, write b = r slj with r,s e Z. Then Tr( 6 ) == 1 implies that 
s = 2r - 1, and so 6 + 1 = (1 - co){l -h ruj) G p. 

Now the discriminant of B is 646^(1 — b) ^ 0 mod p, so p is a prime of good 
reduction for B. Let Bp be the reduction of B modulo p; the equation for Bp over 
the field of three elements F 3 is then = x^ 2x^ — x. Recall that End(F) is a 
subfield of End(Fp), and that it is possible to determine End(Fp) by calculating 
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the characteristic polynomial of the Frobenius endomorphism at p. We can write 
down this polynomial after counting the number of Fa-rational points on Bp. It 
is easy to see there are only two such points: oo and (0, 0). Therefore the trace of 
Frobenius is 1 + 3 — 2 = 2, and the characteristic polynomial is X‘^ — 2X + 3, by 
[Si, Chap. V]. Hence End(Hp) = Q(^/^), which is a field with class number one. 

Now End(H) ^ Q(\/^), but B cannot have complex multiplication by 
this field. Indeed, an elliptic curve over Q with complex multiplication by a qua- 
dratic imaginary field /C of class number one must have a rational j- invariant 
[Si, Thm. C.11.2], and the j-invariant of H is (4 — Sb)^/b‘^{l — b) ^ Q. Thus 
End(H) ^ Q. □ 

Let r be the non- trivial automorphism of Q(^/^) over Q. Then r{b) = I — b, 
because b has trace 1, and we may define an isogeny /i : ^B ^ B oi degree two by 

'^B : y‘^ = 2x^ + (1 — b)x B : = x^ 2x^ + bx 

This isogeny may be factored into two steps: first twist '^B by then use the 
two-isogeny provided by [Si, Ex. III. 4. 5]. Similarly, we find a formula for the dual 
(l :B -^'^B. 

(x,») 

Thus is a Q-curve, but we note that the isogeny fi is not defined over 

Q(V^^). In fact, we may make the following stronger statement. 

Proposition 6.2. There is no twist of B/Q{y/^) such that the isogeny correspond- 
ing to pi is defined over 

Proof. Any twist of B/^{^/^) is a twist by y/a for some a G the 

resulting curve is Ba : ay‘^ = + 2x^ + bx. The isogeny corresponding to pt is 

^{Ba) Ba 

(*.») -- 

which is not defined over unless —2r{a)fa is a square in Q(a/^). But 2 is 

a prime in this field, and the valuation at 2 of — 2r(a)/a must be 1; thus —2r{a)/a 
cannot be a square. □ 

Now we wish to investigate the two-cocycle c{g, h) = pig ° ^pih ° pi~^ • In order to 
do so, we must extend our base field to A" = Q(^/^, ^/^)• By abusing notation, 
we now write r for the non-trivial element of Gal(AT/Q) fixing Q(V^), so that r 
restricts to our previous r on Q(V^). Also, we introduce a G Gal(AT/Q) as the 
non-trivial automorphism fixing Q(\/^). Thus we have "^B = B and = '^B, 
and isogenies pi^ = pii = id : B B , and pi^r = pir = P> ’-^B B. We remark that 
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by Proposition 5.5, the “degree” S{fjLg) is exactly the usual degree of an isogeny; 
that is, S{fia) = = 1 and = S{/Jr) = 2. 

The following identities are immediate from the formulas for ^ and fi: 

^fi = 7^ = -/i, = fi, and, of course, fijl = 2. 

We can now calculate the values of c{g, h)\ 
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c{g, h) 



We would like to split this cocycle as 

c{g, h) = 



(i{g) • !i{h) 
0{gh) 



for some (locally constant) function (3 : Gq Q*. Notice that in order to define 
such an /?, we will again have to extend our base field. There is no such j3 : Gq 
Gal(A"/Q) ^ Q* because, for example, err = rcr, but c(cr, r) ^ c(r, cr). Therefore, 
we will have to find an extension of K which is non-abelian over Q. 

Let L be the splitting field over Q of the polynomial + 6. Figure 6.3 

diagrams the subfields of L; in particular, L is a quadratic extension of K. 



L 




Q(v^) Q(V=3) Q(V6) 




Figure 6.3. The subfields of L 
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Again we redefine our notation: a is now an element of Gal(L/Q) gener- 
ating the subgroup fixing and r is now the (non-trivial) element of 

Gal(L/Q) fixing one of the (*) fields, so that a and r restrict to our previous 
cr, r on K. The Galois group Gal(L/Q) is of course the dihedral group D4 = 
(cr, r : ra = a^r). 

We are now able to split c{g, h) by defining /3(^) as follows: 
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ar 


cr‘^T 




f^ig) 


1 




-1 






V2 




-V2 



Let E be the field generated by the values of /3, i.e., E = 

Then is a Galois extension of Q, and we write the elements of Gal(E^/Q) as 
follows. 



E 




Q(v/=^) Q(y=T) Q(V2) 




Now we know from Proposition 4.5 that there is an abelian variety A/Q of 
GL 2 "type with EndQ(A) = E, such that is isogenous to BxBxBxB. To 
compute a specific such A, we will use Weil’s “restriction of scalars” functor. We 
first remind the reader of the salient features of this construction [We, §1.3]. 

Let /C/ A: be a finite Galois extension with group G, and let V be an abelian 
variety over /C. The restriction of scalars ReS)c/k ^ from /C to A: is an abelian variety 
W over k, together with a morphism p : W/)c which represents the functor 

that takes an abelian variety X over k to the abelian group B.om}c{X/)c,V). The 
construction of W shows that W/fc is isomorphic to Thus, applying the 

universal property with X = W, we find 

End,(W) ^ BomjciW/jc.V) ^ EomjciHgeG = 0,^0 Hom^c W P). 

Now we return to the specific Q-curve 5, which we view as a curve over the 
field L. We claim that we may construct A as a quotient of the restriction of scalars 
R = Rosl/qB. Indeed, Ribet [Ri 1, Lemma 6.4] has shown that 7Z = EndQ(R) is 
the “twisted group algebra” Q[Gal(L/Q)]^, with multiplication defined by [g][h\ = 
^{9^h)[gh] for all g,h e Gal(L/Q). The algebra IZ maps onto E via [g] ^ P{g)^ 
Moreover, it is easy to see that the kernel of this homomorphism is the ideal 
(1 + [<^^])- Now note that ^(1 + [cr^]) is the central idempotent of the semisimple 
algebra IZ generating this ideal. Therefore, |(1 — [cr^]) is the complementary central 
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idempotent which projects 1Z onto E. Thus we may take the abelian variety A C R 
to be the subvariety that is the image of ^(1 — [cr^]) G Endq{R). 

In fact we may describe A more explicitly, by further analysis of the abelian 
variety R and its endomorphisms over Q. We break down R as Res/^/Q(Res^/x B)^ 
and first consider Res^/x B, which is an abelian variety over K. 

Let B' be the twist o^ B/x by the quadratic extension L/K. We will continue 
to write Gal{L/K) = {l,cr^} as a subgroup of Gal(L/Q). 

Lemma 6.4. The restriction of scalars Res/^/x B is isomorphic over K to B x B' . 

Proof Recall that by definition, B' is an abelian variety over K which is isomor- 
phic over L (but not over K) to B. Let X : B B' he such an isomorphism over 
L; then = —1. Now define p : B x B' ^ B by p = We will 

show that the pair {B x J5', p) satisfies the universal property of Res^/x B. 

Let X be an abelian variety over K, and / : X — > R a morphism over L. We 
must demonstrate the existence of a unique morphism g : X ^ B x B' over K such 
that p°g = f- Note that if g is to be defined over K, we must also have ^ p° g = ^ f • 
Now using the definition of p, we are able to produce a unique solution to these 
two equations: g = [f ^ f^ A°/ — A°^/). Thus B x B' must be isomorphic to 
R^^l/kB. □ 

Now on the one hand, Endx{B x B') is plainly equal to Endx{B) x Endx{B') 
— Q X Q, while on the other hand, we know End/^(Res^/x B) is the group alge- 
bra Q[Gal(L/AT)]. Using the isomorphism {p,^^p) : B x B' ^ B x "^^B from the 
above proof, we find that the induced isomorphism Endx{B) x Endx(B') 
Q[Gal(L/X)] is given by (1,0) i-^ |(1 + and (0,1) i-^ ^(1 - [<t^]). In other 
words, ^(l-f[cr^]) is the projection Res 5 ^ B, and |(1-[<J^]) is the projection 
Res^ jx B — > B' . 

Proposition 6.5. The abelian variety A/Q of G'L 2 ~type is Resx/qB' , where B' is 
the twist of Bjx by the quadratic extension L/K. 

Proof By the universal property of Res^/Q, there is a map 

EndK(ResL/K B) -> EndQ(ResK/Q(ResL/x B)). 

This is, of course, the natural map Q[Gal(Z//AT)] Q[Gal(L/Q)]^. Now as we have 
seen, ^(1 — [cr^]) is the projection Res^/x B B'; therefore as an endomorphism of 
R^^L/qB, this element must project Resx/q{R^^L/K B) onto Resx/q B' . But we 
have defined A to be the image of ^ (1 — [a^]) in Res^ /q B. Thus A = Resx/q B'. □ 

Remark. It is important to note that the other factor Res x/qB of R is not 
isogenous over Q to A. Indeed, an analysis similar to above shows that over Q, 

Resx/qB = ResQ^^n^^^Q B x ResQ(^33)/Q B _2 

where B -2 is the twist of B/Q(v/^) by \/^. Furthermore, recall from our orig- 
inal construction of p : '^B B that B is isogenous over Q(\/^) to There- 

fore Resq^^yqB is isogenous over Q to Resqf^y^yq^B -2 = ResQ(yi: 3 )/Q B_ 2 . 
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Finally, since we know that is not isogenous to B over we have 

EndQ(ResQ('^cr3)/Q -B) = Q- Thus the endomorphism algebra EndQ(Resx/Q B) is 
isomorphic to M2(Q). 

Lastly, we calculate some of the functions we have associated to the abelian 
variety A of GL2-type. For example, for each g G Gq, the automorphism (p \-^ 
on End(A) is given by conjugation by a{g) = f3{g)~^. We now use these a{g) 
to calculate the characters X'y • Gq B* defined by X'yid) — for 

7 G Gal(B/Q). Then writing a, r G Gal(L/Q) as above, we find 

X7_,(<^) = -1 = 1 X7.(^) = -1 

Xi_S'^) = 1 X 7 _iW = -1 X72W = 

Also, we remind the reader that the character e : Gq ^ E* is equal to the inverse of 
X72, because 72 acts as complex conjugation on E. Thus s{a) = —1 and e{r) = —1. 



7. Further questions 

In conclusion, we would like to discuss a few unanswered questions and suggest 
some avenues of further exploration regarding the topic of abelian varieties of 
GL2-type and their simple components. 

The best choice for (31 

One question concerns the construction of abelian varieties of GL2-type from 
building blocks. Given a building block B, we form the two-cocycle c{a, r) on Gq 
with values in F*, which we then split as c(cr, r) — /?(cr) • /3(r) • P{ar)~^ , where 
f3 : Gq — > B* C F* is a locally constant function. The question is: what is the 
“best” choice for (31 And what do we mean by “best” ? One possible interpretation 
is to try to minimize the degree [B : F] , which would then minimize the dimension of 
the abelian variety A of GL2-type that we construct from B. Another “best” choice 
might be to minimize the order of the character e attached to A. A related question 
is: what is the connection between abelian varieties of GL2-type constructed from 
the same building block but with different choices of (31 

Generalizing the base field to B? 

We would like to consider the possibility of extending our results from abelian 
varieties defined over Q to abelian varieties defined over an arbitrary field K of 
characteristic zero. The only trouble seems to be in making the “right” definitions; 
most of the actual work appears to generalize easily. One complication that arises 
over K but not over Q is the possibility of quaternionic multiplication over K. It 
is not hard to show from our results that if B is a building block over Q, then 
EndQ(B) = End(B) cannot be a quaternion algebra. (There is a more elementary 
proof of this fact as well, which follows from looking at the action of EndQ(B) on 
the Lie algebra Lie(B/Q).) If K is an arbitrary field, however, then EndK(B) may 
be a quaternion algebra. 
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Now suppose that we try to generalize the definition of building block in 
the obvious way: a building block is an abelian variety BjK such that (i) the 
endomorphism algebra End(^) is a central division algebra over a totally real 
field F with Schur index t = 1 or 2, and i\F : Q] = dimB; (ii) is a AT-abelian 
variety; i.e., for each a G Gsl{K/K) there exists an isogeny fia ^ ^B ^ B that is 
compatible with End(B). 

Suppose A" is a field where a building block and all of its endomorphisms 
are defined; for instance, consider the case when K is algebraically closed. Then in 
order to preserve the correspondence between building blocks and abelian varieties 
of GL 2 -type, it is necessary to broaden our definition of GL 2 -type. We need: an 
abelian variety A/K is of GL 2 -type if End/c(A), the algebra of endomorphisms of 
A defined over A, is a central division algebra over a number field E with Schur 
index t = 1 or 2, and t[A:Q] = dim A. 

These new definitions certainly demonstrate a symmetry that was lacking in 
the case K = Q, On the other hand, the terminology “of GL 2 -type” does not make 
much sense in the case 2[A:Q] = dim A. Therefore we might want to preserve the 
original definition of GL 2 -type - requiring Endx(A) = E and [A : Q] = dim A 
- and change the definition of building block accordingly, which would probably 
require another restriction on the structure of End(.B). 

Modularity? 

The ultimate goal is to prove that all abelian varieties of GL 2 -type are modular, 
that is, appear as quotients of Jacobians Ji{N). Modularity would provide us with 
a lot more information about the structure of our abelian varieties of GL 2 -type 
and their building blocks. As mentioned in the introduction, Ribet has shown 
that this result is implied by Serre’s conjecture of [Se 4, (3.2.4?)], but an in-depth 
discussion of this issue is beyond the scope of this paper. 



Appendix A. A non-building block 

Recall that in our definition of a building block B, we have required that 5 be a 
Q- abelian variety, which we have defined as follows: 

Definition. An abelian variety B/Q is a, Q-abelian variety if for each a G Gal(Q/Q), 
there exists an isogeny \ ^B B compatible with the endomorphisms of B; 
that is, = ^° for all (p G End(.B). 

It is natural to ask whether the compatibility conditions on the are necessary. 
Given an abelian variety B over Q that is isogenous to all of its Galois conjugates, 
is it perhaps always possible to find a collection of isogenies {/icr} that respect 
End(B)? We answer this question in the negative. 

We will construct a two-dimensional abelian variety A over Q such that the 
full endomorphism algebra End(A) is isomorphic to Q(\/5), but not all of the 
endomorphisms are defined over Q. Thus, if a e Gq acts non-trivially on End(A), 
there is no isogeny A = "A ^ A such that Pa — for all ip G End(A). 
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The abelian variety A will be the Jacobian of a certain hyperelliptic curve 
of genus two. A theorem due to Mestre describes how to construct the necessary 
curve. 



Theorem A.l. Let d he a positive integer. Let E he an elliptic curve over Q equipped 
with a point S of order 2d-\-l and a point Q such that 2Q does not belong to (S); 
let Xe he a function of degree two on E with a double pole at Oe- Define C to be 
the hyperelliptic curve of genus d described by the equation 



2d 

= ]J(a: - Xe{Q + iS)). 

i=0 

Then the Jacobian of C admits an endomorphism whose characteristic polynomial 
is 




— 2 cos 



2m7T 

2d+l) ' 



Proof. [Me, Thm. 1]. □ 

We remark that we will apply the theorem in the case d = 2, when in fact it 
reduces (via a theorem of Poncelet) to a classical result of Humbert. 

Note: All the calculations that follow were done on a SparcStation with the 
GP/PARI Calculator, version 1.37. 



Construction of the curve C 

In order for the equation of the curve C to be defined over Q, the set of points 
{Q + iS}j^Q must be stable under the action of Gq. We thus look for an elliptic 
curve over Q with a rational point Q and a subgroup (5) of order five that is 
GQ-stable. Take E to be the elliptic curve Jo (11), given by the equation 

E '. y = — lOx — 20. 



The point Q = (16, 60) is easily seen to be a rational point on E; in fact, it has 
order five, and it generates all the Q-rational points on E. Now we need to find the 
rest of the five-torsion subgroup, E[S\. According to [Si, III. 2. 3d], the “duplication 
formula” for points P on E is 



/ Xp + 20xp + 158xp -|- 21 

‘ 4xg-4xg-40x,-79 



where Xp = Xe{P)- 



We use this formula to solve for the points P on E satisfying Xp(4P) — Xe{-P) = 
Xe{P)- We find that the x-coordinates of such points are exactly the roots of the 
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following irreducible polynomials: 

X — 16 

X — 5 

5x^ + 5x — 29 /X 

x'^ + x^ -(- llx^ -f 41x -f 101 
x^ + 15x^ + 120x2 + 200x + 155 
3x^ - 4x^ - 60x2 _ 237^ _ 21. 

The last polynomial clearly corresponds to the points of order three on E, and we 
may safely forget about it; the others correspond to GQ-stable sets of points of 
order five; e.g., (x - 16) corresponds to {ibQ}, and (x — 5) to {±2Q}. 

Let S' be a point of E such that Xe{S) is a root of the quadratic polyno- 
mial (*); hence Xe{S) G Q(v^). Note that Xe{2S) must also lie in Q(v^) by the 
duplication formula, and so Xe{2S) must be the other root of (*). Therefore the 
points of order five corresponding to (*) are {ibS, ±25} , and furthermore, these 
points must be stable under Gq. In other words, the subgroup (5) is GQ-stable, 
as desired. (In fact, (5) is the Shimura subgroup of Jo (11).) 

It is now clear that the monic quartic polynomials above correspond to the 
sets {Q -h iS}j^i and {2Q -1- but we need to determine which is which. 

There are several ways to do this; we choose brute force, and use a computer. 

First we claim that 5 (and hence ±*[5], which is generated by Q and 5) is 
defined over Q(C), where C is a primitive fifth root of unity. Indeed, suppose that 
(7 G Gq fixes Q(C)- Then, because (5) is stable under Gq, we may write ^5 == aS for 
some integer a (mod 5). Now let 65 be the Weil pairing E[b] x E[5] — > /X5 C Q(C)- 
Note that because Q and 5 generate E[b], 65 (Q, 5) 7^ 1. Now 

65 (Q, 5) = S) because a fixes Q(C)- 

= ^S) because the Weil pairing is Galois invariant. 

= e5(Q,aS) by definition of a. 

= e5(Q,S)± 

Thus a must be congruent to 1 (mod 5); i.e., a must fix 5, so 5 is defined over Q(C)- 
Now we may write down explicit coordinates in Q(() for 5. Take 5 to be the 
point (a,^), where 

« = -^(c + r') - 1, ^ = ^(2c" + + 3c + if). 

A quick computer calculation supplies us with 

4 

PJ(x — Xe{Q ± ^5)) = (x - 16)(x^ ± x^ ± llx^ ± 41x T 101). 

i=0 

We now define G to be the hyperelliptic curve of genus two described by the 
equation 



G : = {x - 16)(x^ ± x^ ± llx^ -h 41x ± 101), 
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and write A for the Jacobian of C. Then A is a two-dimensional abelian variety 
over Q, and by Theorem A.l, there is an endomorphism of A with characteristic 
polynomial -h X — 1; thus End(A) D Q(\/5). 

The structure of End(A) 

The author would like to thank F. Hazama of Tokyo-Denki University for suggest- 
ing the approach used in this section. 

Let A be the abelian variety constructed in the previous section. It is well 
known that if p is a prime of good reduction for A, then the natural map End(A) ^ 
End{Ap) is injective, where Ap is the reduction of A mod p. Indeed, let ^ be a prime 
not equal to p; write Ti{A) for the Tate module and Ve{A) for T^(A) (g)Q. Then use 
the facts that the reduction map is injective on ^-power torsion [Si, Prop. VII.3.1], 
that End(A) EndVe{A) [W-M, Thm. 3], and that End{Ap) ^ EndU^(Ap), 
because Ap is defined over a finite field [W-M, Thm. 6]. The result then follows 
from the commutative diagram: 

End(A) End(Ap) 



EndVe(A) ^ ^ EndVe{Ap) . 

Therefore, in order to study End(A), we will look at End(Ap) for various choices 
of p. 

To ease calculation, we search for primes p of good reduction with the prop- 
erties: 

(i) EndFp(Ap) = Q(7Tp), where 7Tp is the Frobenius endomorphism. 

(ii) All endomorphisms of Ap are defined over Fp. 

We will use [W-M, Thm. 8]: 

Theorem A.2. Let X he a simple abelian variety over the finite field with q ele- 
ments. Let TTq be the Frobenius endomorphism of X, and let f he the characteristic 
polynomial of TTq acting on Ti{X), where £ is a prime not dividing q. Then 

1. f = g^ , where g is a monic irreducible polynomial with integer coefficients. 

2. EndFg(X) is a division algebra whose center is Q(7Tg). 

3. dimQEndFq(X) = e^[Q(7r^) :Q], and 2dimX = e[Q(7Tg):Q]. 

Now, in order to prove that a prime p satisfies conditions (i) and (ii), we 
claim that it is enough to show that the characteristic polynomial of each power 
of TTp is irreducible of degree four over Q. Indeed, the full endomorphism algebra 
End(Ap) is the union |J^ EndFpr (Ap), and the Frobenius endomorphism iTpr is 
simply TTp. Therefore, if the characteristic polynomial of is irreducible of degree 
4 = 2dimAp for all r, then by (3) we have EndFpr(Ap) = Qi'^p) for all r. Lastly, 
we see that Q(7rp = Qi'^p) for all r, because Q(7rp is certainly contained in Q('7Tp), 
and by hypothesis both these fields have degree four over Q. 
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To calculate the characteristic polynomial of TTp, we recall the Probenius en- 
domorphism of the curve Cp, which induces the Probenius endomorphism TTp 
on Ap. (We remind the reader that for any variety over ¥q with a projective em- 
bedding, the “Probenius” morphism is simply the map on points (xq: . . . :Xn) ^ 
(xq! ... :x^).) The map has a characteristic polynomial obtained by consider- 
ing the action of on the etale cohomology group Hg^(Cp, Z^), where i is prime 
to p. But by [Mil, Cor. 9.6], 

KtiCM = KtiAp,I^e) = Te{A^)\ 

where ^ denotes the Z^-dual. Hence the characteristic polynomial of is in fact 
the same as the characteristic polynomial of TTp acting on Ti{Ap), which is what 
we want. Therefore we will use the curve Cp to calculate this polynomial. 

Here we must note that the equation defining C is singular at infinity, so as 
yet it does not make sense to speak of primes of good reduction for C. However, 
C has a non-singular model C C P^. The map C — > C is an isomorphism over 
all affine points of C, and ha^ a unique point over the singularity of C [Ca, §2]. 
Purthermore, this “point at infinity” of (7 is a smooth point mod p for each prime p. 
Hence to study the reduction of C at p, it suffices to consider the reduction mod p 
of our affine equation for C. 

Pirst, we calculate the discriminant of the fifth degree polynomial appearing 
in the equation for C; it is 5^ • 11^^. Thus the primes of bad reduction for this 
equation are exactly p==5orp = ll, and these we will avoid. Now we need [M-S, 
Lemma 3]: 

Lemma A.3. Let C he a curve of genus two over Q with good reduction at the 
prime p. Then the characteristic polynomial of the Probenius element at p is given 
by 

- tx^ -h - ptx -h P^ (A.3) 

where t = p+l-Ni, Ni = ^Cp(Fp), 

s = l{Nf + N2)+p-Ni-pNu N2 = #Cp(Fp2). 

Abusing notation, we write TTp for a root of (A.3). Recall that we want all 
powers of TTp to generate a field of degree four over Q. In particular, we must 
have t ^ 0 for this situation to occur (since otherwise tt^ is quadratic over Q). A 
computer search now finds that p = 19 gives Ni = 16 and N 2 = 390, so (A.3) 
becomes 

X^ - 4X^ + 22X^ - 76X + 361, (A.4) 

which is irreducible over Q. Note that over Q(\/5) the polynomial (A.4) factors as 

(X^ -h AsX -h 19)(X^ - (4 + 4^)X -h 19) where e = {-1 P V5)/2. 

To fix idea^, let Trig be a root of the first factor and let K = Q(7Ti 9). The field K 
contains the complex conjugate Tfig, but is not Galois over Q; it is straightforward 
to check that the other quadratic polynomial defines a different extension of Q(v^). 
As a consequence, we see that K has only one non-trivial subfield, namely Q(\^5). 
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(Indeed, if K contained another quadratic subfield, it would be biquadratic over 
Q, and hence Galois.) 

We now claim that all powers of Trig have degree four over Q. Suppose this 
were not the case. Then would lie in Q(\/5) for some n, and we would have 
^19 — ^ 19 ' then TTig/^ig would be a root of unity in K, and clearly the only 
roots of unity in K are itl. But ^ig cannot equal ±7Tig, since by definition of Trig 
above, TTig^ig = 19 and Trig + ^i9 = —4:6. Therefore Tr'^g generates Q(TTig) over Q. 

We have now shown that End(Aig) = EndFig(Aig) = Q(TTig). 

The next prime we investigate is p = 59. In this case A^i = 76 and N 2 — 3550, 
so the characteristic polynomial of Probenius is 

+ 16X^ + 162X^ + 944X + 59^ (A.5) 

The polynomial (A.5) is irreducible over Q and factors over Q(v^) as 
{X^ + (6 - 4e)X + 59){X^ + (10 - 4e)X + 59). 

We let TTsg be a root of the first factor and then exactly the same analysis ais 
the case p = 19 demonstrates that End(A5g) = EndF5g(A5g) ^ Q(7T5g), which is 
again a non-Galois extension of Q of degree four whose only non-trivial subfield 
is Q(V5). 

Finally, recall that End(A) injects into both End(Aig) and End(^5g), and 
that End(A) 3 Q(v^). Hence to show End(A) = Q(\/5), it suffices to show that 
Q(tti 9) and Q(Trsg) are distinct number fields. But this follows immediately from 
the calculation of their discriminants over Q, which are 5^ • 149 and 2^ • 5^ • 281, 
respectively. 

To complete our analysis of the structure of End(A), it remains to show that 
not all endomorphisms of A are defined over Q. Now as above, for any prime p 
of good reduction we have EndQ(A) ^ EndFp(Ap). But we are now interested in 
primes p such that not all endomorphisms of Ap are defined over Fp. For instance, 
we take p = 3 and calculate that = 4 and N 2 = 10. Therefore the characteristic 
polynomial of the Frobenius element at 3 is + 9, which is irreducible over Q, 
and so EndF3(A3 ) = Q(tt 3). But Q(tt 3) is the field Q(v^^, v^), which clearly does 
not contain Q(v^) as a subfield. Hence EndQ(A) cannot be isomorphic to Q(\/5), 
and we must have EndQ(A) = Q. 

Now we see that A/Q is an abelian variety that has all of the properties 
of a building block, except the compatibility conditions on the Of course, a 
building block over Q is exactly an abelian variety of GL2-type, and we can also 
see now that A is not of GL2-type, since [EndQ(A) : Q] = 1 7^ 2 = dim A. This 
demonstrates the importance of requiring in our definition of building block that 
all of the isogenies ‘ B respect End(B). 
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Appendix B. Useful facts concerning central simple algebras 

The endomorphism algebra of an abelian variety is a finite-dimensional semi-simple 
algebra over Q. In this dissertation, we are concerned mostly with abelian vari- 
eties whose endomorphism algebras are in fact simple Q-algebras. We list here a 
collection of definitions and facts describing the structure of these algebras. 

Notation 

Z{Qj) = {x ^ Qj : xa — ax Va G CL} is the center of an algebra CL. 

Ca{B) — {x e CL : xb = bx V6 G B} is the centralizer of a subalgebra B C CL. 

Let be a finite-dimensional simple Q- algebra. 

• The center Z{CL) is a number field F [Pi, Prop. 12.1]. The algebra CL is then 
a central simple algebra over F. 

• CL has a unique simple right module M [Pi, Prop. 3.3b], and as right CL- 
modules, CL = 0^^ M for some n > 1. 

• (Wedderburn Structure Theorem.) As F-algebras, CL = Mn(T>), where V = 
EndaM is a central division algebra over F [Pi, Cor. 3.5a]. 

• The dimension dimp (2 is a square [Pi, Prop. 13.1]. 

• The Schur index of CL is 

Note that the Schur index of CL depends only on the class of CL in Br(F). 

• (Hasse-Brauer-Noether Theorem.) The Schur index of CL is equal to the order 
of the class of CL in the Brauer group Br(F) [Pi, Thm. 18.6]. (Here it is 
necessary that F be a number field.) 

• (Skolem-Noether Theorem.) Let S be a simple F-algebra. U f,g : B CL are 
homomorphisms, then there is an inner automorphism a : CL ^ CL such that 
a° f — g. In particular, any automorphism of CL is inner [Pi, Thm. 12.6]. 

• (Double Centralizer Theorem.) If S is a simple subalgebra of CL, then [Pi, 
Thm. 12.7] 

(i) Ca{B) is simple. 

(ii) {dim p B) {dim p Ca{B)) = dim^ CL. 

(hi) Ca{Ca{B)) = B. 

• A subfield of (2 is a subalgebra E of CL such that F is a field. 

A maximal subfield of (2 is a subfield which is maximal with respect to 
inclusion. 

• The following are equivalent for a subfield E C CL [Pi, Prop. 13.1]. 

(Here it is necessary that F be a number field.) 

(i) F is a maximal subfield of CL . 

(ii) [E:F] = Vdirn^ fl. 

(hi) Ca{E) = E. 

• A maximal subfield E C CL splits CL; i.e., E<S>p CL = Mnt(F) [Pi, Cor. 13.3]. 
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The following diagram summarizes some of the main points. 



a^yin{v) 



nt 



maximal subfield E 



V = division algebra 

\ ^ ^ where t = Schur index of CL 

z{a) = F 
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Abelian Varieties over Q and Modular Forms 

Kenneth A. Ribet 



1. Introduction 

Let C be an elliptic curve over Q. Let N be the conductor of C. The Taniyama 
conjecture asserts that there is a non-constant map of algebraic curves Xq{N) C 
which is defined over Q. Here, Xo{N) is the standard modular curve associated 
with the problem of classifying elliptic curves E together with cyclic subgroups 
of E having order N. 

The Taniyama conjecture may be reformulated in various ways. For example, 
let Xi{M) be the modular curve gissociated with the problem of classifying elliptic 
curves E along with a point of order M on E. One knows that if there is a non- 
constant map Xi{M) C over Q for some M > 1, then there is a non-constant 
map Xo{N) C. (For a result in this direction, see [11]-) 

In a recent article [12], B. Mazur introduced another type of reformulation. 
Mazur says that C possesses a “hyperbolic uniformization of arithmetic type” if 
there is a non-constant map over the complex field tt: Xi(M)c ^ Cc for some 
M > 1. The map tt is not required to be defined over Q. In [12, Appendix], Mazur 
proves: Suppose that there is a non-constant map tt: Xi{M)c Cc- Then there 
is a non-constant map tt' : Xi{M') C over Q, where M' is a suitable positive 
integer (which may be different from M). As mentioned above, it follows easily 
from the existence of tt' that C satisfies Taniyama’s conjecture. We thus arrive at 
the following conclusion: 

Theorem 1.1 (Mazur). Let C he an elliptic curve overQ. Then C satisfies Taniya- 
ma 's conjecture if and only if C admits a hyperbolic uniformization of arithmetic 
type over C. 

In connection with [12], Serre asked for a conjectural characterization of ellip- 
tic curves over C which admit a hyperbolic uniformization of arithmetic type. All 
such curves are defined over Q, the algebraic closure of Q in C. Thus one wishes 

This text appeared in the KAIST proceedings volume Algebra and topology 1992, Korea Adv. 
Inst. Sci. Tech., Taejon, 1992, pp. 53-79, and is reprinted here with permission from the editors 
of that volume. It was written in conjunction with the author’s lectures at the seventh KAIST 
mathematics workshop in Taejon, Korea in 1992. This article describes work that was begun 
during the author’s visits to the Hebrew University of Jerusalem and the Universite de Paris XI 
(Orsay) during the summer of 1992. The author thanks J.-P. Serre for suggesting the problem 
and for pointing out the relevance of Tate’s theorem (Theorem 6.3 below). 
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to characterize those elliptic curves over Q which are quotients of some modular 
curve X\{M). Equivalently, one wishes to study the set of elliptic curves which are 
quotients of the Jacobian J\{N)-^ of Xi{N)q, for some TV > 1. It is well known 
that all complex multiplication elliptic curves have this property; this follows from 
[26, Th. 1]. Hence we are principally interested in elliptic curves C/Q without 
complex multiplication. 

In this article, we introduce the concept of an abelian variety over Q which is 
of “GL 2 -type.” Roughly speaking, this is an abelian variety over Q whose algebra 
of Q-endomorphisms is a number field of degree equal to the dimension of the 
abelian variety. It is easy to see that Ji(TV) decomposes up to isogeny over Q as 
a product of such abelian varieties. Hence any C/Q which is a quotient of some 
Ji(TV) is a quotient (over Q) of an abelian variety of GL 2 -type over Q. 

We prove in this article the following facts (the third is a simple corollary of 
the first two): 

1. Let C be an elliptic curve over Q without complex multiplication. Then C 
is a quotient of an abelian variety of GL 2 -type over Q if and only if C is 
isogenous to each of its Galois conjugates with a G Gal(Q/Q). (If C 
has this latter property, we say that C is a “Q-curve.” The terminology is 
borrowed from Gross [7].) 

2. Assume Serre’s conjecture [24, (3.2.4?)] on representations of Gal(Q/Q). 
Then every abelian variety of GL 2 -type over Q is a quotient of Ji(TV) for 
some TV > 1. 

3. Let C/Q be an elliptic curve without complex multiplication. If C is a quo- 
tient of Ji(TV)q for some TV, then C is a Q-curve. Conversely, suppose that 
(7 is a Q-curve. Then if the conjecture [24, (3.2.4?)] is correct, (7 is a quotient 
of Ji(TV)q for some TV. 

In summary, we arrive at a conjectural characterization of elliptic curves over Q 
which are quotients of modular curves Xi(TV): they are exactly the Q-curves in 
the sense indicated above. This characterization was predicted by Serre. 

2. Abelian varieties over Q of GL 2 -type 

We will be concerned with abelian varieties over Q which admit actions of number 
fields that are “as large as possible.” We first quantify this concept. 

Suppose that A is an abelian variety over Q and that E* is a number field 
acting on A up to isogeny over Q: 

E ^ Q (8)z Endq(A). 

By functoriality, E acts on the space of tangent vectors Lie(A/Q), which is a 
Q- vector space of dimension dim A. (For an account of the Lie algebra attached 
to a group scheme over a field, see for example [14, §11].) The dimension of this 
vector space is therefore a multiple of [£' : Q], so that we have [E Q] | dim A. In 
particular, [E : Q] < dim A. 
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This observation motivates the study of abelian varieties A/Q whose endo- 
morphism algebras contain number fields of maximal dimension dim A. If E is 
a number field of degree dim A which is contained in Q (8) EndQ(A), then the 
Tate modules Ve{A) associated with A are free of rank two over E <^q Q^. Ac- 
cordingly, the action of Gal(Q/Q) on Vi{A) defines a representation with values 
in GL(2, E (8) Q^). We say that A is of “GL 2 -type.” 

Suppose that B is of GL 2 -type, and that F C Q 8 EndQ(F) is a number 
field of degree dimB. Let F be a number field containing F, and let n = [E : F]. 
After choosing a basis for F over F, we find an embedding F C M(n, F) of F into 
the ring of n by n matrices over F. Since M(n, F) acts naturally up to isogeny on 
A := B X — • X B {n factors), we obtain an embedding F C Q8EndQ(A). Hence A 
is again of GL 2 -type. (We can summarize the situation by writing A = F 8 f F.) 

We say that an abelian variety A/Q of GL 2 -type is primitive if it is not isoge- 
nous over Q to an abelian variety obtained by this matrix construction, relative 
to an extension F/F of degree n > 1 (cf. [31, §8.2]). 

Theorem 2.1. Let A he an abelian variety of GIj 2 -type over Q. Then the following 
conditions are equivalent: (i) A is primitive; (ii) A/Q is simple; (iii) the endomor- 
phism algebra of A/Q is a number field whose degree coincides with the dimension 
of A. 

Proof Let F be a number field of degree dim A which is contained in the Q-algebra 
JY := Q 8z Endq(A). Let D be the commutant of F in A. We claim that F is a 
division algebra (cf. [16, Th. 2.3]). 

To prove the claim, we must show that each non-zero Q-endomorphism of A 
which commutes with F is an isogeny. Let A be such an endomorphism and let 
B be the image of A. Then F is a non-zero abelian subvariety of A. The field F 
operates on B (up to isogeny), and thereby acts by functoriality on the Q-vector 
space Lie(F/Q). The dimension of Lie(F/Q) is accordingly a multiple of [F : Q]; 
on the other hand, it coincides with dimF. Hence F = A, so that A is an isogeny. 

The Lie algebra Lie(A/Q) may now be viewed as a F- vector space. Because 
of this, the dimension of Lie(A/Q) is a multiple of dimQ(F). In other words, we 
have dim(F) | dim(F). This gives the equality D — E] i.e., it shows that F is its 
own commutant in A. 

In particular, the center F of A' is a subfield of F. We have then A ^ M(n^ Q), 
where Q is a division algebra with center F. If Q has dimension t^ over F, then nt = 
[F : F]. This follows from the fact that F is a maximal commutative semisimple 
subalgebra of A, which in turn follows from the statement that F is its own 
commutant in A. 

The structure of A shows that A is isogenous (over Q) to a product of n copies 
of an abelian variety F whose algebra of Q-endomorphisms is isomorphic to Q. The 
same Lie algebra argument we have already used shows that dimQ((3) | dim(F), 
so that n-dimQ((3) | dim(A). This gives the divisibility nt^[F : Q] | [F : Q], which 
implies nt^ \ nt. One deduces that t = 1, i.e., that Q = F, and obtains the equality 
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n = [E : F]. Hence the dimension of B coincides with the degree of F over Q. 
Also, we have Q®EndQ(^) « M{n,F). 

In other words, A is obtained from B and F by the construction we outlined 
above. The equivalence of the three statements in the theorem is now clear: each 
assertion is equivalent to the equality n = \. □ 



3. ^-adic representations attached to primitive abelian varieties 
over Q of GL 2 -type 

In what follows, we study primitive abelian varieties of GL 2 -type over Q. Since 
we never encounter such abelian varieties which are not primitive in the above 
sense, we will often drop the word “primitive” and refer simply to abelian varieties 
over Q of GL 2 -type. 

To motivate the study of these varieties, we first allude to the existence of 
a large class of examples of (primitive) abelian varieties of GL 2 -type over Q. 
Suppose that / = ^ is a normalized cuspidal eigenform of weight two on a 
subgroup of SL(2,Z) of the form Ti(A^). Then Shimura [27, Th. 7.14] associates 
to / an abelian variety A = Af over Q together with an action on A of the field 
E = Q(. . . ,an, . . .)• The variety Aj may be constructed as a quotient of Ji(iV), 
the Jacobian of the standard modular curve Xi{N) [29]. The dimension of A and 
the degree of E are equal. It is well known (and easy to show) that E is the full 
algebra of endomorphisms of A which are defined over Q [19, Cor. 4.2]. Thus, A 
is of GL 2 -type over Q. For each A' > 1, the Jacobian Ji{N) is isogenous to a 
product of abelian varieties of the form Af [19, Prop. 2.3]. 

In §4, we study the converse problem: Suppose that A/Q is of GL 2 -type. 
Is A isogenous to a quotient of Ji(A), for some A > 1? We show that an affir- 
mative answer is implied by conjecture (3.2.4?) of Serre’s article [24] on modular 
representations of Gal(Q/Q). 

We now begin the study of Galois representations attached to GL 2 -type 
abelian varieties over Q. Suppose that A is such an abelian variety. Let E be the 
endomorphism algebra of A/Q. Then A is a number field which is either a totally 
real number field or a “CM field” , since each Q-polarization of A defines a positive 
involution on E. 

Recall that for each prime number the Tate module Vi = Vi(A) is free 
of rank two over E (8)q Q^. For each prime X \ £ of E, let E\ be the completion 
of E at A, and set V\ := Vi E\. Thus V\ is a two-dimensional vector space 

over E\, and Vi is the direct sum of the Va with A | £. The action of Gal(Q/Q) 
on V\ defines a “A-adic representation” p\. One knows that the collection {p\) (as 
A ranges over the set of finite primes of E) forms a strictly compatible system of 
A-rational representations whose exceptional set is the set of prime numbers at 
which A has bad reduction. (For background on this material, see [25, §11.10] and 
perhaps [17, Ch. II].) We will prove some facts about the A-adic representations 
p\ and their reductions mod A. 
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For each A, let S \ : Gal(Q/Q) be the determinant of p\. The form 

a compatible system of J5-rational one-dimensional representations of Gal(Q/Q). 
In the case where E is totally real, we have det p\ = Xi^ where 

Gal(Q/Q)^Z,* 

is the ^-adic cyclotomic character, and where i is the prime of Q lying below A 
[17, Lemma 4.5.1]. This formula must be modified slightly in the caise where E is 
allowed to be a CM-field: 

Lemma 3.1. There is a character of finite order e: Gal(Q/Q) — > E* such that 
S\ = exe for each finite prime \ of E. This character is unramified at each prime 
which is a prime of good reduction for A. 

Proof Since the abelian representations S\ arise from an abelian variety, they 
have the Hodge- Tate property. It follows that they are locally algebraic in the 
sense of [21, Ch. Ill]; see [21, p. III-50] and [17, Prop. 1.5.3]. One deduces that 
the family d\ is associated with an E-valued Grossencharacter of type Aq of the 
field Q [17, p. 761]. Since the type-Ao Grossencharacters of Q are just products 
of Dirichlet characters with powers of the “norm” character, there is an integer n 
and an jF- valued Dirichlet character e so that we have 6\ = exfff for each A. Here, 
i again denotes the residue characteristic of A. (We will use the association i ^ X 
from time to time without comment.) We have blurred the distinction between 
characters of Gal(Q/Q) of finite order and Dirichlet characters: if e is a Dirichlet 
character, then its Galois- theoretic avatar takes the value e{p) on a Frobenius 
element for p in Gal(Q/Q). 

By the criterion of Neron-Ogg-Shafarevich, p\ is ramified at a prime p ^ i 
if and only if A has bad reduction at p. Thus, 5\ is unramified at a prime p ^ i 
if A has good reduction at p. In other words, if p is a prime of good reduction 
for A, and if ^ ^ p, then ex^ is unramified at p. Since xe is unramified at p, e is 
unramified at p. 

It remains to check that n = 1. For this, fix a prime number i. It is well known 
that the action of Gal(Q/Q) on detQ^(V^) is given by the character = 

On the other hand, the determinant of the action of Gal(Q/Q) on is 
given by the character 

= Ne/q(£) • Xe 
A|£ 

(Here, N denotes a norm.) Since Xi has infinite order, we deduce that N(e) = 1 
and that n = 1. □ 

Lemma 3.2. Each character 5\ is odd in the sense that it takes the value —1 on 
complex conjugations in Gal(Q/Q). 

[Since xe is an odd character, the Lemma may be reformulated as the statement 
that e(— 1) = -hi.] For the proof, we use the comparison isomorphism 

Va ~ Hi{A{C)M)^eEx 
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resulting from an embedding Q ^ C. In this view of V\, the complex conjugation 
of Gal(Q/Q) acts on V\ as F^o (g> 1, where F^o is the standard “real Frobenius” 
on Hi{A{C),Q) (cf. [4, §0.2]). In particular, S\ is odd if and only if we have 
detFoo = —1, where the determinant is taken relative to the F^-linear action of 
Fooon ifi(A(C),Q). 

Since F^o is an involution, and Hi{A{C), Q) has dimension two, the indicated 
determinant is +1 if and only if F^o acts as a scalar {= ±1) on Hi{A{C), Q). To 
prove that Foo does not act as a scalar, we recall that F^o ^ 1 permutes the 
two subspaces i/o,i and Hi^o of Hi{A{C),Q) (8)q C in the Hodge decomposition 
of i/i(A(C),Q)^QC. ’ □ 

Proposition 3.3. For each X, p\ is an absolutely irreducible two-dimensional rep- 
resentation o/Gal(Q/Q) over E\. We have Endg^jQ^^^QyQ^I V\= E\. 

Proof. Faltings [5] proved that Ve is a semisimple Q£[Gal(Q/Q)]-module whose 
commutant is E 0 Qi. (This is the Tate conjecture for endomorphisms of A.) 
Since Ve is the product of the V\ with A | ^, each module V\ is semisimple over 
Q^[Gal(Q/Q)] and satisfies Endq^^Q^^Q^Q^j Vx = E\. This implies that V\ is 
simple over E\, and that End^;^ V\ = E\. The absolute irreducibility follows. □ 

For each prime p at which A has good reduction, let Op be the element of E 
such that 

Op = tr£;^(Frobp | V\) 

whenever i ^ p. Let ~ denote the canonical involution on E: this involution is the 
identity if E is totally real, and the “complex conjugation” on E if £* is a CM field. 
The involution “ is the Rosati involution on E induced by every polarization of 

A/Q. 

Proposition 3.4. We have ap = apc{p) for each prime p of good reduction. 

Proof. Let ^ be a prime number. Let a: E ^ be an embedding of fields, and 
let a be the conjugate embedding x a(x). Let Va = Ve 0E^Qe where the 
tensor product is taken relative to the map of Q^-algebras E 0 Qe ^ induced 
by a. Define similarly, using a. 

Fix a polarization of A defined over Q. The associated -pairings of Weil 
induce a bilinear map ( , ) : x Q^(l), where Q^(l) is (as usual) the Q^adic 

Tate module attached to the ^-power roots of unity in Q. We have (ex, y) = (x, ex) 
for e G E and x, y G Ve. Further, this pairing is Gal(Q/Q)-equivariant in the sense 
that we have (%,^y) = ^{x,y) for g G Gal(Q/Q). After extending scalars from 
to Q^, we find an isomorphism of Q^[Gal(Q/Q)]-modules 

F^^Hom(Fx,Q,(l)). 

Now (3.1) implies that the determinant of Va is a one-dimensional Q^- vector space 
on which Gal(Q/Q) acts by the character ^exe- Since Va is of dimension two, this 
gives 

Rom{VaM,{^exe))^Va. 
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In view of the fact that Hom(V^, Q^C^ex^)) is the twist by of Hom(Vr, Q^(l)), 
we get Va ~ For p ^ ^ a prime of good reduction, the trace of Frobp acting 

on Va is cr(ap), and similarly the trace of Frobp acting on is ^e(p)d(ap) = 

^e(p)cr(ap). This gives Up = e(p)ap, as required. □ 

Proposition 3.5. Let S be a finite set of prime numbers including the set of primes 
at which A has bad reduction. Then the field E is generated over Q by the Op with 
P^S. 

Proof. The Proposition follows from the Tate Conjecture for endomorphisms of A 
by a simple argument, which we now sketch (see [17, pp. 788-789] for more details). 
Choose a prime number £, and observe that EndQ^^q^q^ Ve = E ^ Qe because 

of Faltings’s results quoted in the proof of (3.3). Let Ve = Ve ^ Q^; then as a 
consequence we have Endq^lQ^j^q^q^l Ve = E<^Q^. In addition, the semisimplicity 
of the Vi implies that is semisimple as a Q^[Gal(Q/Q)]-module. For each 
a: E ^ Q^, let Va be as above. Then the Va are simple Q£[Gal(Q/Q)]-modules, 
and they are pairwise non- isomorphic. Indeed, they are a priori semisimple, but 
the commutant of their product is Yia Q^- H follows that their traces are pairwise 
distinct. Since the trace of Frobp acting on Va is <j(ap) (for p ^ S U {^}), the 
Cebotarev Density Theorem implies that the functions p ^ a{ap),p ^ SU {£] are 
pairwise distinct. □ 



For the next result, fix a finite set S' as in (3.5), and let F be the subfield 
of E generated by the numbers a^/e{p) with p ^ S. 

Proposition 3.6. The field F is totally real. The extension E/F is abelian. 



Proof. Let again be the canonical complex conjugation of E. For p 0 S, we have 



at 



e(p) 



at 



e(py 



by (3.4). The first assertion of the Proposition then follows. For the second, let 
tp = ap/e{p). It is clear that E is contained in the extension of F (in an algebraic 
closure of E) obtained by adjoining to F the square roots of all tp^ and all roots 
of unity. This gives the second assertion. □ 



We now consider the reductions of the A-adic representations p\. To do this 
directly, replace A by an abelian variety which is Q-isogenous to A and which 
has the property that its ring of Q-endomorphisms is the ring of integers O of E. 
(This process does not change isomorphism classes of the A-adic representations 
Pa-) Write simply A for this new abelian variety. For each A, consider the kernel 
A[X]: this is the group of Q- valued points of A which are killed by all elements of the 
maximal ideal A of O. The action of O on A[X] makes A[X] into a two-dimensional 
vector space over the residue field Fa of A. The FA-linear action of Gal(Q/Q) 
on A[X] defines a reduction of p\ (cf. [17, II.2]). (There should be no confusion 
with the involution ~ which appears above.) 
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Lemma 3.7. For all but finitely many \, the representation is absolutely irre- 
ducible. 

Proof. A result of Faltings [6, Theorem 1, page 204] implies that the following holds 
for almost all A: A[X] is a semisimple F^[Gal(Q/Q)] module whose commuting 
algebra is Fa. The Lemma follows directly from this statement. □ 

4. Conjectural connection with modular forms 

We continue the discussion of §3, focusing on the possibility of linking A with mod- 
ular forms, at least conjecturally. According to (3.7), Px is absolutely irreducible 
for almost all A. For each A such that px is absolutely irreducible, conjectures of 
Serre [24, (3.2.3?-3.2.4?)] state that px is “modular” in the sense that it arises from 
the space of mod £ cusp forms of a specific level Nx, weight /ca, and character ex- 
These invariants are essentially constant as functions of A. Rather than study 
them for all A, we will restrict attention to those maximal ideals A which are odd, 
prime to the conductor of A, are unramified in E, and have degree one. Let A be 
the set of such ideals A with the property that px is absolutely irreducible. Lemma 
3.7 implies that A is an infinite set. 

Lemma 4.1. The levels Nx are bounded as A varies in A. 

Proof. It follows from the definition of Nx that this level divides the conductor of 
the two-dimensional ^-adic representation px- (To compare the two conductors, one 
can use the Hilbert Formula of [15, §1].) The conductor of px divides the conductor 
of the full ^-adic representation V^(A). According to results of A. Grothendieck [8, 
Gor. 4.6], this latter conductor is independent of i. (It is by definition the conductor 
of A.) □ 

Lemma 4.2. For all X G A, we have kx = 2. 

Proof. Take A G A. The determinant of Pa is the reduction mod A of 6x- By (3.1), 
this determinant is the product of the mod £ cyclotomic character Xe the 
reduction mod A of c. The definition of A shows that £ is a prime of good reduction 
for A, so that e is unramified at £ (Lemma 3.1). Hence, if I is an inertia group 
for £ in Gal(Q/Q), we have detp;^ \ I z=Xi- 

Further, suppose that D C Gal(Q/Q) is a decomposition group for £. It is 
clear that | D is finite at £ [24, p. 189], since A has good reduction at £. Indeed, 
the kernel of multiplication by £ on Aq^ extends to a finite flat group scheme Q 
over Zi because of this good reduction [8, Cor. 2.2.9]. The Zariski closure of A[A] 
in Q then prolongs px to a group scheme of type {£,£) over Z^. 

By Proposition 4 of [24, §2.8], we find that kx = 2. □ 

Lemma 4.3. For all but finitely many A G A, we have ex = e. 

Proof. One checks easily that ex — e whenever £ is prime to the order of e. We 
omit the details, since Lemma 4.3 will not be used below. □ 
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Theorem 4.4. Let A be an abelian variety over Q of GL 12 - type. Assume Servers 
conjecture [24, (3.2.4?)] on representations o/Gal(Q/Q). Then A is isogenous to 
a Cl- simple factor of Ji{N), for some TV > 1. 

Proof. Applying [24, (3.2.4?)] to the representations px with A G A, we find that 
each px arises from a newform of weight kx = 2 and level dividing Nx^ Since the 
Va’s are bounded (Lemma 4.1), there are only a finite number of such newforms. 

Hence there is a fixed newform f = which gives rise to an infinite 

number of the Explicitly, we have the following situation. Let R be the ring 
of integers of the field Q(. . . , a^, . . .)• For an infinite number of A G A, there is a 
ring homomorphism (px-R^^x mapping Op to tr(p;^(Frobp)) for all but finitely 
many primes p. 

Let N be the level of /, and let Af he the quotient of Ji(iV) which is asso- 
ciated to /. Let A be a prime for which there is a, px ^ above. By the Cebotarev 
Density Theorem, we have 

^R/£R Fa ~ A[X] Fa, 

where Fa is regarded as an i?/^i?-module via px^ Since Af[£]<S>R/eRF\ is a quotient 
of Af[i] <S>Fe Fa, and since Fa = F^, we have 

Homp^ i(q/q)](^/M Fa, A[A] Fa) ^0. 

It follows that Homp^fGai(Q/Q)](^/M’^W) ^ 0- 

Hence we have Rom^ A f[i], A[£]) / 0 for an infinite number of 
prime numbers £. By the theorem of Faltings quoted above, we get HomQ(A/, A) ^ 
0. Since A is a simple abelian variety over Q, A must be a quotient of A/. Since 
Af is, in turn, a quotient of Ji(V), we deduce that A is a quotient of Ji{N). □ 



5. Decomposition over Q 

Suppose again that A/Q is an abelian variety of GL 2 -type, and let 

E = Q(^ Endq(A). 

Let A = Q (g) Endq(A) be the algebra of all endomorphisms of A. 

Proposition 5.1 (Shimiira). Suppose that Aq has a non-zero abelian subvariety of 
CM-type. Then Aq is isogenous to a power of a CM elliptic curve. 

This is Proposition 1.5 in [28]. For a generalization of this result, see Proposition 5.2 
of [9]. See also the discussion in §4 of [18]. 

Proposition 5.2. Suppose that Aq has no non-zero abelian subvariety of CM type. 
Then the center of A! is a sub field F of E. The algebra A is isomorphic either 
to a matrix ring over F, or else to a ring of matrices over a quaternion division 
algebra over F. 
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Proof. We employ the same arguments used to prove (2.1) above and Theorem 2.3 
of [16]. Let D be the commutant of E in JY. Clearly, D is a division algebra: 
otherwise, we can make E act on a proper non- zero abelian subvariety of Aq, 
contrary to the hypothesis that no abelian subvariety of Aq is of CM type. Also, 
is a subfield of J9; it is a maximal commutative subfield because Aq does not 
have complex multiplication. Hence E is its own commutant in D. Since D is the 
commutant of E^ we get D = E. In particular, the center of A is contained in E", 
so that the center is a subfield F o^ E. 

Since A' is now a central simple algebra over E, we have A ^ M{n, E), where 
D is now a division algebra with center E, and n is a positive integer. Suppose that 
D has dimension over E; then [E : F] = nt since E is a maximal commutative 
subalgebra of A'. Up to isogeny, Aq is of the form E^, where the endomorphism 
algebra of B contains D. Following an idea of J. Tunnell (cf. [20, Th. Ij), we fix 
an embedding Q ^ C and form the cohomology group E^(E(C),Q). This is a 
Q-vector space of dimension 

2dim(E) = — dim(A) = ?^[E : Q] 
n n 

with a functorial action of D. Hence the Q-dimension t‘^[F : Q] of E divides the 
dimension over Q of E^(E(C), Q), which is 2t[F : Qj. Thus t <2, so that either 
E = E, or else E is a quaternion division algebra with center E. □ 

As in Proposition 3.6, let 5 be a finite set of primes containing the primes of 
bad reduction for A. Let E be the center of A'. Then we have: 

Theorem 5.3. The field F is generated by the numbers apfe{p) with p ^ S. 

In other words, the field E which appears in (3.6) is the same as the field E in (5.2). 

Proof. To prove (5.3), we let ^ be a prime which splits completely in E, so that 
all embeddings E ^ take values in Q^. Choose a finite extension E of Q such 
that all endomorphisms of A are defined over E, and let H be the corresponding 
open subgroup of Gal(Q/Q). Replacing E be a smaller subgroup of Gal(Q/Q) 
if necessary, we may assume that H is contained in the kernel of e. We have 
A (g) = Endq^l//] by Faltings’s results [5]. The center of A (g is E g Q^. 

The Tate module Ve decomposes as a product where a runs over the 

set E of embeddings cr: E Q^, and where Va = Ve ^e<S)Qi Qe, with being 
regarded as an E g module via a. (Cf. the proof of (3.4).) Each Va is a simple 
Q^[E]-module because A has no CM subvariety and because the action of H on 
Ve is semisimple (Faltings). Hence End// Vo- = Qe for each a. 

For each prime v of K which is prime to i and the set of bad primes for A, 
there is a “trace of Frobenius” ty e E associated with v. We have tr(Frob^; \ Vo) = 
a{ty) for each a. One knows for cr,r e H that Vo and Vr are isomorphic Q/[E]- 
modules if and only if cr(ty) = r(ty) for all v, i.e., if and only if a\i = t|l, where 
L = Q(. . . , ^^, . . .) (cf. [17, §IV.4j). This implies that the center of AgQ/ is LgQ/. 
Thus E g Q/ = E g Q/ (equality inside E g Q/), which implies that F = L. 
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Suppose now that cr = r on L, so that Vr V- as representations of H. A 
simple argument shows that there is a character cp: Gal(Q/Q) ^ such that 
Va SiS Q^[Gal(Q/Q)]-modules. The character ip is necessarily unramified 

at all primes p ^ i which are primes of good reduction for A. Taking traces, we 
get cr{ap) = ip{p)r{ap) for all such primes. By considering determinants, we get 
= ip‘^ ' '^e. These two equations show that a and r agree on apje{p) for all good 
primes p ^ i. 

It follows by the Galois theory that we have a^le{p) G L for all good reduction 
primes p ^ Hence aple{p) G F for all such p. By varying i we obtain the inclusion 
Q(. . . , ap/e{p), . . .) C F, where p runs over the set of all primes of good reduction 
for A. 

To prove the opposite inclusion, we must show that if a{ap/e{p)) = r{a^/e{p)) 
for all p, then and Vt are iif-isomorphic. By the Cebotarev Density Theorem, 
the hypothesis implies that the functions on Gal(Q/Q) “tr^ / det” are the same 
for V(j and V-- In particular, we have tr{h\Va) = =ttr(/i|V-) for all h e H. This 
equality implies that Va and K- become isomorphic after H is replaced by an 
open subgroup Hq of H (cf. [22, p. 324]). Since H was already chosen “sufficiently 
small”, we find that Va and Vr are indeed isomorphic as Q£[F] -modules. □ 

Corollary 5.4. The center F of X is a totally real number field. The extension 
E/F is abelian. 

Proof. The Corollary follows from (5.3) and (3.6). □ 

Let g be an element of Gal(Q/Q), and consider the automorphism x i-^ % 
of X which is induced by g. This automorphism is necessarily inner (Skolem- 
Noether theorem), and it fixes F; therefore it is given by conjugation by an element 
a{g) of E* which is well defined modulo F*. The map a : Gal(Q/Q) E* /F* is 
a continuous homomorphism (cf. [20, p. 268]). It is a fact that a is unramified at 
all primes p at which A has semistable reduction [16, Th. 1.1]. 

Theorem 5.5. We have = e (mod F*). Moreover, suppose that p is a prime of 
good reduction for A such that Op ^0. Then a(Frobp) = Op (mod F*). 

Proof. To prove the first assertion, let ^ be a prime which splits completely in E. 
We must prove that a{a^ {g) / e{g)) = r{a^{g)/e{g)) whenever a and r are embed- 
dings F ^ which agree on F. 

If a and r have this property, then there is a character Gal(Q/Q) ^ 
for which Va ^ Vr ^ (p (the notation is as in the proof of (5.3)). The Galois group 
Gal(Q/Q) acts on Hom(Vr, V-) by multiplication by (p{g)~^^ but also by conju- 
gation by a{g). Since a{g) acts on Va and Vr by ^a(g) and '^a(g) (respectively), 
a{g) acts on Rom{Va,Vr) by '^a{g)/^a{g). Hence, (p{g) = ^a{g)/^a{g) in Q^. On 
the other hand, as remarked during the proof of (5.3), we have = <p‘^ • '^e. The 
two equalities give the required conclusion 

je) = r{p? je). 
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For the second assertion, we choose £ p. With the notation as above, (p{p) = 
^o;(Probp)/'^a (Probp). However, we have cr(ap) = (^(p)r(ap), as noted during the 
proof of (5.3). On comparing two formulas for we get cr(Q:(Frobp)/ap) = 

r(o(Probp)/ap). □ 

Remark. It should be easy to prove that the set of p for which ap = 0 has 
density 0, since the image of Gal(Q/Q) in Aut is open in Aut for any a. 



Let d be a lift of o; to a function Gal(Q/Q) E*. The function 



c: {gu92) 



^9i)H92) 

^{9192) 



is then a 2-cocycle on Gal(Q/Q) with values in F*. (We regard F* as a Gal(Q/Q)- 
module with trivial action.) The image [c] of c in F^(Gal(Q/Q), F*) is independent 
of the choice of a. Since lifts to the character e, it is clear that [c] has order 
dividing two. 

Consider the map 

e: if^(Gal(Q/Q),F*) — . H^{Gal{Q/F),Q*) = BtF 

obtained from the restriction map H^{Ga,l{Q/Q), F*) H^(Gal{Q/F),F*) and 

the map H^{Gal{Q/F),F*) — » i?^(Gal(Q/jP), Q*) induced by the inclusion of F* 
into Q . (We view Q as a Gal(Q/F)-module in the standard way; i.e., we use the 
Galois action. The notation “BrF” indicates the Brauer group of F.) 



Theorem 5.6 (Chi). The class of X in BrF coincides with ^([c]). 

Proof. According to [3, Th. 3.4], the algebra X is isomorphic to a twisted matrix 
algebra (EndFF)(o). Theorem 4.8 of [3] expresses [(End/d F)(o:)] € BrF as the 
image of a certain two-cocycle whose values are Jacobi sums. By [20, Prop. 1], the 
class of this Jacobi-sum cocycle coincides with the class of the two-cocycle 

^a{h) 



(g,h) a{h) 



p-i 



a{h) 



on Gal(Q/F). We wish to compare this with the two-cocycle 

a{g)a{h) 



(g, h) 

The product of the two is the map 

{9^ h) ^ 



a{gh) 

^a{h)a{g) 

a{gh) 



which is a coboundary. Hence the class of A" in BrF is the negative of ^([c]). Since 
[c] (and [A']) have order two, we get the Theorem as stated. □ 



A final remark about A' concerns the isogeny class of the simple factors of Aq. 
We have A' ^ M{n, D) for some positive integer n, where D is a division algebra 
of dimension one or four over F. Accordingly, Aq decomposes up to isogeny as 
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the product of n copies a simple abelian variety B over Q whose endomorphism 
algebra is isomorphic to D. Since A is defined over Q, we have 

X • • • X ^B ~ ~ ^ B X X B 

for each g G Gal(Q/Q). (The sign indicates an isogeny.) By the uniqueness 
of decomposition up to isogeny, we have ^B ^ B. One says that the isogeny class 
of B is “defined over Q.” 

Consider the special case where n = dim A, so that B is of dimension one. 
The elliptic curve B is then isogenous to each of its conjugates (over Q). Borrowing 
(and bending) a term used by B. H. Gross [7], we say that B is a “Q-curve.” 



6. Q-curves as factors of abelian varieties of GL 2 -type 

We have just proved: Suppose that C is an elliptic curve over Q which occurs as a 
simple factor of a primitive abelian variety of GL 2 -type over Q with no complex 
multiplication over Q. Then C is a Q-curve; it is, more precisely, a Q-curve with 
no complex multiplication. 

In this paragraph, we prove the converse: 

Theorem 6.1. Suppose that C is an elliptic curve over Q with no complex multipli- 
cation. Assume thatC is isogenous to each of its conjugates withg G Gal(Q/Q). 
Then there is a primitive abelian variety A of GJj 2 -type over Q such that C is a 
simple factor of A over Q. 

Corollary 6.2. Suppose that C is as in (6.1). Assume Serre’s conjecture [24, (3.2.4?)] 
on representations o/Ga 1(Q/Q). Then C is a simple factor, over Q, of Ji{N) for 
some N > 1. 

Proof The Corollary follows directly from (6.1) and (4.4). □ 

Proof of (6.1). Let C be as in the statement of the Theorem. We can find a model 
Co of C over a number field K C Q. We may assume that A/Q is a Galois 
extension. For each g G Gal(A/Q), Co and ^Co are Q- isogenous. Enlarging K if 
necessary, we may assume that there are isogenies pg : ^Co Co defined over K. 
The map 

c: {g,h) ^ 

may be regarded as Q*-valued, since Q 0 Endx(C'o) = Q. A short computation 
shows that c is a two-cocycle on Gal(A/Q) with values in Q*. The class of c in 
i7^(Gal(X/Q), Q*) is independent of the choices of the pg. By infiation, we may 
(and will) regard c as a locally constant function on Gal(Q/Q). 

Theorem 6.3 (Tate). Let M he the discrete Gal(Q/Q) -modt^/e Q* with trivial ac- 
tion. Then iL2(Gal(Q/Q),M) = 0. 
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This theorem of Tate is proved as Theorem 4 in Serre’s article [23], with Q replaced 
by C. The proof exposed by Serre begins with the observation that 

/f2(Gal(Q/Q),C*) = //2(Gal(Q/Q),iy), 



where W is the torsion subgroup of C*, i.e., the group of complex roots of unity. 
This observation follows from the fact that Q* /W is uniquely divisible. Since 
Gal(Q/Q) acts trivially on C*, W is Gal(Q/Q)-isomorphic to Q/Z. One proves 
that iJ2(Gal(Q/Q),Q/Z) = 0; in fact, we have / K),Ql/Z) = 0 when- 

ever X is a local or global field [23, §6.5]. 

Since the quotient of M by its torsion subgroup is uniquely divisible, and since 
the torsion subgroup of M is isomorphic to Q/Z, we obtain i/^(Gal(Q/Q), M) = 
i/2(Gal(Q/Q),Q/Z) = 0. □ 

Because of Tate’s theorem, there is a locally constant function 



a: Gal(Q/Q)-^Q* 

such that we have the identity among functions G x G 



Q 



c{g, h) 



a{gh) 



After again enlarging A, we may identify a with a function on Gal(A/Q) and 
regard g and h as elements of this Galois group. 

Let E be the extension of Q generated by the values of a. The definition of c 
shows that we have 

deg figh 

where “deg” denotes the degree of an isogeny between elliptic curves (or, more 
generally, of a non-zero element of Q ( 8 ) Hom(Gi, G 2 ), where C\ and G 2 are elliptic 
curves). It follows that the function 



e: 



deg fig 



is a Dirichlet character Gal(A'/Q) — ^ £**. Because = e (mod Q*), the field E 
is an abelian extension of Q (cf. Prop. 3.6). 

If one performs the analysis of §3 on the abelian variety A which we construct 
below, one finds (e.g., in (3.1)) another Dirichlet character called e. It is very likely 
that the two e’s are equal up to “sign”, i.e., possible inversion (cf. Lemma 7.1 
below) . 

To simplify notation, let us write simply G for the elliptic curve Go over K and 
Gq for the curve originally called G. Let B be the abelian variety Res^/q G, where 
“Res” is Weil’s “restriction of scalars” functor [33, 13]. Then B is an abelian variety 
over Q of dimension [K : Q]. It represents the functor on Q-schemes S 1 -^ C{Sk)] 
in particular, we have Homq(X, B) = Hom/^(Xx,G) whenever X is an abelian 
variety over Q. 
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Applying this formula in the special case where X = B, we find EndQ(5) = 
RoiriKiBK^C). On the other hand [33, p. 5], 

bk= n 

aeGa\{K/Q) 

Hence we have 

Q (8)Endg(H) = IlQ OHom^rC, C). 

<7 

Since Q Hom(^C, C) is the one-dimensional vector space generated by ii(j^ we 
find that := Q (8) EndQ(H) may be written as H Q ' Let A^j be the element 
of IZ which corresponds to > C; then 7^ is a Q-algebra with vector space 

basis Act. 

Lemma 6.4. We have A^-A^ = c((j, r)A^^ in 7Z for a,r e Gal(K/Q). 

Proof Each map A^^ acts on Bk = as a “matrix” : it sends the factor 

to by (cf. [7, §15]). A short computation using the identity 

= c{(T,T)fl^r 

gives the desired formula. □ 

The algebra IZ is thus a “twisted group algebra” Q[Gal(K/Q)j in which we 
have the multiplication table [(t][t] = c(cr, r ) [ar] . The obvious map of Q-vector 
spaces 

uj'.lZ ^ Aa- •— > ct{a) 

is in fact a surjective homomorphism of Q-algebra^ because of (6.4). 

In [2], Q 8) Endq(H) is studied in an analogous situation where C has com- 
plex multiplication, and where K is the Hilbert class field of the field of complex 
multiplication. (The curve C is then a “Q-curve” in the original sense of the term.) 
Criteria are given for Q8Endq(B) to be (i) a commutative algebra, i.e., a product 
of number fields, and (ii) a product of totally real fields. It might be interesting to 
formulate similar criteria in our context. 

Let T be the abelian variety C over K. We write for the copy of C 
in the crth place, so that T becomes the product We have a map 1Z 

Q8EndT given as follows: For g G Gal(X/Q), the element Xg = [g] of TZ acts on T 
by sending Ca to Cga- by the map (of elliptic curves up to isogeny) “multiplication 
by c{g,a)y One checks directly that this is a homomorphism of Q-algebras. The 
variety T will be interpreted as 7^ 8q C by readers who are fond of such tensor- 
product constructions. 

Let l: T ^ Bk = Yl^C he the isomorphism of abelian varieties up to isogeny 
which takes the factor of T to the factor ^ C of Bk, via the map ^ 

Proposition 6.5. The map l is IZ-equivariant, for the action oflZ onT just defined 
and for the structural action oflZ on B. 

Proof. The proof of this Proposition is an uninteresting computation, which is 
omitted. 
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Corollary 6.6. The Lie algebra Lie(R/Q) is a free IZ-module of rank one. 

Proof The statement to be proved is true if and only if Lie{BK/K) is free of 
rank one over R 0q K. By (6.5), Lie{BK / K) may be identified with 1Z (8)q 
Lie{C/K), with IZ operating trivially on the second factor. Hence Lie{BK /K) 
is indeed free of rank one over IZ (8)q K. □ 

To complete the proof of (6.1), we let A be the abelian variety where 

E is viewed as a 7^- module via uj. Explicitly, use the fact that 7^ is a semisimple 
Q-algebra to write 1Z as a. direct sum of its quotient E with the kernel of the map 
LU. Let 7T G 7^ be the projector onto E, and let A C H be the image of tt, viewed as 
an endomorphism of A up to isogeny. (In other words, A is the image of m-7r, where 
m is a positive integer chosen so that m • tt is a true endomorphism of B.) Then A 
is an abelian subvariety of B, defined over Q, whose algebra of Q-endomorphisms 
is E. By (6.6), E acts without multiplicity on Lie(B) and therefore, in particular, 
without multiplicity on Lie(A). Hence A has dimension equal to [E : Q], which 
means that A is of GL 2 -type. (It is clear that A is non-zero because tt is non- zero.) 

Since Bk is isogenous to a product of copies of C, the same holds true for Ak • 
Thus C is a quotient of Bk- 



7 . Q-curves over quadratic fields 



Suppose that C is a Q-curve as above and that R" is a quadratic field. Let a 
be the non- trivial automorphism of K over Q. Then, by hypothesis, there is a 
R"-isogeny ja = C . We take the identity map for /ii, where “1” is the 

identity automorphism of K. The cocycle c takes the value 1 on all elements of 
Gal(A'/Q) X Gal(/f/Q) other than (cr, cr). Its value on that pair is the non-zero 
integer m such that is multiplication by m on C. The algebra IZ may be 
written Q[X]/{X‘^ — m), where X corresponds to the element of TZ we have been 
calling [a]. 

Let us split c by defining a: Ga\{K/Q) Q* to be the map taking 1 to 1 
and to a square root of m. The character 



0:g 



deg fig 



is then trivial if m is positive and of order two if m is negative. In the case where 
6 is of order two, it is an isomorphism Gal(7^/Q) ^ {il}- 

If m is a perfect square, then we have E" = Q in the notation of §6. The 
abelian variety A is then a model of C over Q. 



Assume for the rest of this paragraph that m is not a perfect square. Then 
7^ = E is a quadratic number field, and we have B = A in the notation of §6. The 
field E is real if m is positive and imaginary if m is negative. Thus E is real if and 
only if 6 is trivial. 
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The A-adic representations of A define a Dirichlet character e (Lemma 3.1). 
According to (3.2), e is an even character. Also, e is non-trivial if and only if E is 
imaginary (3.4). Thus e if non-trivial if and only if 0 is non-trivial. 

Lemma 7.1. The characters e and 6 are equal 

Proof. By (6.5), Ak is A-isogenous to the abelian variety “F" 0 C”, i.e., to the 
product of two copies of C with E acting through a regular representation E ^ 
M(2, Q). In particular, the A-adic representations of Ak are just the ^-adic repre- 
sentations of (7, viewed as taking values in GL(2 ,F'a) rather than in GL(2,Q^). 
This implies that the determinants of the PAlGai(Q/K) cyclotomic charac- 

ters Xi' Hence e is trivial on Gal(Q/K), and therefore may be identified with a 
character of the group Gal(A/Q), whose order is two. Since 0 is also a character 
of this latter group, and since the two characters are simultaneously non-trivial, 
they are equal. □ 

As mentioned above, it seems very likely that Lemma 7.1 (quite possibly in 
the form e = 6~^) generalizes to the situation of §6. 

Proposition 7.2 (Serre). At least one of the two quadratic fields E, K is a real 
quadratic field. 

Proof. We give two proofs, the first of which was communicated to the author by 
Serre: Assume that A" is a complex quadratic field. After we embed A in C, the 
automorphism a of K becomes the restriction to A of , complex conjugation 
on C. Choose a holomorphic differential cu on C. Then Cc may be identified with 
the curve C/L, with L C C the period lattice of u. The curve becomes the 
complex conjugate C/L of C. The isogeny /j, is induced by the map “multiplication 
by 7” on C, for some non-zero complex number 7. The integer m may be identified 
with 77, and is therefore positive. This means that A is a real quadratic field. 

Another proof can be given as follows. Assume that E is an imaginary qua- 
dratic field. Then e is a non-trivial character of Gal(A/Q). This character is even 
by (3.2). Therefore K is real. □ 

In connection with Proposition 7.2, it is natural to ask whether each of the 
three possibilities allowed by the Proposition do, in fact, occur. The case where 
E is imaginary, so that K is real, was treated in detail by Shimura [28, §10], 
who constructed a family of numerical examples. This case was later studied by 
Serre [24, p. 208], who pointed out that Theorem 4.4 holds in this context. A 
situation where A is a real quadratic field and K is an imaginary quadratic field is 
described by Koike in [10, §1]. In this example, the abelian variety A is associated 
to a weight-two newform on Po(81). One has E = Q(a/ 3) and K = Q(a/^). 

To exhibit an example where both E and K are real, we consider the eight- 
dimensional complex vector space S of weight-two cusp forms on To (169). Accord- 
ing to [1, Table 5], one can find a (normalized) newform / = ^ *5 whose 

coefficients generate a quadratic field E. Moreover, the only two such forms are / 
and ^f = where a is the non-trivial automorphism of E over Q. Since / 
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is a form with trivial “Nebentypus” character, E is a, priori a real quadratic field. 
In fact, the author has learned from D. Zagier that tables constructed by Cohen 
and Skoruppa show that E = Q(\/3). 

Let (p be the quadratic Dirichlet character with conductor 13. Then f := 
(p{n)anq^ is again a normalized newform in 5; its coefficients generate the same 
quadratic field E as the coefficients of /. Hence we have either / = (^ (g) /, or else 
= (p f. The former possibility is excluded by [18, Th. 4.5], since p is an even 
character (i.e., since p corresponds to a real quadratic field). Hence f is a form 
with an “extra twist” by (p: we have p ^ f = . Moreover, again by Theorem 4.5 

of [18], / is not a form with complex multiplication. 

The abelian variety A = Af associated to / satisfies Q (g> EndQ(v4) == E. 
According to [19] (see especially Theorem 5.1 of [19]), the full algebra A' = Q (g) 
Endq(A) of A coincides with its subalgebra Q (g) EndK{A) = E^ where K = 
Q(yi3) is the extension of Q cut out by p. This algebra is a quaternion algebra 
over Q. Since K may be embedded in R, a well-known theorem of Shimura [30, 
Th. 0] implies that A is isomorphic to the matrix algebra M(2, Q). (Once we know 
that E = Q(V3), we can give an alternative proof that A is a matrix algebra which 
is based on the explicit description of A given in [19].) Hence A becomes isogenous 
over A to a product C xC, where C is an elliptic curve defined over K. Therefore, 
we are in the situation described above, with E = Q(V^) and K = Q(v^)- 



8. Descent of abelian varieties up to isogeny 

Suppose that L/K is a Galois extension of fields and that A is an abelian variety 
over L. A well-known theorem of Weil [32] states that A has a model over K if 
and only if there are isomorphisms ^A ^ A {a e Ga\{L/K)) which satisfy the 
compatibility condition 

Mcr Mr — P'CTT ' (^'^) 

As an application of the techniques encountered in §6, we will prove an anal- 
ogous criterion for abelian varieties up to isogeny. Namely, suppose that A is 
isogenous (over L) to an abelian variety B/L which has a model over K. Then one 
finds isomorphisms ^ A of abelian varieties up to isogeny over L which 

satisfy the compatibility condition (8.1). Conversely, one has 

Theorem 8.1. Suppose that there are isomorphisms of abelian varieties up to 
isogeny over L, fi: ^A ^ A, which satisfy (8.1). Then there is an abelian vari- 
ety B over K such that A is L-isogenous to Bl- 

Proof We can, and do, assume that L is a finite extension of K. Let X be the 
abelian variety X = Besi/x A. Recalling the discussion of §6, we find a decompo- 
sition 

Q<8)EndK(X) = p Q(g)HomL(‘^A,A). 

aeGa\{L/K) 
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The homomorphism in the factor” corresponds to an element [a] of Q (8) 
End^fV). The element \q] operates on Tf^A as a matrix, sending to '^A by 
X for each r G Gal(L/i^). 

Because the analogue of c(cr, r) is 1 in this context, we have simply [<j][r] = 
[err] for er, r G Gal(L/Ar): the identity (8.1) shows that the product of the matrices 
representing [er] and [r] is the matrix representing [err]. Hence 7Z := Q[Gal(L/A)] 
operates on X. 

An analogue of Proposition 6.5 shows that we have 

Xl ^ IZ <S>Q A 

in the category of abelian varieties over L up to isogeny. To see this explicitly, 
we let Aa- be a copy of A indexed by a and consider the isomorphism of abelian 
varieties over L up to isogeny 

a a 

which takes A^- to ^ ^A via the map ^ Via this isomorphism, the automor- 
phism [cr] of X is transported to the permutation which takes each factor Ag of 
Ag to the factor A^g, via the identity map A ^ A. 

Let B be the image of ry so that B is an abelian subvariety of X 

which is defined over K. (The sum rj need not be a literal endomorphism of X, 
so that, strictly speaking, one should consider the image of a suitable multiple 
of ry.) The isomorphism l makes Bl correspond to the diagonal image of A in 
UA^^Ax...xA. Hence Bl is isogenous to A. □ 
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Shimura Curves Embedded in Igusa’s Threefold 

Victor Rotger 

Abstract. Let O be a maximal order in a totally indefinite quaternion alge- 
bra over a totally real number field. In this note we study the locus Qo of 
quaternionic multiplication by O in the moduli space Ag of principally po- 
larized abelian varieties of even dimension g with particular emphasis in the 
two-dimensional case. We describe Qo as a union of Atkin- Lehner quotients 
of Shimura varieties and we compute the number of irreducible components 
of Qo in terms of class numbers of CM-fields. 



1. Introduction 

Let A be an abelian variety over a fixed algebraic closure Q of the field of rational 
numbers. By Poincare’s Decomposition Theorem, the algebra of endomorphisms 
End(A) (8) Q of A decomposes as a direct sum 

End(A) 0 Q - 

of matrix algebras over a division algebra Bi . 

The ranks [Bi : Q] are bounded in terms of the dimension of A and, by a 
classical theorem of Albert, the algebras Bi are isomorphic to either a totally real 
field, a quaternion algebra over a totally real field or a division algebra over a 
CM-field (cf. [8], [7]). 

We will focus our attention on abelian varieties with totally indefinite quater- 
nionic multiplication. More precisely, let F be a totally real number field of degree 
[F : Q] = n > 1, let be its ring of integers and let i9f denote the different ideal 
of F over Q. We also let F* denote the group of totally positive elements of F* 
and = R^n F^. 

Let F be a totally indefinite division quaternion algebra over F, i.e., a divi- 
sion algebra of rank 4 over F such that B 0q R ~ 0 f^iM 2 (IR), and let disc(F) 
denote the reduced discriminant ideal of B. We assume for simplicity that 
and disc(F) are coprime ideals of F. Since B is totally indefinite and division, it 

follows from [16] that disc(F) = pi p 2 r for pairwise different prime ideals 

pi of F and r > 1. We shall denote by n = n^/^ and tr — tvs/F the reduced 
norm and reduced trace on F, respectively. For any subset O of F, we shall write 
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Oo — {/^ G O : tr(^) = 0} for the set of pure quaternions of O. We shall also use 
the notation = {/3 e O : n(^) G F*} and = {f3 e O : n{l3) = 1}. 

Finally, let O be a maximal order in B and let '0(0) = {/i G O : disc(F)|n(/i)} 
denote the reduced different of O over Rp. This is a two-sided ideal of O such that 
nmO)) • Rp = disc{B). 

Let Ag/Q be the moduli space of principally polarized abelian varieties of 
dimension g = 2n. We let [(^1, £)] denote the isomorphism class of a principally 
polarized abelian variety {A, C) regarded as a closed point in Ag. 

It is our aim to investigate the nature of the quaternionic locus 

Qo C ^p(C) 

of isomorphism classes of complex principally polarized abelian varieties [(yl, £)] 
of dimension g such that End(A) 2 O. 

A reformulation of Proposition 6.2 in [10] yields that th^ quaternionic locus 
Qo is nonempty if and only if disc(F) is a totally positive principal ideal of F. In 
consequence, for the sake of clarity of the exposition, we will assume throughout 
these notes that the narrow class number of F is hp{F) = 1. This automatically 
implies the nonemptyness of Qq. 

Acknowledgements. I am grateful to A. Arenas for some useful comments 
and correspondence. 



2. Abelian varieties with quaternionic multiplication 

As a first step in the study of the quaternionic locus Qo in the moduli space Ag, 
it is necessary to understand the geometry of the objects that Qo parametrizes. 
Let us review some of the results that were accomplished in [10] in this direction. 

Definition 2.1. An abelian variety with quaternionic multiplication by O over Q 
is an abelian variety A/Q such that End(A) ~ O and dim(A) = 2[F : Q] = 2n. 

Let A be an abelian variety with quaternionic multiplication by O over Q and 
let NS(A) denote the free Z-module of rank 3n = 3p/2 of line bundles on A up to 
algebraic equivalence. We say that two line bundles £, C' G NS (A) are isomorphic 
if there exists an automorphism a e Aut(A) O* such that C' = a*{C). 

Theorem 2.2. Let A/Q be an abelian variety with quaternion multiplication by 
O and let L : O End(A) be a fixed isomorphism of rings. Then, there is an 
isomorphism of groups 

NS(A) ^ ^(O)o 

C I— » Ci[C) — pL 

between the Neron-Severi group of A and the group of pure quaternions of the 
reduced different d{0) of O. 

Moreover, for any two non-trivial line bundles C, C! G NS(A), let // = ci{C) 
and li' = ci{C). Then we have that 
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1. C C' if and only if there exists a £ O* such that /i' = a/aa. 

2. deg(£) = deg{(fic '■ p / D) . 

3. C is a polarization if and only i/n(//) G and {i is ample (cf. [10]^ %5). 

4. The Rosati involution on O ^ End(^) with respect to C is 

o: O ^ 0_ 

f} ^ 

Let us write the isomorphism ci in more explicit terms. Fix an immersion of Q 
into the field C of complex numbers and let A(C) = V/ A for some complex vector 
space V and a lattice A. Upon the choice of an isomorphism l : O End(A), the 
lattice A is naturally a left O- module and, since h{F) = h-^{F) = 1, by a theorem 
of Eichler [2] we know that A O. 

By the Appell-Humbert Theorem, a line bundle C G NS(A) on A can be 
regarded as a Riemann form E : A x A^ Z on U. Let us identify A — O through 
a fixed isomorphism and let f G F* be any generator of the principal ideal dp’ 
Then, the inverse isomorphism : 'd{0)o ^ NS(A) maps a pure quaternion fi 
to the Riemann form E^ \ O x {l3i,P2) — fr/?/Q(tr(/i/3iy^2)/n(/x)). 

Remark 2.3. The isomorphism c\ is canonical in the sense that it does not depend 
on the choice of any polarization on A. However, we warn the reader that it does 
depend on the choice of the isomorphism l : O End(A). 

Theorem 2.4. Let A be an abelian variety over Q with quaternionic multiplication 
by O. Let D E Ff_ be a totally positive generator of disc{B). 

Then, A is principally polarizable and the number of isomorphism classes of 
principal polarizations on A is 

s 

where S runs among the set of orders in the CM- field F{^/—D) that contain 
Rf[\/—D] and h{S) denotes its class number. 

3. Shimura varieties 

As in the preceding sections, let F be a totally indefinite division quaternion 
algebra over a totally real field F of trivial narrow class number. Let F G F^ be 
a totally positive generator of disc(F). 

Definition 3.1. A principally polarized maximal order of F is a pair (O, p) where 
O C F is a maximal order and /i G (9 is a pure quaternion such that + uD = 0 
for some u G Rp^- 

Attached to a principally polarized maximal order {O, p) there is the following 
moduli problem over Q: classifying isomorphism classes of triplets {A, l, C) given 

by 
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• An abelian variety A of dimension g = 2n. 

• A ring homomorphism t : O ^ End (A). 

• A principal polarization £ on A such that 

for any /3 G 0, where o : End(A)— ^End(A) is the Rosati involution with 

respect to C. 

A triplet (A, l, C) will be referred to as a polarized abelian variety with multi- 
plication by O. Two triplets (Ai, £i), (A 2 , ^ 2 , ^ 2 ) are isomorphic if there exists 
an isomorphism a G Hom(Ai,A 2 ) such that aii{(5) = i 2 {P)ot for any (3 e O 
and a* (£ 2 ) = £1 G NS(Ai). Note also that, since a priori there is no canonical 
structure of R^-algebra on End(A), the immersion l : O ^ End(A) is just a 
homomorphism of rings. 

As it was proved by Shimura, the corresponding moduli functor is coarsely 
represented by an irreducible and reduced quasi-projective scheme X^/Q over Q 
and of dimension n = [F : Q]. Moreover, since B is division, the Shimura variety 
X^ is complete (cf. [14], [15]). 

Let 9 ) = {z e C : Im( 2 :) > 0} denote the upper half-plane. Complex analyti- 
cally, the manifold X^(C) can be described independently of the choice of /li as the 
quotient 

~ X^(C) 

of the symmetric space by the action of the group regarded suitably as a 
discontinuous subgroup of SL 2 (IR)'^. See [11] for details. 

In addition, we are also interested in the Hilbert modular reduced scheme 
Hf/Q that coarsely represents the functor attached to the moduli problem of 
classifying principally polarized abelian varieties A of dimension g together with 
an homomorphism Rp ^ End(A). The Hilbert modular variety Jip hats dimension 
3n and 'Hf(C) is the quotient of n copies of the three-dimensional Siegel half-space 
9)2 by a suitable discontinuous group (cf. [14], [7]). 

Notice that, when F = Q, Hf = A 2 is Igusa’s three-fold, the moduli space 
of principally polarized abelian surfaces. 

There are natural morphisms 

7T : X^ ^ Hf — ^ A 

(A,t,C) 1 -^ (A,f,|Fp,£) 1 -^ (^ 7 ^) 

from the Shimura variety X^ to the Hilbert modular variety Hf and the mod- 
uli space Ag that consist of gradually forgetting the quaternionic endomorphism 
structure. These morphisms are representable, proper and defined over the field Q 
of rational numbers. 

As it will be convenient for our purposes in the rest of this paper, we introduce 
the variety = 7t(X^) to be the image of the Shimura variety X^ attached to a 
pure quaternion ji ^ O with jj? + uD = 0 for some u G in the moduli space 
Ag by the forgetful map tt. It is important to remark that although the complex 
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analytical structure of does not depend on the choice of //, the construction of 
the forgetful map tt and the subvariety of Ag do. 

The varieties Xf_^ are reduced, irreducible, complete and possibly singular 
schemes over Q of dimension n. The set of singularities of X^ is a finite set and all 
the singularities are of quotient type (cf. [3] for the terminology). 



4. The birational class of the forgetful maps 

It is our aim now to describe the forgetful maps tt : Hf — ^ Ag as 

the projection of the Shimura varieties X^ onto their quotient by suitable Atkin- 
Lehner groups up to a birational equivalence. The following groups of Atkin-Lehner 
involutions were introduced in [12]. We keep the notations and assumptions of the 
introduction. 

Definition 4.1. The Atkin-Lehner group W of the maximal order O is 

W-NormB;(0)/F* 

It was shown in [11] that W Z/2Zx xZ/2Z, where 2r is the number of 
ramified prime ideals of B. 

Definition 4.2. Let {O, p) be a principally polarized maximal order in B. A twist of 
((9, p) is an element x ^ Norm^* {O) such that H- n(x) = 0 and p\ = — XM- 

In other words, a twist of {0,p) is a pure quaternion x ^ ^ ^ Norms* {O) 
such that 

B = F + F,^ + Fx + Fiix = 

We say that a principally polarized maximal order {0,p) in B is twisting if it 
admits some twist y in (9. We say that a maximal order (9 is twisting if there exists 
p e O such that {0,p) is a twisting principally polarized order. Finally, we say 
that B is twisting if there exists a twisting maximal order O in B. Note that B is 
twisting if and only if ~ for some u G and m e F* such that m\D. 

Definition 4.3. A twisting involution a; G W of ((9, p) is an Atkin-Lehner involution 
such that [uj] = [x] eW is represented in B* by a twist x of {0,p). 

We let Vo = Vq{0,p) denote the subgroup of W generated by the twisting 
involutions of {0,p). For a principally polarized maximal order {0,p), let = 
F{p) n (9 and let Q = G = !,/>!} denote the finite group 

of roots of unity in the CM-quadratic order R^ over Rf- 

Definition 4.4. The stable group of {O^p) is the subgroup 

Wo = Uo- Vo 

of W generated by 

Uo = Uo{0,p) = Norm^(^)*((9)/F* • Ct{R^), 
and the group Vq of twisting involutions of ((9,/i). 
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As it was also shown in [11], for any principally polarized maximal order 
(O, /i), there are natural monomorphisms of groups Vb C Wo C W C AutQ(X^) C 
Aut(Q(X^ 0 Q). The question whether the two latter immersions are actually iso- 
morphisms was studied by the author for the case of Shimura curves in [9] . 

The following was proved in [11]. 

Theorem 4.5. Let he a principally polarized maximal order in B and let 

he the Shimura variety attached to it. Then there is a commutative diagram of 
finite maps 

^fl ^ ft p' 

bp 

\ / 

where X^/Wq is the natural projection and h^ ‘ X^/Wq — > ttf{X^) is a 

hirational morphism from X^/Wq onto the image of Xb inTCr- 

The domain of definition of hff is 7 Tf{Xh) \ Tf, where Tf is a finite set (of 
Heegner points ) . 

5. The quaternionic locus 

As above, we let O be a maximal order in a totally indefinite division quaternion 
algebra B over a totally real field F of trivial narrow class number and we fix a 
generator D e Ff o^ disc(B). 

It is the aim of this section to use the preceding results to study the quater- 
nionic locus Qo in .4^(C). As we mentioned in the introduction, since h+(F) = 1, 
the set Qo is not empty. 

Definition 5.1. A Heegner point in Qo is an isomorphism class [(A, £)] of a prin- 
cipally polarized abelian variety such that End(A) 2 O. 

According to Definitions 2.1 and 5.1, we note that Qo is the disjoint union of 
the set of principally polarized abelian varieties [(A, C)] with quaternionic multi- 
plication by O and the set of Heegner points. The former is a subset of Qo whose 
closure with respect to the analytical topology is Qo itself. The latter is also a 
dense but discrete subset of Qo (cf. [15]). 

In order to understand the nature of the locus Qo^ we observe that for any 
principally polarized pair (O, //), the set X^{C) of complex points of the Shimura 
variety X^/Q attached to (0,p) sits inside Qo- 

Proposition 5.2. Let //, /x' G Oq he two pure quaternions such that n(/x) = uD 
and n(/x') = u'D for some units u, u' G Rf^- If X^{C) and X^/(C) are different 
suhvarieties of A^(C), then Xn(C) fl X^/(C) is a finite set of Heegner points. 

Proof. Assume that the isomorphism class [A, C] of a principally polarized abelian 
variety falls at the intersection of X^ and X^' in Ag. Write [A, C] = 7t([A, x, £]) — 
7t([A', ^', £']) as the image by tt of points in Xg, and respectively. Since 
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[{A,C)] = [{A',C')] G Qo, we can identify the pair {A,C) = {A’,C') through 
a fixed isomorphism of polarized abelian varieties. 

Let us eissume that [A^C\ = [A', C'\ was not a Heegner point. Then t \ O 
End(^) would be an isomorphism of rings such that ci{C) = fi. We then would 
have by Theorem 2.2, §4, that Ci{C) = Ci(C') = = fi' up to multiplication by 

elements in F*. Since = Xu^ for all units u G this would contradict the 
statement. Since the set of Heegner points in ^^(C) is discrete, we conclude that 
any two irreducible components of Qq meet at a finite set of Heegner points. □ 

Proposition 5.3. 

1. The locus Qo is the set of complex points Qo(C) of a reduced complete sub- 
scheme Qo of Ag defined over Q. 

2. Let p{0) be the number of absolutely irreducible components of Qq. Then 

there exist quaternions pk ^ Oq with ii\ + UkD = 0 for Uk G 1 < < 

p{0), such that 

Qo = [J 

is the decomposition of Qo into irreducible components. 

Proof. Let [(A,£)] G Qo be the isomorphism class of a complex principally 
polarized abelian variety such that End(^) ~ O. Fix an isomorphism l : O 
End (A). By Theorem 2.2, §4, the Rosati involution with respect to £ on O must 
be of the form : 0-^0^ (3 i— > for some p e O with + uD = 0, 

u G Rp^- Thus [(t4, £)] = 7r{[A,L,C]) G 3t^(C), namely the set of complex points 
on a reduced, irreducible, complete and possibly singular scheme over Q (cf. [14], 
[15]). Since the set of Heegner points [{A,C)] G X^{C) is a discrete set which lies 
on the Zariski closure of its complement, we conclude that Qo is the union of the 
Shimura varieties 3£^(C) as p varies among pure quaternions satisfying the above 
properties. 

Let us now show that Qo is actually covered by finitely many pairwise differ- 
ent Shimura varieties. Let A/C be an arbitrary abelian variety with quaternionic 
multiplication by O and fix an isomorphism : (9 End(A). 

Let (0,p) be any principally polarized pair. Since hp{F) = 1, there exists 
a unit u G Rp such that up is an ample quaternion in the sense of [10], §5. Let 
C G NS(A) be the line bundle on A such that ci(£)“^ — up. Prom Theorem 2.2, it 
follows that £ is a principal polarization on A such that the isomorphism class of 
the triplet (A, l, £) corresponds to a closed point in X^{C) and hence [A, £] e X/^. 

Since, by Proposition 5.2, the intersection points of two different Shimura 
varieties X^(C) and Xp{C) in w4^(C) are Heegner points, this shows that for every 
irreducible component of Qo there exists at least one principal polarization £ 
on A such that [A^C] lies on it. Consequently, the number 'Kq{A) of isomorphism 
classes of principal polarizations on A is an upper bound for the number p{0) of 
irreducible components of Qo- Since, by Theorem 2.4, the number 7To{A) is a finite 
number, this yields the proof of the proposition. □ 
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In view of Proposition 5.3, it is natural to pose the following 

Question 5.4. What is the number p[0) of irreducible components of QqI When 
is Qo irreducible? 

6. The distribution of principal polarizations 
on an abelian variety in Qq 

Let us relate Question 5.4 to the following problem. In Theorem 2.4, we com- 
puted the number itq{A) of principal polarizations on an abelian variety A with 
quaternion multiplication by O 2 is the finite sum of relative class numbers of suit- 
able orders in the CM-fields F{\/—uD) for u G This has the following 

modular interpretation. 

Let £i, ..., representatives of the 7To{A) distinct principal po- 

larizations on A. Then the pairwise nonisomorphic principally polarized abelian 
varieties [(A, £i)], . . . , [(A, £ 7 to(A))] correspond to all closed points in Qo whose 
underlying abelian variety is isomorphic to A. We then naturally ask the following 

Question 6.1. Let A be an abelian variety with quaternionic multiplication by 

O. How are the distinct principal polarizations [{A^Cj)] distributed among the 
irreducible components of Qo? 

It turns out that the two questions above are related. The linking ingredient 
is provided by the definition below, which establishes a slightly coarser equivalence 
relationship on polarizations than the one considered in Theorem 2.2, §1. 

Definition 6.2. Let A be an abelian variety with quaternionic multiplication by O 
over Q. 

1. Two polarizations £ and £' on A are weakly isomorphic if ci(£) mci(£') G 

NS(A) for some m G We shall denote it £ £^- 

2 . Two principal polarizations £ and £' on A are Atkin- Lehner isogenous^ de- 
noted C ^ C' ^ if there is an isogeny uj G O C\ NovmB*^ (O) of A such that 

o;*(£) £'. 

We note that there is a closed relationship between the above definition and 
the modular interpretation of the Atkin- Lehner group W given in [ 11 ]. 

Definition 6.3. Let A be an abelian variety with quaternionic multiplication by O 
over Q. We let Ho (A) be the set of principal polarizations on A up to Atkin- Lehner 
isogeny and we let no{A) = #IIo(A) denote its cardinality. 

Theorem 6.4 (Distribution of principal polarizations). Let A be an abelian variety 
with quaternionic multiplication by O over Q and let C\^ .. . ,£ 7 ^ 0 ( 71 ) represen- 
tatives of the 7To(A) distinct principal polarizations on A. 

Then, two closed points [A,Ci] and [A,Cj] lie on the same irreducible compo- 
nent of Qo if cmd only if the polarizations Ci and Cj are Atkin- Lehner isogenous. 
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Proof. We know from Proposition 5.3 that any irreducible component of Qo is 
for some principally polarized pair We single out and fix one of these. 

Let £ be a principal polarization on A such that [(^, C)] lies on X^ and let 
£' be a second principal polarization on A. We claim that [A, £'] G if and only 
if there exists lu E OflNormB* {O) such that C' and uj*{C) are weakly isomorphic. 

Assume first that C' o;*(£) for some cj G OnNormB* (O). This amounts 
to saying that uci{C)uj = mci{C') for some m E F*. Since both UJ*{C) and C are 
polarizations, we deduce from Theorem 2.2, §3, that m E Ff. Moreover, since C 
and C are principal, we obtain from Theorem 2.2, §2, that m = un{uj) for some 
u E Rpj^. 

Note that is a principally polarized abelian variety with quater- 

nionic multiplication such that the Rosati involution that £' induces on Luj{0) is 
Indeed, this follows because puj- 

This shows that, if C' and (jO*{C) are weakly isomorphic 
for some u E O C\ Norm^^ (O), then [A, C'] E X^. 

Conversely, let us a^ssume that [A, C'] E X^. Let l' : O ^ End(A) be such that 
[A, G By the Skolem-Noether Theorem, it holds that t' = 

for some u E Norm^* {0)\ we can assume that lu E O by suitably scaling it. Since it 
holds that for any /? G O, we have that Ci(C') = ulo~^ci{C)lo 

for some u E Rp such that un{uj) E Ff. Since n(0*) = Rp, we can find a E O* 
with reduced norm n(o;) = and thus tua E Bp. 

Let Cu;a be the polarization on A such that c\{Cuja) — *(£)). 

The automorphism a E O* = Aut(A) induces an isomorphism between the polar- 
izations and since ci(o;*(£')) = a{uuj~^Ci{C)uj)a = Ci(£^a)- Hence C' is 
weakly isomorphic to ((x;q;)*(£). This concludes our claim above and also proves 
the theorem. □ 

Corollary 6.5. The number of irreducible components of Qo is 

p{0) = 7To(A), 

independently of the choice of A. 

For any irreducible component of Qo, let Hq^^ (A) C Ho(A) denote the set 
of isomorphism classes of the isogeny class of principal polarizations lying on . 

As another immediate consequence of Theorem 6.4, the following corollary 
establishes an internal structure on the set Ho(A). Roughly, it asserts that Ho(A) = 
Hq^^(A) is the disjoint union of the sets Hq^^(A), which are equipped with 
a free and transitive action of a 2-torsion finite abelian group. 

Corollary 6.6. Let A be an abelian variety with quaternionic multiplication by 
O. Let be an irreducible component of Qo and let Wq ’ W be the stable 
subgroup attached to the polarized order ((9,//^). 

Then there is a free and transitive action of W/Wq^^ on the Atkin- Lehner 
isogeny class (A) of principal polarizations lying on X^^ . 
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In the case of a non-twisting maximal order O, we have that the stable group 
Wq{ 0, fj,) attached to a principally polarized pair (O, /i) is Uo{0, fi). The following 
corollary follows from the proof of Lemma 2.10 in [12]. 

Corollary 6.7. Let O he a non-twisting maximal order in B and assume that, for 
any u G f'oot of unity of odd order in the CM-field F{^/—uD) 

is contained in the order Rf[\/—uD]. 

Let A he an ahelian variety with quatemionic multiplication hy O. Then the 
distinct isomorphism classes of principally polarized ahelian varieties [{A, Ci)], . . . , 
[{A, are equidistributed among the p(0) irreducible components of Qq. 

In particular, it then holds that 



7. Shimura curves embedded in Igusa’s threefold 



The whole picture becomes particularly neat when we consider the simplest case 
of quaternion algebras over Q. Let then B be an indefinite quaternion algebra over 

Q of discriminant D = pi P 2 r and let O be a maximal order in B. Since 

h{Q) = 1, there is a single choice of O up to conjugation by B*. Moreover, all left 
ideals of O are principal and hence isomorphic to O as left O-modules. 

Let Abes, complex abelian surface with quatemionic multiplication by O. By 
Theorem 2.4, A is principally polarizable and the number of isomorphism classes 
of principal polarizations on A is 



7To{A) = 



hj-D) 

2 



where, for any nonzero squarefree integer d, we write 



' ' |k(4iJ) 



if d = 1 mod 4, 
otherwise. 



For any integral element p e O such that -\- D = 0, let now be 
the Shimura curve that coarsely represents the functor which classifies principally 
polarized abelian surfaces {A, l, C) with quatemionic multiplication by O such that 
the Rosati involution with respect to £ on O is . This is an algebraic curve over Q 
whose isomorphism class does not actually depend on the choice of the quaternion 
ji, but only on the discriminant D (cf. [15]). Hence, it is usual to simply denote 
this isomorphism class as Xd- 

Let W = {um • rn\D] be the Atkin-Lehner group attached to 

O in Section 4. We know that W C AutQ(XD) is a subgroup of the group of 
automorphisms of the Shimura curve Xd- 

Let now A 2 be Igusa’s three-fold, the moduli space of principally polarized 
abelian surfaces. By the work of Igusa (cf. [6]), it is an affine scheme over Q that 
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contains, as a Zariski open and dense subset, the moduli space M .2 oi curves of 
genus 2, immersed in A 2 via the Torelli embedding. 

Sitting in A 2 there is the quaternionic locus Qo of isomorphism classes of 
principally polarized abelian surfaces [(A, C)] such that End(^) D O, Since all 
maximal orders O in B are pairwise conjugate, the quaternionic locus Qo does 
not actually depend on the choice of O and we may simply denote it by Qo = Qd • 

As explained in Sections 3 and 4, there are forgetful finite morphisms tt : 
Qd C ^2 which map the Shimura curve onto an irreducible component 
Xfj, of Qd- We insist on the fact that the image X^ C Qd does depend on the 
choice of the quaternion p. 

Let us now compare the non- twisting and twisting case, respectively. We first 



assume that 




) 



for all positive divisors m\D of D. Then all principally polarized pairs {0,p) in B 
are non-twisting and the stable subgroup attached to ((9, /x) is 

Wo = Uo = {cud) C W, 

independently of the choice of p. By Theorem 4.5, we deduce that any irreducible 
component X^ of Qd is birationally equivalent to the Atkin-Lehner quotient 
^d/{<^d) and thus the quaternionic locus Qd in *42 is the union of pairwise bi- 
rationally equivalent Shimura curves X^^ , . . . , , meeting at a finite set of 

Heegner points. 

Moreover, for any abelian surface A with quaternionic multiplication by O, 
it follows from Theorem 6.4 that the closed points {[{A, are equidis- 

tributed among the p{0) irreducible components of Qd- In addition. Corollary 
6.7 ensures that 

\W/Wo\=2^^-^\7ro(A), 



as genus theory for binary quadratic forms already predicts. 

Finally, we obtain that the number of irreducible components 
non-twisting case is 



P{0) 



K-D) 

22r 



of Qd in the 



On the other hand, let us assume that 







for some mjD. In this case, there can be two different birat ional classes of irre- 
ducible components on Qd- Indeed, the assumption means that there exist pure 
quaternions p e O, p^ -j- D = 0, such that {O, p) is a twisting principally polarized 
maximal order. Then 

Wo{0,p) = 

and X/j, is birationally equivalent to Xd/ We may refer to X^ as a twisting 

irreducible component of Qd- 
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In addition to these, there may exist non-twisting polarized orders 
such that the corresponding irreducible components of Qd are birationally 
equivalent to Xd/{^d)- We may refer to these as the non- twisting irreducible 
components o^ Qjj. 

We then have the following lower and upper bounds for the number of irre- 
ducible components oi Qd’> 



h{-D) 

22r 



p{o) 



Summing up, we obtain the following 



^ H-D) 
- 22^'-! 



Theorem 7.1. Let B he an indefinite division quaternion algebra over Q of dis- 
criminant D = Pi p 2 r- Then, the quatemionic locus Qd in A 2 is irreducible 

if and only if 



H-D) 



1 ?^ ^ z/ 5 ~ /or 5ome m|jD, 

2^^ otherwise. 



Proof If B is not a twisting quaternion algebra, we already know from the above 
that the number of irreducible components of Qo is . Hence, in this case. 



the quatemionic locus of discriminant D in A 2 is irreducible if and only \ih{—D) = 
2^^. If on the other hand B is twisting, it follows from the above inequalities that 
Qd irreducible if and only if h{—D) = 2^^“^ □ 

In view of Theorem 7.1, there arises a closed relationship between the irre- 
ductibility of the quatemionic locus in Igusa’s threefold and the genus theory of 
integral binary quadratic forms and the classical numeri idonei studied by Euler, 
Schinzel and others. We refer the reader to [1] and [13] for the latter. 



8. Hashimoto-Murabayashi’s families 



As the simplest examples to be considered, let Bq and B\q be the rational quater- 
nion algebras of discriminant D = 2 3 = 6 and 2-5 = 10, respectively. Hashimoto 
and Murabayashi [4] exhibited two families of principally polarized abelian surfaces 
with quatemionic multiplication by a maximal order in these quaternion algebras. 
Namely, let 

^ ^ pj^3 p q ^2 4 . + 1 ) 

be the family of curves with 



P — 2s T 2t, 



{1 P 2t‘^){ll - 2St‘^ St^) 
3 ( 1 -^ 2 )( 1 - 4 ^ 2 ) 



R = 2s-2t 



over the base curve 



s) = + 2 = 0. 
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And let 

^ + p2(i + R)X^ + PQX^ + P(1 - R)X + 1) 

be the family of curves with 

4(2t + l)(f2 -t- 1) {f + + 8t^ - - 8t + 1) 

t(t- l)2(t + l)2 

and 

t[t + l)(2i + 1) 

over the ba^se curve 

s) = s‘^ — t{t — 2){2t + 1) = 0. 

Let = Jac(c[fj^) and = Jac(C[^^°^^) be the Jacobian surfaces of 

the fibres of the families of curves above respectively. It was proved in [4] that 
their ring of endomorphisms contain a maximal order in Bq and ^lo, respectively. 

Both Bq = (-^) and .Bio = ( ~q^^ ) are twisting quaternion algebras. More- 
over, it turns out from our formula for 7 To(A) in the above section that any abelian 
surface A with quaternionic multiplication by a maximal order in either Bq or 
Bio admits a single isomorphism class of principal polarizations. This implies that 
p(Be) = ^o(^) = 7 To(A) = 1 and p(Bio) == 7 To(A) = 7To(A) = 1, respectively. 

Moreover, the Shimura curves Xo/Q and Xio/Q have genus 0, although they 
are not isomorphic to Pq because there are no rational points on them. How- 
ever, it is easily seen that Xq/Wq = Xq/W Pq and Xiq/Wq = Xio/W Pq, 
respectively. 

As it is observed in [4], the base curves g^^^ and g^^^^ are curves of genus 1 
and not of genus 0 as it should be expected. This is explained by the fact that 
there are obvious isomorphisms between the fibres of the families and 
respectively. 

Ibukiyama, Katsura and Oort [5] proved that the supersingular locus in 
A 2 /^p is irreducible if and only if p < 11. As a corollary to their work, Hashimoto 
and Murabayashi obtained that the reduction mod 3 and 5 of the family of Ja- 
cobian surfaces with quaternionic multiplication by Bq and Bio respectively yield 
the single irreducible component of the supersingular locus in M 2 /F 3 and . 42 /F 5 
respectively. The following statement may be considered as a lift to characteristic 
0 of these results. 

Theorem 8.1. 

1 . The quaternionic locus Qq in A 2 /Q is absolutely irreducible and birationally 
equivalent to Pq over Q. A universal family over Q is given by Hashimoto- 
Murabayashi’s family 

2. The quaternionic locus Q\q m . 42 /Q is absolutely irreducible and birationally 
equivalent to Pq over Q. A universal family over Q is given by Hashimoto- 
Murabayashi’s family 
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Proof. This follows from Theorem 7.1 and the discussion above. □ 

In particular, we obtain from Theorem 8.1 that every principally polarized 
abelian surface (A, C) over Q with quaternionic multiplication by a maximal order 
of discriminant 6 or 10 is isomorphic over Q to the Jacobian variety of one of the 
curves or , except for finitely many degenerate cases. 
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Shafarevich-Tate Groups of Nonsquare Order 

William A. Stein 



Abstract. Let A denote an abelian variety over Q. We give the first known 
examples in which #III(A/Q) is neither a square nor twice a square. For 
example, let E be the elliptic curve y = — x of conductor 37. We 

prove that for every odd prime p < 25000 (with p / 37), there is a twist A 
ofEX'—xE{p—l copies) such that #III(A/Q) = pri^ for some integer n. 
We prove this by showing under certain hypothesis on E and p that there is 
an exact sequence 

0 E{Q)/pE{Q) m(A/Q)\p^] m{E/K)\p^] m(F;/Q)[p°"] 0, 

where AT is a certain abelian extension of Q of degree p. 



1. Introduction 

The Shafarevich-Tate group of an abelian variety A over a number field F is 
UI(^/F) := Ker ( {F, A) (F,, A) 

\ all V 

What are the possibilities for the group structure of U1{A/F)? It is conjectured 
that U1{A/F) is finite and this is known in some cases. 

Theorem 1.1 (Kato, Kolyvagin, Wiles, et al.). Suppose A is an elliptic curve 
over Q. 

(1) If oids=i L{A^ s) < 1, then III(A/Q) is finite. 

(2) If X is a character of the Galois group of an abelian extension K of Q and 
L(A, X, 1) ^ 0; then the x~(^omponent of U1{A/K) (8>z ^[x] is finite. (Here 
Z[x] is generated by the image of x-) 

The Cassels-Tate pairing U1{A/F) x U1{A^ /F) Q/Z imposes strong con- 

straints on the structure of U1{A/F). 

Theorem 1.2 (Tate, Flach). Letp be a prime and suppose that there is a polarization 
\ \ A Ay of degree coprime to p. If p = 2 assume also that A arises from an 
F -rational divisor on A (this hypothesis is automatic if A is an elliptic curve, 
but can fail in general). If U1{A/ F)[p^] is finite then ^U1{A/ F)[p^] is a perfect 
square. 
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Proof. If A is F-rational, the Cassels-Tate pairing on U1{A/ F)[p°^] (induced by A) 
is nondegenerate and alternating (see [Tat63]), so #U1{A/ F)[p^] is a perfect 
square. Even when A is not F-rational, the Cassels-Tate pairing is nondegenerate 
and antisymmetric (see [Fla90]), which when p is odd implies that #JI[{A/F)[p^] 
is a perfect square. □ 

It is tempting to conjecture that #III(A/F) is always a perfect square. Per- 
haps squareness is a fundamental property of Shafarevich-Tate groups? While 
implementing algorithms based on [PS97] for computing with Jacobians of hyper- 
elliptic curves, M. Stoll was shocked to discover an example of an abelian variety 
of dimension two such that i^Ul{A/F)[2^] = 2. This was surprising because, for 
example, one finds in the literature [SD67, p. 149] the following statement: “[The 
group III (A/ F)] is conjectured to be finite, and Tate [26] has shown that if it is fi- 
nite its order is a perfect square.” Stoll and B. Poonen discovered what hid behind 
this and other similar examples in which #III(A/F) is twice a perfect square. 

An algebraic curve X of genus g over a local field k is deficient if X has no 
A;-rational divisor of degree g — 1. 

Theorem 1.3 (Poonen-StoU [PS99]). Suppose A is the Jacobian of an algebraic 
curve over F that is deficient at an odd number of places. //#III(A/F) is finite, 
then #III(A/F) is twice a square. 

For example, they prove that the Jacobian J of the nonsingular projective 
curve defined by 

= — 3(x^ -h l)(x^ - 6x -(- \){x^ -h 6x -h 1) 

has Shafarevich-Tate group of order 2 (to see that #III( J) | 2 they observe that J 
is isogenous to a product of CM elliptic curves and apply a theorem of Rubin; 
see [PS99, Prop. 27] for details). Also, Jordan and Livne [JL99] give an infinite 
family of Atkin- Lehner quotients of Shimura curves which are deficient at an odd 
number of places. 

Though #III(A/F) need not be square, one might still be tempted to con- 
jecture that III(A/F) must have order either a square or twice a square. Let p 
be an odd prime. In this paper, we construct (under certain hypotheses that are 
satisfied for p < 25000) abelian varieties A such that ^III(A/Q) = pn^ for some 
integer n. For example (see Section 3): 

Theorem 1.4. Let E be the elliptic curve y — — x of conductor 37. For 

every odd prime p < 25000 (with p 37), there is a twist A of such that 

#IU(A/Q) = piiJ for some integer n. 

This paper was originally motivated by the problem of relating the conjecture 
of Birch and Swinnerton-Dyer about the ranks of elliptic curves E to the Birch and 
Swinnerton-Dyer formula for the orders #LQ(A) for abelian varieties A of analytic 
rank 0. 

Let p be a prime. Under suitable hypotheses, we construct an abelian va- 
riety A and a natural map E{Q)/pE{Q) UI(A/Q). Thus if F(Q) ^ Z then 
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III(^/Q) has a natural subgroup of order p, and no other natural subgroup of 
order p presents itself. Moreover, when E is defined by y‘^ y = — x, the Birch 

and S winner ton- Dyer formula predicts that III(A/Q)[3] is of order 3. Further in- 
vestigation led to the results of this paper. 

Acknowledgement: It is a pleasure to thank Kevin Buzzard, Frank Calegari, Sol 
Friedberg, Benedict Gross, Emmanuel Kowalski, Barry Mazur, Bjorn Poonen, and 
David Rohrlich for their helpful comments, and in particular Michael Stoll for 
Lemma 2.10 and Cristian Gonzalez for carefully reading this paper, making many 
comments, and sending me a proof of Proposition 2.13. 

1.1. Notation 

If G is an abelian group and n is an integer, then G[n] denotes the subgroup of 
elements of order n and G[n^] is the subgroup of elements of order any power 
of n. We refer to elliptic curves using the notation of [G97]. 



2. Construction of nonsquare Shafarevich-Tate groups 

For the rest of this paper we will work with an elliptic curve E over Q. Aside from 
the significant use of known cases of the Birch and Swinnerton-Dyer conjecture 
below, much of the construction should generalize to the situation when E is 
replaced by a principally polarized abelian variety over a global field. 

For the rest of this section, fix an elliptic curve E over Q. By [BCDTOl], E 
is modular so there is a newform / = of level equal to the conduc- 

tor N = Ne of E such that L{E, s) = L{f, s). For each prime q \ N, the Tamagawa 
number Cq oi E oX q is the order of the group of rational components of the special 
fiber of the Neron model oi E dX q. 

2.1. Twisting by characters of prime order 

Let p be a prime number. For any prime ^ = 1 (mod p), let 

xp,^ : {'Ll ay ^ /ip c c* 

be one of the p — 1 Galois-conjugate Dirichlet characters of order p and conductor i. 

Conjecture 2.1. Suppose p is a prime such that pE,p • Gal(Q/Q) — ^ Aut(£'[p]) 
is surjective. Then there exists a prime ^ \ N such that L{E,Xp/^ 1) ^ 0, £ = 1 
(mod p) and ae ^ i-b I (mod p) . 

Remarks 2.2. 

1. Formulas involving modular symbols imply that L{E, XpX: 1) ^ 0 if and only 
if L{E,Xp,e^ 1) 7 ^ 0 for any Gal(Q/Q)-conjugate Xp^e Xp,^ 

2. J. Fearnley proved related nonvanishing results when L(E, 1) ^ 0 in [FeaOl]. 

3. If E is the elliptic curve y^ y = x^ — x of conductor 37 and rank 1, then 
^ = 41 is the only £ = 1 (mod 5) with £ < 1000 for which L{E, X 5 ,^, 1) = 0. 
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The following proposition gives evidence for Conjecture 2.1 for the lowest- 
conductor elliptic curves of ranks 1,2, and 3. 

Proposition 2.3. Conjecture 2.1 is true for the rank 1 elliptic curve 37 A for every 
odd p < 25000 (with p ^ 37). The conjecture is true for the rank 2 curve 389A for 
every odd p < 1000 (with p / 389). The conjecture is true for the rank 3 curve 
5077A for every odd p < 1000. 

Proof. Consider the modular symbol 

6p/= ^ Xp,^(a)-{0, ^}e//i(Xo(iV),Q(Cp)). 

ae{ziez)* 

Then L(£^, 1) ^ 0 if and only if the image of under 

i/i(Xo(7V),Q(Cp))-^i(£;,Q(Cp)) 

is nonzero. In any particular case, we can use modular symbols to determine 
whether or not this image is nonzero. 

When p is large, it is difficult to compute in the field Q(Cp), so instead we 
compute in the residue class field = Z[(p]/m = Z/^Z, where m is one of the 
maximal ideals of Z[Cp] that lies over i. (Note that £ splits completely in Z[Cp] 
because £ = 1 (mod p).) After reducing modulo m, we compute the image of 

^P,e = E ^ Hi{Xo{N),¥e) 

in Hi{E,¥£). If it is nonzero, then the image of Cp^£ in Hi{E,Q{(p)) is nonzero. 

A big computation (that takes hundreds of hours using Magma [BCP97]) 
shows that the image of ep^£ is nonzero in the cases asserted by the proposition. So 
the reader can carry out similar computations, we include the following Magma 
V 2.10-6 code, which illustrates verification of the proposition for 37A for p < 100: 

procedure VerifyConjecture(E, p) 
assert Type(E) eq CrvEll; 

assert Type(p) eq RngIntElt and IsPrime(p) and IsOdd(p) ; 

N := Conductor (E) ; 
assert N mod p ne 0; 

M := ModularSymbols(E,+l) ; // takes a long time if N large! 

ell := 3; t := CputimeO; 

print f "p=7oO: ", p; 
while true do 

while (ell mod p ne 1) or (N mod ell eq 0) or 
TraceOfFrobenius(ChangeRing(E,GF(ell))) mod p eq (ell+1) do 
ell := NextPrime(ell) ; 
end while; 

k := FiniteField(ell) ; 
printf "trying ell=7oO . . . " , ell ; 
psi := DirichletGroup(ell,k) . 1 ; 
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eps := psi" (Order (psi) div p) ; // order p character 

M_k := BaseExtend(M,k) ; 

phi := RationalMapping(M_k) ; 

e := Twist edWindingElement (M_k, 1 , eps) ; 

if phi(e) ne 0 then 

printf " success! C/oO seconds) \n", Cputime(t); 
return ; 
end if ; 

printf "failed. 
ell := NextPrime(ell) ; 
end while; 
end procedure; 

E := EllipticCurveC [0,0, 1,-1, 0] ) ; // 37A 

for p in [q : q in [3.. 100] I IsPrime(q) and q ne 37] do 
VerifyConjecture(E,p) ; 
end for; 

The above input results in the following abbreviated output: 

p=3: trying ell=7... success! (0.021 seconds) 
p=5: trying ell=ll... success! (0.039 seconds) 
p=7: trying ell=29... success! (0.121 seconds) 

p=89: trying ell=179... success! (0.739 seconds) 
p=97: trying ell=389... success! (1.491 seconds) 

□ 



2.2. A restriction of scalars exact sequence 

As above, E is an elliptic curve over Q. Let p be any prime (note that p = 2 is 
allowed). Suppose £ = 1 (mod p) is another prime and that £ \ Ne^ Let K C 
be the abelian extension of Q that corresponds to Xp,i (thus K is the unique 
subfield of Q(p^) of degree p). 

Let R = KesE/qiEK) be the restriction of scalars down to Q of E viewed 
as an elliptic curve over K. Thus R is an abelian variety over Q of dimension 
p = [7C : Q] . It is characterized by the fact that it represents the following functor 
on Q-schemes 5: 

S ^ Ek{Sk)’ 

As a Galois module, 

R{Q) = E{Q) Oz Z[Gal(A/Q)], 
where r G Gal(Q/Q) acts on (gxj by 

T (^ Pct ® cr) = ^ t{Pct) ® T\k ■ 
where T|x is the image of r in Gal(A/Q). 
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Proposition 2.4. The identity map induces a closed immerion l \ E ^ R, and the 
trace Tr : K Q induces a surjection Tr : R E whose kernel is geometrically 
connected. Thus we have an exact sequence of abelian varieties 

O^A-^R^E^O. (1) 

Proof The existence of l and Tr follows from Yoneda’s lemma. The map t is 
induced by the functorial inclusion E{S) ^ Ek{Sk) = R{S), so l is injective. 

Tr 

The Tr map is induced by the functorial trace map on points R{S) = Ek{Sk) — ^ 
E{S). 

To verify that Ker(Tr) is geometrically connected, we base extend the exact 
sequence (1) to Q. First, note that there is an isomorphism 

X ‘ • X Eq. 

After base extension, we identify the trace map with the summation map 

+ : Eq X • • • X Eq >• Eq. 

Let n = [K : Q]. The map defined by 



(ui , . . • , I > I 5 ^2? • • • 5 ^n— 1 ? ^ ^ ^ 



is an isomorphism from E^^^ ^ to Ker(-h ) = Ker(TrQ). Thus Ker(TrQ) is isomor- 
phic to a product of copies of E^, and hence is connected. □ 

CoroUary 2.5. l{E) H Ker(Tr) - l{E)[p]. 



Proof The composition K — Q is multiplication by p, so the composition 
E — R — > E is also multiplication by p. Since l{E) fl Ker(Tr) is the kernel 
of Tro^ = [p], it equals E[p]. □ 

Lemma 2.6. The abelian varieties Ak, Rk, CL'^id {R/l{E))k CL^e all isomorphic to 
a product of copies of Ek • 

Proposition 2.7. The exact sequence O-^A—^R^E^Oof Proposition 2.4 
extends to an exact sequence of Neron models over Z. 



Proof. We use results of [BLR90, Ch. 7] and the fact that formation of Neron 
models commutes with unramified base change (see [BLR90, §1.2, Prop. 2]) to 
prove that for every prime q^ the complex 

TZz, - 0 (2) 

is exact. 

First suppose that ^ and let q be a prime of K lying over q. We use the 
fact that formation of Neron models commutes with unramified base extension 
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and check exactness of (2) after base extension to the unramified extension 
of Zg. By Lemma 2.6, the generic fiber of the base extension of (2) to 0/c,q is 

0 - ^ Ek,, - 0 . 

Thus the corresponding complex of Neron models over Ox,q is 



0 



p0(n-l) 



C®n 




0 , 



which is exact, since it is exact on S'- points for any ring S. 

Suppose that q — Since p i, [BLR90, Prop. 7.5.3 (a)] asserts that the 
sequence 0 ^ Azq 'Jlzq Szq is exact. Since p ^ g, the map [p] : £zq £zg 

is an etale morphism of smooth schemes. Since E has good reduction at we 

also know that the fibers of 8zq are geometrically connected, so [p] is surjective 
(for more details, see the proof of [AS02, Lem. 3.2]). It follows that TZzq £zq is 
surjective. □ 



2.3. The cokernel of trace 

Let ^ be a prime as in Conjecture 2.1. This section is devoted to computing the 
cokernel of the trace map R{Q) — > E{Q). Note that R{Q) = E{K), so this cokernel 
is also E{Q)/TrK/q{E{K)). 

Lemma 2.8. Let Ki denote the completion of K at the totally ramified prime of K 
lying over i. Then E{K)[p] = E{K^)[p] = 0. 

Proof The characteristic polynomial of Prob^ G Gal(Q^^/Q^) on E[p] = P^(Q^^)[p] 
is — a£X + i G Fp[x]. By hypothesis ae ^ i + 1 (mod p), so +1 is not a root of 
x‘^ — a £X i hence 

E{Qe)\p] = E{Qr)[pf^^^^-^ =0. 

Since K is totally ramified at £ and E has good reduction at £, E{K£)[p] = 0 as 
well, so E{K)[p] = 0, as required. □ 

Proposition 2.9. Coker(R(Q) E{Q)) = E{Q)/pE{Q). 

Proof By Corollary 2.5 the image of t{E{Q)) C R{Q) in E{Q) is p£'(Q), so the 
cokernel of R{Q) E{Q) is a quotient of E{Q)/pE{Q). Thus it suffices to prove 
that R{Q) / i{E{Q)) is finite of order coprime to p. 

We have an exact sequence 0->E-^R^A'^0^ with A' an abelian variety 
that is isogenous to A (in fact. A' is the abelian variety dual of A since R is self 
dual, but we will not use this fact). The L-series of A' is 0^=1 ^ Xp ^ so 

by hypothesis L(A', 1) ^ 0 and it follows from Kato’s theorem (see [Rub98, §8.1]) 
that A'(Q) is finite. Thus R{Q)/l{E{Q)) is finite since R{Q) / l{E{Q)) C A'(Q). 
By Lemma 2.6, A'j^ ^ and by Lemma 2.8 E{K)[p] = 0, so A'(Q)[p] = 0, 

which proves the proposition. □ 
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2.4. Stale cohomology and Shafarevich-Tate groups 

Fix an elliptic curve E over Q and a prime p ] YlcE,q> In this section, we use 
results mostly due to Mazur to relate the Shafarevich-Tate groups of A, R, and E 
to certain etale cohomology groups. We maintain the notation and assumptions 
of the previous sections, except that we abuse notation slightly and let 1Z^ and 
£ also denote the etale sheaves on Spec(Z) defined by the Neron models 1Z, 
and £. Let B be either A^ 7 ^, or £ and let B = Bq he the corresponding abelian 
variety. Let B) be the qth etale cohomology group of B. 

Lemma 2.10. There is an isomorphism B(Q^)[p] = B{¥i)[p\. 

Proof. This follows from [ST68, Lem. 2, p. 495], but we sketch a proof for the 
convenience of the reader. Let denote the kernel of the natural reduction 

map r : B(Q^) B{¥e)- Using formal groups and that p i, one sees that 

[p] : is an isomorphism. Since B is smooth over Q^, HensePs 

lemma (see [BLR90, §2.3 Prop. 5]) implies that the reduction map is surjective, 
so we obtain an exact sequence 

0 -4 B\Qe) -4 B{Qe) ^ B(F^) -4 0. 

The snake lemma applied to the multiplication-by-p diagram attached to this exact 
sequence yields the exact sequence 

0 -4 B{Qe)\p] ^ fi(F,)[p] -^ 0-4 B{Qe)/pBm ^ B(F,)/p6(F,) ^ 0, 
which proves the lemma. □ 

The Tamagawa number o^ B at a prime q is CB,q = ff^B,q{¥q)^ where ^B,q 
is the component group of the closed fiber of the Neron model of ^ at 

Lemma 2.11. p\cB,q- 

Proof. First suppose q = £. The cokernel of B{¥e) — > ^bA^^) contained in 
which is 0 by Lang’s theorem (see [Lan56] or [Ser88, §VI.4j), so if 
^B,^(Ff)[p] ^ 0 ^(^^)b] / Lemmas 2.6, 2.8, and 2.10, 

B{¥e)\p] ^ Bm[p] C B{Ke)[p] ^ E{Ke)[p] x • • • x E{Ke)[p] = 0. 

Next suppose that q ^ i. Since formation of Neron models commutes with 
unramified base extension, we have 

^B,q(Fg)b] = ^E,q{^q)[p] X • • • X ^£;,g(Fq)[p] = 0, 

by our hypotheses on p. □ 

Following the appendix to [Maz72], let 

^ 0 hHq„b) 

all finite q 




S(S/Q) =ker H\q,B) 
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where the sum is over all finite primes g of Q. If p is an odd prime, then 
E(B/Q)[p^] = III(B/Q)[p^]; also one can see easily using Tate cohomology for 
the cyclic group Gal(C/M) that 

T.{B/Q)[2]/U1{B/Q)[2] c H\R,B{C)) ^ B{R)/B{R)^, 
where B{R)/ B{R)^ has order 2^ for some e < dim 5. 

Proposition 2.12 (Mazur). Suppose that ae ^ 1 (mod p). If p is odd, then 

H\z,B)[p^]^m{Biq)[p^]. 

Also, ifH\Z,B)[2^]/m{B/Q)[2^] divides #{B{R)/ B{Rf). 

Proof. It follows from the appendix to [Maz72] that there is an exact sequence 

all finite q 

where is the component group of the fiber of B at q. By [Ser79, VIII. 4. 8], 

= #^>B,,(Fg) = CB,„ 

so the proposition follows from Lemma 2.11. □ 

Proposition 2.13. H‘^{Z,A)[p] — 0. 

Proof We apply the lemmas in [Sch83, §IIL6]. Note that A has good reduc- 
tion at p by [Mil72, Prop. 1], and {Z, A)[p'^] is finite by Kato’s theorem (see 
[Rub98, §8.1]) and Proposition 2.12. In the proof of Proposition 2.9, we showed 
that A'{Q) is finite of order coprime to p, where A' is the abelian variety dual 
of A. We now use^ Lemma 7 of [Sch83, §IIL6], which because A'(Q)[p] = 0 
implies that H‘^{Z,A[p'^]) = 0. (Schneider uses ^fpqf, but this is not a prob- 
lem since etale and fpqf cohomology agree on the smooth scheme A.) It is easy 
to see (see, e.g., the proof of Lemma 6 of [Sch83, §IIL6j) that the natural map 
H^{Z, A[p^]) H^{Z, A)[p^] is surjective for any > 0, in particular, for q — 2, 

so H‘^{Z,A)[p'^] = 0 which proves the proposition. □ 

2.5. The main theorem 

Fix an elliptic curve E over Q and a prime p f Y\cE^q such that pE,p • Gq 
Aut(£’[pj) is surjective. If p = 2 assume also that E{R) is connected. Assume 
that £ is one of the primes whose existence is predicted by Gonjecture 2.1. 

Theorem 2.14. There is an exact sequence 

0 ^ E{Q)/pE{Q) ^ m(A/Q)[p""] ^ U1{E/K)[p^] ^ m(E/Q)[p""] ^ 0. 

In particular, if E has odd rank and U1{E/Q)\p'^] is finite, then #III(A/Q)[p'^] 
is not a perfect square. 

^Note that the proof of Lemma 7 of [Sch83, §111.6] relies on a theorem of Artin and Mazur whose 
proof they never published; generalizations of this theorem have been published by McCallum 
[McC86, §5] and Milne [Mil86, §111.3.4], and Mazur assures the author that he and Milne both 
know the proof of Artin-Mazur duality well. 
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Proof. By Proposition 2.7 we have an exact sequence of etale sheaves 

0-^A->n-^£ ^0, 

which gives rise to an exact sequence of etale cohomology groups 

^ H\Z,A) H\Z,n) H\Z,S) H'^{Z,A). 

We have 

H°{z,n) = n{Z) = R{q) 

and likewise for so by Propositions 2.9, 2.12, and 2.13 we obtain an exact 
sequence 

0 E{Q)/pE{q) ^ m(A/Q)[p""] ^ U1{R/Q)[p^] ^ m(£;/Q)[p""] -> o. 

By Shapiro’s lemma, there is an isomorphism III(i?/Q) = U1{E/K) (see [AS02, 
§1.3]), which yields the claimed exact sequence. 

Kato’s theorem ([Rub98, §8.1] and [Kat, Corollary 14.3]) implies that 
U1{E/K)[p^] is finite (for the trivial character use our hypothesis that 
UI(£'/Q)[p°^] is finite, and for the non-trivial characters use our hypothesis that 
L{E,Xp/A) 7^ 0)- Theorem 1.2 then implies that ifJU{E/K)\p'^] is a perfect 
square. If E{Q) has odd rank then #{E{Q)/pE{Q)) is an odd power of p (since 
E[p] is irreducible), so #IU(A/Q)[p^] cannot be a perfect square. □ 

Remark 2.15. In the language of visibility of Shafarevich-Tate groups (see [CMOO]), 
Theorem 2.14 asserts that the visible subgroup of UI(A) with respect to the embed- 
ding R ’\s canonically isomorphic to the Mordell-Weil quotient E{Q)/pE{Q). 

Proposition 2.16. If q ^ p is a prime, then 

m{ElK)[q^] ^ m(E/Q)[^""] 0 U1{A/Q)[q^]. (4) 

In particular, if III(£'/Q)[^®°] is finite, then UI(A/Q)[^^] has order a perfect 
square. 

Proof. The intersection of E and Ain R is E[p] , so the summation map Ex A R 
is an isogeny with kernel E[p\. Considering the long exact sequence associated to 
0 E[p] -^ExA—^R^0,we see that 

(Q , Ex A)[q°°]^H^ (Q, R) [g°°] , (5) 

and likewise for any completion of Q. We then obtain (4) by combining (5) with 
the fact that cohomology commutes with products and that (Q, R) = {K, E). 

If III(£'/Q)[g'^] is finite, then since IU(A/Q)[g''^] is finite (since L{A, 1) ^ 0, 
by construction), it follows from (4) that Ltl(£'/i^)[^'^] is finite. We have by The- 
orem 1.2 that both IH{E/K)[q^] and III(£^/Q)[9^] have order a perfect square, 
so (4) implies that UI(A/Q)[g''^] has order a perfect square. □ 
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3. An example 

Combining Proposition 2.3, Theorem 2.14, and Propoposition2.16 yields the fol- 
lowing theorem. 

Theorem 3.1. Let E he the elliptic curve y = — x of conductor 37. For 

every odd prime p < 25000 (with p ^ 37), there is a twist A of such that 

#III(^/Q) = pn^ for some integer n. 

Remark 3.2. Using the elliptic curve of conductor 43 in place of E one can con- 
struct an abelian variety A with III(yl/Q) == 37n^ for some integer n. 

Though unnecessary for Theorem 3.1, we prove below that III(£^/Q) = 0, 
which removes our dependence on Proposition 2.13. We show that UI(JE^/Q)[p®°] == 
0 for all odd p using [Kol90, Thm. A], and we use a 2-descent (with [CrB]) to see 
that U1{E/Q)[2] = 0. 

Theorem 3.3 (Kolyvagin). Let E be an elliptic curve and let L = Q(\/— D) be an 
imaginary quadratic field of odd discriminant —D, where all primes dividing the 
conductor of E split, and assume that T) 7^ 3,4. If the Heegner point yi G E{L) 
has infinite order (equivalently, by [GZ86], L'{E/L,1) 7^ 0^, then ff\H{E/L) | 
t • [E{L) : where the only primes that divide t are 2 or primes where pE,p 

is not surjective. 

By [C97], E is isolated in its isogeny class, so p : Gal(Q/Q) Aut(E’[p]) 
is surjective for all primes p (see [RSOl, §1.4]) hence t is a power of 2. Let L = 
Q(\/^). To compute [E{L) : Zi/l] up to a power of 2 we use the Gross-Zagier 
formula and the fact that [E{L) : E{Q) + E^{Q)] is a power of 2. By [GZ86, 
Thm. 6.3], 

where D = —7, u = 1, and ||cj/|| is the Peterson norm of the newform / cor- 
responding to E. Generators for the period lattice of E are uji ~ 2.993459 and 
LO 2 ~ 2.4513892, so ||cj/|| ~ 7.338133. The quadratic twist E^ is the curve 1813B1 
in [CrA], and E^{Q) = 0. From [CrA] we find that L^{E,1) ~ 0.306000 and 
L{E^, 1) ~ 1.853076, so h{yL) ~ 0.204446. The height of a generator of E{Q) is 
~ 0.051111 ~ hijjL)/^, so [E{L) : Z^/l] is a power of 2. (As a double check, and to 
avoid dependence on the Gross-Zagier formula, we wrote a program using [BCP97] 
to compute Heegner points and found that yi = (0,0), which is a generator for 
E{Q).) Thus #in(E/L) is a power of 2. 

To connect U1{E/L) with U1{E/Q), use the inflation-restriction exact se- 
quence 



0 ^ W{L/q,E{L)) ^ H\Q,E{q)) ^ W{L,E{Q)). 
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Let p be an odd prime. Since E{L)) is a 2-group, the above sequence 

leads to an injective map 

which induces an inclusion 

m{E/Q)[p]-^Ul{E/L)[p]=0. 
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